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PKEFACE 


A PBEFACE gives the author his last chance of disarming critics, or, at 
least, pf anticipating them; and, in taking somewhat rueful leave of 
The Differential Ccdcvlus, I realize that it departs far enough from the 
accepted practices of the day to need some sort of propitiative apologia. 

My original purpose (so far a.s it can be recalled at this distance of 
time) was to write, for my own instruction, a text-book combining the 
English plan with continental rigour. The text-hook has grown into 
something far more unwieldy, but many of the English chapter -headings 
remain. Thus, the book is not a Cours d’ Analyse, nor even a Theory of 
Real Eunctiona. It is primarily a ‘Calculus’, concerned with showing 
how to do certahi coinputative jol)8. But, since it is both prudent and 
pleasant to understand the workings of one’s machinery, the theoretical 
aspects of the subject have also been carefully considered. There are, 
of course, two schools of thought — the formalist and the rigorist — and 
I may be thought to have fallen between two schools in giving each too 
much space to please the other. 

Tl»e uses of the Calculus in Geometry, except here and there by way of 
example, and in Mechames are not dealt with. Its applications are 
restricted to Pure JIathematics and to the field of the real variable : for 
the Theory of Functions of a Complex Variable is essentially a develop- 
ment of the Integral Calculus arising out of Cauchy’s theorem. 

There is an almost complete absence of bibhograi^hical material. Most 
of the important discoveries in the Differential Calculus are by now 
historical, and I am no historian. Moreover, the form in which a theorem 
may have been first enunciated by its inventor is not always the form 
that fits best into a later development of the subject. I have always 
admired Euchd, as I first read him. for a wise suppression of his authori- 
ties and his easy flow from proposition to proposition. Him I have 
taken as my exemplar, adopting the Platonicf aphorism ; otttj av o AtJyo? 
wanep wevfia <pipxj, ravTTj I’reW.J This imputing of the responsibility to 
the ‘ argument ’ is a delightful excuse for inconsequence, as Plato§ no 
doubt intended, and I ma\' well be accused of sacrificing important 
topics in the Calculus to irrelevancies dragged in from other comers of 
Mathematics. 

In scope, then, I have included anj-tliing that interested me and any- 
thing that I wanted to know, and have excluded nothing merely because 

t Or Socratic. J Plato, Rtpublic, 394 d. § Or Socrates. 
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it could belong to an elementary treatment of the subject. The develop- 
ment aims, therefore, at being complete and self-contained, and it 
should comprise within itself the material of a definite text-book based 
on my own tutorial experience : the blue-pencUlmg may be left to others. 

The examples are in large part original (but, of course, not necessarily 
new), or have been modified from existing sources. Many of them are 
difiicTilt: I have excluded mere ‘examination-stuff’, keeping only what 
seemed to have some interest. A ‘problem’ falls short of a ‘theorem’ 
only in lacking, at the moment, importance enough to be built up into 
the authoritative structure of the subject, receiving a factitious interest 
by being posed as a conundrum. The ‘worked examples’ give the solu- 
tions of some of the more difficult or interesting examples. 

I set no store by orthodoxy, but for the proteetion of the unwary 
I have tried to erect M'aming signs before the more dangerous devia- 
tions from the normal. In particular, I replacing the more usual ive is 
self-accusative and to be read ‘I do, but others don’t’. Thus, the terms 
vanishingly uniform convergence and umbral derivative lack authority, 
and I have given my own interpretation of differential. In chapter XII 
the modem theory of Differential Geometry has been ignored. That 
theory is so coherent in notation and method that it seemed impossible 
to tamper with it without ruining its peculiar elegance. 

I have purposely experimented with notation, because, like all inven- 
tion, notation achieves perfection only by accumulated imi)rovement, 
and because notation biases analysis as language biases thought. In 
this experimentation I have been generously encouraged by the 
Clarendon Press. I take this opportunity of expres.sing my great 
obligation to them; in particular, to the Delegates and their officers, 
without whose perseverance the writuig of this book might never have 
come to an end ; and to their technical staff for their tireless attention 
to detail and for the beauty of the printmg. 

My thanks are likewise due to my former puj)ils Dr. Eric G. Phillips 
and Mr. G. J. Whitrow for reading the complete proofs. Of many others 
to whom I am indebted I mention only Mr. I. 0- Griffith, kmdest 
of collaborators, with whom the book was originally planned, and 
Professor G. H. Hardy, most patient of advisers, but for whom the 
book would never have seen light. 

And so I cast my pebble on the beach. 


OBBIST OHUBCH, 
OXTOBD 


T. C. 
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I 

FUNCTIONAL DEPENDENCE 


1. Theories of number 

Mathematical Analysis, in which the Differential Calculus occupies 
an important place, is concerned, in essence, with numbers and with 
relations between numbers. We thus do well to take a preliminary, 
brief survey of the various classes of number with which we shall have 
to deal. They represent successive stages in the development of the art 
(and later of the science) of counting and measuring. Counting, of itself, 
gives only the positive integers, which are the fundamental units of the 
science. But in terms of them we are able to define other categories of 
number necessary to the process of measurement. 

Efficient measurement requires an arithmetical equivalent to every 
point of a chosen straight line, the ‘scale of length’. On this scale the 
positive integers mark isolated and equidistant points. 

We augment them in the first place by the positive fractions, which 
render possible a change of the unit of measurement. Historically, they 
are the most ancient of the categories of ‘invented number’, coming to 
us from the Greeks. We define them arithmetically by pairing the 
positive integers in all possible ways in a symbol ‘mjn' (where the order 
of m, n matters) and prescribing rules for the application to these sym- 
bols of the fundamental arithmetical operations of addition, subtraction, 
multiplication, division. As we know, addition and multiplication can 
always be effected between the positive integers ; we may say that they 
form a ‘complete’ system for such operations. But we know equally 
that the system is incomplete for subtraction or division. With the intro- 
duction of positive fractions, however, we have the system of positive 
rational number, complete for division, but not for subtraction. It pro- 
vides arbitrarily many points between the unit points of the scale of length. 

We render this system of number complete for subtraction by the 
introduction of negative number, assigning to every positive rational 
number p a negative counterpart p’. This innovation belongs to the 
classical days of European mathematics and was for long a fiercely con- 
tested novelty. The importance of negative number in geometry enters 
with the use of coordinates. It permits us to pass smoothly from 
quadrant to quadrant, without change of formula in crossing an axis; 
in polar coordinates it finds a place for each sense of angular rotation. 
Our scale may now extend arbitrarily far in either direction. 

SMI « 
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We have completed the system of rational number, but we are still 
very far from having provided an arithmetical equivalent for every 
point of a straight line. It is true that between any two points of the 
line we can find arbitrarily many points nameable by rational numbers. 
But the Pythagorean formula a*+6* = c® first indicates the presence 
of gaps in the rational scale of length. For instance, the side and 
diagonal of a square are incommensurable in rational terms. 

2. Irrational number 

We remedy this deficiency by introducing the most modern of the 
categ(#ies of number, that of irrational number. Whereas fractional and 
negative numbers were defined by reference, at most, to a pair of num- 
bers of a type already known, an irrational number depends for its 
definition on all the rational numbers, or at least on an infinite set 
of them. 

If P is a point of the line unaccounted for in the rational enumeration, 
every rational point must lie to the right or to the left of it. P thus 
splits the rational points into two groups; and these groups depend 
uniquely on P. For, if Q is another such point, say to the right of P, 
then infinitely many rational points lie in the segment FQ, and these 
points are to the right of P and to the left of Q. The pair of groups 
for Q is therefore not identical with the pair of groups for P. 

This bipartite grouping of the rational points carries with it, of comse, 
a corresponding bipartite grouping of the rational numbers, and it is 
such a grouping that we mean when we speak of an ‘irrational’ number. 
In precise terms, an irrational number denotes a separation of all the 
rational numbers into iwo groups that do not overlap. In other words, 
(i) every rational number is in one or other group; (ii) not all the rational 
numbers are in one group; (iii) every number in one group is greater 
than every number in the other. I shall say that such a separation is 
(i) complete, (ii) substantial, i.e. non -trivial, (iii) clear-cut. 

Since infinitely many rational numbers are involved in the definition 
of a single irrational number, it is clear that the definition must turn 
on a law or a test by which we can assign every rational number to its 
proper group. 

Thus, for instance, we define the irrational \/2 by the test ‘p® -■ 2?’, 
which separates the rationale into two groups of the character pre- 
scribed. For 

(i) it is complete, since no rational has a square equal to 2 and there- 
fore the square of every rational must be greater than or less than 2; 



(ii) it is avbatantial, since 1® < 2 < 2* and therefore neither group 
contains all the rationals; 

(iii) it is clear-cut, since, if p® < 2 < g®, then p <q. 

The system of number thus far extended constitutes the system of 
real number. It provides an arithmetical equivalent for every point 
of a straight line. Arithmetically it is complete for passing to the 
limit in any sequence. We can, in fact, construct sequences of rational 
numbers that converge in the field of real number, but do not converge 
to a limit in the field of rational number. Such, for instance, is the 
sequence of successive convergents to any infinite continued fraction: 
in particular, the sequence 1, |, I, \l, Js,-.., which converges in the real 
field to V2. 

This system of number is still incomplete for the solution of algebraic 
equations. We can complete it, we know, by pairing all real numbers 
in a form a-{-ib, where i is a new symbol of special meaning. The 
implications of such an extension of the notion of number are algebraic 
rather than arithmetical. Moreover, the theory of differentiation in 
respect of such complex numbers is a special and distinct branch of 
mathematical study. In this book the field of thought is essentially the 
field of real number-, we shall depart from that field only for occasional 
simplicity of formal statement, never for serious consideration of the 
problems it presents. 

3. Variables 

In the preceduig discussion, geometrical language has been freely used, 
despite the fact that the subject-matter is purely analytical, and that 
every step in the discussion could, if desired, have been made in purely 
analytical terms. I shall continue to use this freedom of geometrical 
idiom without prejudicing the intrinsically analytical character of the 
work. 

The cautious reader should always find it possible (if he so desire) to 
restate the argument in a form divested of spatial ideas. This reference 
to geometry, apart from the gain in brevity and vividness, is also 
reasonable, since much of the development of the Calculus has been in 
response to the demands of the geometer or the physicist. 

The Calculus rightly begins with the notion of a variable. We can 
best illustrate it by the geometrical picture of a moving point that 
travels over the scale of length. It picks out, as coordinates of the 
points through which it passes, certain from among the real numbers. 
We may link these numbers into a unity by ascribing them as values 
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of the variable. In Mathematical Physios the notion is especially 
applicable, for these associated numbers may be the numbers that 
measure successively some changing physical quantity: temperature, 
pressure, velocity, and so forth. We represent this variable by some 
symbol * and say that under such and such conditions x has such and 
such values. As in a physical problem we may be concerned with more 
than one varying quantity, so in Analysis we may have to consider 
several variables x, y, z,... simultaneously. 

We pass by a natural development of ideas from the ‘unknowns’ of 
Algebra through the ‘current coordinates’ of Analytical Geometry to 
the ‘variables’ of Analysis and appropriately choose om symbols for 
variables from the concluding letters of the alphabet. 

In contradistinction to such variables, we have the numbers a, b, c,... 
that embody the data of the problem of which the variables are the 
subject. We distinguish these munbers as ‘constants’. They are part 
of the framework within which the variables -move. It may not be 
necessary to know which particular numbers a, b, c,... represent; they 
may even change their meaning as the inquiry proceeds. But as against 
the variables they are just constants. Often the distinction is suflBciently 
brought out by speaking of ‘variables’ as opposed to ‘numbers’. We 
choose the symbols for constants, as for the ‘knowns’ of Algebra, from 
the beginning of the alphabet. 

4. Continuous variation. Intervals 

The completeness of the system of real number, whereby every point 
of a line can be represented arithmetically, allows the variable the pos- 
sibility of continucnis variation. By ‘continuous variation’ we mean, in 
geometrical language, that the moving point, in passing from P to Q 
on the scale of length, passes through every intermediate point. Ana- 
lytically, X changes continuously from o to 6 through every real number 
between a and b. Physical quantities appear to us to xuideigo such 
‘continuous variation’, at any rate in the more obvious phenomena of 
our experience. The wider implications of continuous variation are of 
much importance and are discussed at length in later chapters. 

Continuous variation is not, of course, the only type of variation 
that is of interest to mathematicians. We may, for instance, restrict 
the values of the variable to the positive integers: such variables are 
characteristic of the Theory of Numbers. Equally so is continuous 
variation characteristic of the Calculus. 

The aggregate of values assumed in given circumstances by a variable 



is called the domain of the yariable. The domain consisting of all 
real numbers between a and b is called the interval (a,b); such a domain 
is evidently specially appropriate to a variable that can undergo con- 
tinuous variation. 

If the end-points a, b themselves belong to the domain, i.e. if the 
domain is defined by the mixed inequality 

a ^ b 

(supposing a < b), then the interval is said to be closed. If the end- 
points are excluded from the domain, so that its definition is now 

a < X <C b, 

then the interval is said to be open. The interval 

a <c X ^ b 

is open at a and closed at i. I shall call such an interval half -open (or 
half -dosed). 

I shall write 

(a, 6) for the closed interval; 

)a, b{ for the open interval; 

)a, b) for the interval open at a and closed at b. 

I shall also write (a, 6) in speaking of an interval without special 
reference to its end-points. 

By a ‘neighbourhood’ of a point is meant an open interval to which 
the point belongs. Thus )a,b{ is a neighbourhood of c, if o < c < 6. 
We say that a property holds ‘in the neighbourhood’ of a point, if it 
holds throughout some neighbourhood of the point. 

Occasionally a proijerty holds throughout a neighbourhood of a point 
A except actually at A itself. We then say that the property holds 
near but 7wt at A; but that it holds at and near .<4, if .^1 is not itself 
excluded. A neighbourhood of A with A excluded may be called an 
‘open’ neighbourhood of A. 

In extending these id€^as to fields of more variables than one, we have 
a wide choice in our type of domain. Thus, in two dimensions, we may 
employ a domain with a curvilinear boundary, as, for instance, a circle. 
For our present purposes it is simplest to restrict ourselves to regions 
bounded by parallels to the coordinate-axes, i.e. to regions of the type 

^ ^l> ^ *2 •••> ^ ^ 

In two dimensions this is, of course, merely a rectangle, but in higher 
space we soon exhaust our elementary vocabulary and I shall retain 
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the term ‘interval’ for such a region, denoting it by 

(® 1 ) ®n> ^2f-> ^n)* 

Such an interval is closed. If all boundary-points are excluded, we have 
the fully open interval 

^ ^ ®2 ^ ^2 ^2* •••* ^ 
which I denote by )a^, Uj,..., a„; 6^, bj,..., 6„(. 

1 do not indulge in further refinements. 

The use of ‘neighbourhood’ can be carried over into fields of many 
variables. 

5. Functional dependence 

The operations of the Calculus turn fundamentally on the notion of 
a correspondence between two or more variables. In the simplest case 
we have only two variables x, y, and to each value of x corresponds 
a single value of y: to each value of y corresponds a single value of x. 
These conditions recall the geometrical one-to-one correspondence 
where, to ensure that the correspondence is homographic, we further 
stipulate that the coirespondence be expressible by purely rational 
constructions. 

In the analytical one-to-one correspondence we make no requirement 
of rationality and rely only on the unique tall 3 'ing of values of x arid y. 
We say in such case that the variables x, y are functionally connected: 
that y is a one-valued function of x, and similarly that x is a one-valued 
function of y. 

In the field of real variables, for instance, the analj-tical relations 
y = X® or y = sinh x 

define an analytical one-to-one correspondence (but not a geometrical 
one-to-one correspondence). On the other hand, the one-to-one corre- 
spondence y ^ (ax-h6)/(cx-{-d) 

satisfies the geometrical as well as the anaK’tical conditions. 

If we waive the uniqueness of the tallying, eo that to a single value 
of X may correspond one or more values of y, then y is a many-valued 
function of x: so x may be a many-valued function of y. The two 
variables are still ‘functionally connected’, and we denote the functional 
relationship analytically in any of the forms 

/(x,y) = 0 or x = x(y) or y = y(x). (1) 

The domain of the values of x in the correspondence is called the domain 



qj Uejimtion or wie lunciion y = y\xy, sunuany me aumam oi vaiues oi 
y is the domain of definition of the function x = x[y). 

In like fashion we may define a functional relation between many 
variables a:i,...,a:„and may write it as/(xi,...,a;„) = Oora:i = x^{x^,...,XJ^), 
etc. The aggregate of the sets of values of X2,...,x„, i.e. of the ‘points’ 
constitutes the domain of definition of the function 
x^{Xi,...,x,^). If to each jroint {x^,...,x^) corresponds a single value of x^, 
then the function *1 = x^{x2,...>Xj^) is single-valued. 

This notion of functional dependence derives immediately from 
Physics. For there we are always endeavouring to establish a corre- 
spondence between the values of physical quantities as evidence of 
causal connexion and as material towards the formulation of the law 
of this connexion. We regard it as of the essence of this physical 
dependence between, say, n quantities that no one of them may assume 
values arbitrariljq when the remainder are fixed. For that would rather 
indicate physical independe^ice and we should be convinced that our 
description of the phenomena could not be effected in terms of the 
n quantities alone. 

Now, analyticaUy, we have admitted many -valued functions and we 
ought not to exclude functions such as ?/ = sin-’i in which y may 
assume infinitely many values for each value of x. For the fundamental 
implication of functional dependence, that y is constant when x is con- 
stant, is still satisfied, even if the constants are infinitely many. But it 
would be repugnant to the idea of functional dependence if, when x 
were fixed, y could still enjoy continuous variation. We could then, for 
instance, claim sinlj-i-f-Ta) as a many -valued function of a-j only, on the 
ground that, when Xj is constant, the function also is constant, the con- 
stants being exactly the numbers of the interval ( — 1 , 1 ). I shall there- 
fore exclude from the domain of definition of y{x) a value of a: to which 
corresponds a complete interval of values of y. 

6. Functional definition 

Nothing has yet been said as to how, in practice, we are to exhibit this 
correspondence of values that will define a function. Most simply we 
think of a table with corresponding values juxtaposed in adjacent 
columns. I Such, for instance, would be the tables of trigonometrical 
functions, if we could imagine them to be the only definition we pos- 
sessed of these functions. But definition by a table can give only a finite 

t I am thinking for tlio present of a functional relation between two variables x, y 
only. 



set of values of either variable. Thus continuous variation is impossible 
and the processes of the Calculus are inapplicable. 

The physicist may visualize a functional relation graphically in the 
form of a curve. This mental pictiu« has its own value, but only as 
subordinate to an exact definition, which the curve itself cannot pro- 
vide. For the curve, however drawn, lacks precision and yields informa- 
tion appropriate rather to Physics than to Mathematics. 

The only adequate definition of a function for an infinity of values 
of either variable is by means of a rule; that is, of a process by which 
we can pass from a given value of a; to the corresponding value of y or 
of a test by which we can determine what values of x, y can properly 
be paired. The process or the test ought, since we are concerned with 
Mathematics, to be stated in mathematical terms: it will depend pre- 
sumably on the fundamental mathematical operations of addition, 
multiplication, and passage to the limit. We can give varied instances 
of functional definition; 

y is the greatest integer in x-, (2) 

if a; is a rational number, expressed in lowest terms as (dbp)/?. 

y = l/y: if a: is irrational, y == 0; (3) 

xy = x+y; (4) 

8in(a;-j-y) = (6) 

These examples illustrate certain characteristics of functional definition. 
Firstly, the domain of either variable need not be the w hole of real 
number. In (4) we must exclude ar = 1 and y = I ; in (5) the domains 
of X, y are certainly limited by the condition ^ 1 . In (2), (3) the 

domain of x is the whole of real number, but the domains of y are 
respectively the integers, and the reciprocals of the positive integers 
together with zero. 

Again, as in <3), the definition may change its form for different parts 
of the domain. It often rests between our convenience and our ingenuity 
how concise we make our definition. But it is of the essence of the 
functional notion that the value of y assigned to one value of x in no 
way influences the value of y to be assigned to any other value of x. 
We have an infinity of choice — so long as we can state it in finite terms. 

7. Analytical expressions 

In (2), (S) the functional definition is stated mainly in words; in (4), 
(6) it is in symbolic form: that is to say, the function is defined by an 
analytical expression. Historically, the functional idea grew up out of 



sucli ‘analytical expressions' tormed oi the elementary functions of 
analysis: r”, logr, sinr, and their like; and at one time ‘function’ was 
held to be coextensive with ‘analytical expression’. Such a point of 
view, moreover, ruled out a ‘composite’ function such as 


y — sinr (a: ^ 0) y = tanr (x ^ 0). 

It would have been said that here were two functions, not one function. 

But the development of the theory of Fourier series made this exclu- 
sive view untenable. For it was found that a Fourier aeries could 
provide an analytical expres.sion, in the form of an infinite series of 
elementary functions, that represented in different parts of its domain 
distinct elementary functions. 

Typically we can write the function (2), i.e. ‘the greatest integer in x' , 
in such a form. If we denote the function by one of the symbols usual 
for it, say l(x), we have; 

I{x) = a:, if a: is zero or an integer; 1 


,, , 1 , , ain2Trx sinlara: sin 6713; 

I{x) = -l+x ^ — h--.-- +“ 7 -- 

ZtT +77 OTT 


(6) 


if X is not zero or an integer. J 

The proof is not elementary and is postponed until chapter XIV. f 
More simply we may write 

I(x) — X— |-i-itan"i(cotx), 

TT 


where tan”^ denotes the ‘principal value’ of the inverse tangent, 
that value lying in the half -open interval ) — Iv. in), or again 


I(x) = .T— J— -tan-‘{tan(i7rx±i7r)}, 

TT 


i.e. 


where the upjxr or the lower sign is to be taken in ± according as 
I(x) is odd or even. With this convention, tan(i7rxi Jv) does not 
numerically exceed unity, and we may therefore expand the inverse 
tangent in powers of its argument, getting 

J(x) =■ X— I — - ta.n(inx±:ln) ~tBin^(inX:izM — 
n in 


^tan^(i7rxi:j7r)-j-... to 00 , (7) 

Ojt 

where the upper or the lower signs are to be taken according as /(x) is 
odd or even. 

We are thus ilriven to fix attention on the correspondence of values 


t Chapter XIV. § 4 (20). 
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as the essential fact of functionality and to regard the analytical expres- 
sion, if one can be found, not as the function itself but merely as a 
convenient representation of the function. We take this view the more 
readily, since, in practice, we frequently require for the function, not 
just any analytical expression, but an expression of some particular 
type: for instance, an expression in power-series. Consider in this way 
the function (4) above. Solving for y, we may write 


y{x) = (1— = l-t-a:-*-ha:-*+...to oo. 


This power-series converges only in the region [x] > 1. But we may 
also write 


which is valid in the region lx| < 1. The points x — ±1 are excluded 
from both these regions of convergence: the point x = 1 reasonably so, 
since ^(x) is undefined there. We can cover the point x — — 1 , if, for 
instance, we write 




..to x> 


where lx-f-l| < 2. 

The general question of representation of functions by power-series 
is discussed at length in chapters VllI and XIV. But enough has now 
been said to show, on the one hand, that we cannot generally cxi)ect 
a single power-series to provide a complete representation of a function; 
and, on the other hand, that power-series giving a representation over 
a restricted domain exist in endless variety. We fall back on the view 
that power-series and analytical expressions generally are capable of 
illustrating aspects of the function (just as a sketch or a diagram will 
illustrate some aspect of a solid object) but that the essential function 
is the correspondence of values, however arrived at. 


8. Implicit and expiicit functions 

There is one other point to make. In (2), (3) the function is defined 
by a ride that tells us how to proceed from a given value of x to tlie 
corresponding value of y. We say that y{x) is an ‘explicit’ function, 
that X is the ‘independent’ variable, and that y is the ‘dependent’ 
variable. In (4), (5) we are given a test to determine whether two 
specified numbers can stand together as respective values of x and y in 
the functional correspondence. We say that the functional relations 
(4), (5) are ‘implicit’. We can at once write (4) in the expheit form 

y = */(*-! ), 



in which x is the independent variable and y the dependent variable; 
or in the explicit form ^ ^ yl(y— 1), 

in which y is the independent variable and x the dependent variable. 
But in (5) it is a matter of much difficulty, given a value of x, to deter- 
mine the corresponding value or values of y: and so generally with 
implicit functions. 

The distinction between implicit and expheit functions is not inherent 
in the function itself; it is concerned with our convenience and depends 
merely on the mode of defining the function. In the function defined 
by a table, y{x) is explicit, if the table is arranged ‘alphabetically’ in x, 
i.e. so that we enter the table for values of x and read from it values 
of y\ x(y) is explicit, if we enter the table for values of y, reading from 
it values of x. But the function is defined implicitly, if the table is 
arranged higgledy-piggledy in x and y alike. 

In an exifiicit function the independent variable is often called the 
‘argument’ of the function. If x, y are functionally related, we may 
call the two functions y{x), x(y) ‘inverse’ functions and we may write 
y^f(x), a: =/-’(*/). 

If X, y are connected by an impUcit relation /(r, y) = 0, it maj' not 
be ea.sy or possible to define either of the explicit functions y{x) or x(y), 
but it may be possible to express x, y as. explicit functions of a third 
variable t in forms ^ 


satisfying the identity = 0- 

We call this third variable t a ‘parameter’, saying that the function 
~ ^ h) defined ‘parametrically’ by the equations x = *(<), 
y — y{t). Tlie notion is geometric in origin, (x,y) being, characteristi- 
cally, a moving point that traces out the curve f{x.y) = 0 and f the 
time of travel. 

In the foregoing discussion we have been thinking of functional 
relations between two variables. But it is not difficult to ^ that 
the ideas and the terminology can be extended to functions of many 
variables. 


9. Sequences of variable terms 

If, in a function of m arguments /(xj...., x„,), one argument x^ can have 
the positive integers for its domain, we can thereby define the sequence 

{/(«,Xj,...,xJ}. 

If TO > 1, this is a sequence of variable terms. If the sequence con- 
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verges at a set of points the values of the corresponding 

limits define a new function of these points 




whose domain of definition is the region of convergence. We call this 
new function the ‘limit-function’ of the sequence. Most frequently in 
practice the sequence is given in the form of an infinite series. The 
‘limit-function’ of the sequence then becomes the ‘sum-function’ of 
the series. 

One of the most fertile methods of introducing new and interesting 
functions into Analysis is as the limit-functions or the sum-functions 
of sequences or series of elementary functions, and it is worth while to 
give some attention to fimctions so defined. 1 confine myself to the 
simplest case of a single continuous variable and consider a function 
f(x) defined as the limit of a sequence 8[n,x). 

Let a: = f be a point of convergence of the sequence. By this we 
mean, of course, that, for any positive e, the inequality 

Kn,^)-a(^)|<e (8) 

can be secured by some inequality 

n > N. (9) 

Now N depends on e, in general inereasing as e diminishes: it depends 
also on We may put this in evidence by rewriting (9) as 

n>N{e,a ( 10 ) 

There is a least N that makes (10) only just sufficient to secure 

(8). By choosing this least value we make A’(t, f ) precise and so define 
the function v, ^ 


over positive values of e and values of x in the domain of convergence 
of s{n, x). 

Now in practice analytical operations on «(z) must usually be effected 
by means of similar operations on «(w, a;). It is therefore important to 
know how closely «(w, *) represents «(r), i.e. how rapidly the sequence 
conveiges, in different parts of its domain. 

The function N(€,x), for fixed e and varying x, gives us a measure of 
the rapidity, or rather of the slowness of convergence. If, for every e, 
this function of a: is bounded throughout some region, 'f i.e. if 

N(€,x) < A’o(e) 


t JV(c, z) as a function of < is not, in general, bounded, ainoe N diverges as c 0. 



throughout this region, then Ng(e) may replace N(€,^) in (10) and so 

is secured by n> N^ie) 

for every i in this region. 

10. Uniform convergence 

In this case 8{n,x) represents s{x) to within e throughout this region 
and so can replace it (we may expect) in any analytical operations. 
The convergence is then said to be ‘uniform over the region’ : the region 
is a ‘region of uniform convergence’. 

In the contrary case, for sufficiently small standards of accuracy e, 
we can find no s{n,x) capable of representing 8(x) with this accuracy 
throughout the region. The convergence is ‘non-uniform’ in the region. 

It must never be forgotten that the presence of the variable is 
essential to the notion of uniform convergence and that the word ‘uni- 
form’ is meaningless except with reference to some domain of the 
variable, expressed or implied. 

The condition of ‘uniform convergence to s(x)’ is, as we have just 
seen, that, over some domain of x, 

l«(n,x)— s(x)l < e, if n>N{€). (11) 

If we have no independent knowledge of s{x), it is more convenient 
to use the ‘general condition of uniform convergence’ in which 8(x) does 
not appear. It is that, over some domain of x and for every positive 
integer p, |«(w,x)- 5 (n+p,r)| < c, if w > .Y(e), (12) 

Clearly (11) imphes (.12), for by (11), if n > A’(le), 

ls(n,a-)— 5{j)( < ie and js{n -p, r)— 5{a)i < ie 
for every positive integer p. Hence 

ls(«.a-)— s(n-|-p,a-)| < |s(a,x)— s(x);-f i«(»-hp,z)— «(j;)i 

< e. 

Conversely (12) implies (11), for (12) shows that s(n,a;) converges for 
each X in the domain and therefore the limit-function s(x) is defined 
throughout the domain. In (12) we may then take the lim it p->Qo, 
whichgive. 

and so, to secure a pure inequality, 

l«(n,a:)— s(x)l < €, if n>N(le). 

The equivalence between (11), (12) is thus exact. 

We can restate these two conditions in a form applicable to series. 
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If 8^{x) is the sum to n terms of a series that converges to the sum- 
function S{x), then this convergence is uniform over a domain of x 
throughout which 

|iSJa;)-iS(a:)l < c, if n > N{e), (13) 

or, equivalently, 

l-S„(a;)-/S'„+p(a:)| < t, if n> N(€), (14) 

for every positive integer p. 

11. The uniform convergence of power -series 

The principles of miiform convergence apply with especial simplicity 
to power-series, in virtue of the following theorem ; 

(15) A power-series if converges at x = converges uni- 

formly over the closed interval (0, f ). 

Write x~^v, SJx) — s *9„(^). Then 

1 

= + 

Now 0 ^ V < 1, if X lies in the closed interval (0, |), and so v’‘ f— 

(r = 1 p— 1) is not negative. Hence, since the modulus of a sum does 

not exceed the sum of the moduli, 

l‘S„+,(a;)--S'„(x)| < K+i-s„|(*^"+*-t^"+®)-)- 

+ l«n+2— ■■■ -f Km I*'" 

Since the series converges, we can find N{t) such that n >N(t) implies 
I < € for every r. Thus 

|<Sr„+p(x)-<Sf„(x)| < + + 

e, if w > N(e). 

Now N(e) is independent of x, since it has been determined solely 
from a knowledge of the convergent series of constants ^a„^". The 
convergence is therefore uniform over the closed interval (0, ^). 

As regards the ordinary convergence of the power-series J o,^x’‘ at 
a point X = I, we knowf that the series is convergent or non-convergent 

KW<"|fl<l or >1, 

and that, if this limit is equal to unity, either alternative is possible, 
t Cf. Bromwich, Theory of Infinite Seriea (1908), §§ 10, 50. 



If we write p s lim 

the region of convergence of the power-series is the interval ( — p,p) 
which may be open, closed, or half -open. Thus the several series 

2 2 2 

have respectively the intervals of convergence 

)-l,l(, (-1,1(, (-1,1). 

For p = 0 and the interval of convergence reduces to the 

isolated point a: = 0; such a series is of little interest at this stage. On 
the other hand 2 ! converges for all real values of x.f 

Now if a sequence converges uniformly over each of a finite set of 
domains it converges uniformly over the aggregate of these 

domains. For, if N{€,x), regarded as a function of x only, is bounded 
in each domain, it is bounded in the aggregate of the domains. 

Thus, if the power-series converge for a: == it converges uniformly 
over each of the closed intervals (0,p), (0, —p) and therefore over the 
closed interval (—p,p). Hence, if the interval of ordinary convergence 
is closed, it is also the interval of uniform convergence. 

Suppose now that the series converge at —p but not at p. It still 
converges at anypj, wliero 0 < />j < p, and therefore it converges uni- 
formly over the closed interval {— p.pj). Similarly, if the interval of 
ordinary convergence is the open interval )—p,p{, there is uniform 
convergence over any closed interval (— p 2 >Pi)> where 0 < pj.pj < p. 
We may sum uj) these results concisely by saying that: 

(16) A pou'er-series converges uniformly over any closed interval that 
belongs to the interval of convergence. 

We cannot state a more jirecise region of uniform convergence, since, 
as we shall see later, tlie interval of uniform convergence of a power- 
series can always bo closed and therefore cannot coincide with an open 
or half-open interval of ordinary convergence. There is thus no complete 
interval of uniform convergence except when the interval of ordinary 
convergence is closed. 

12. Non-uniform convergence 

When the condition of uniform convergence is not satisfied in respect 
of some region, we may say that the convergence is ‘non-uniform’ in 
that region. It is convenient to determine an explicit analytical con- 
dition for non-uniform convergence. 

t If we like, we may say that it converges throughout the interval (— oo, oo), essen- 
tially open. 
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The condition for uniform convergence over a domain is, in precise 
terms, that 


for every e we can find some N{e) such that \8(n,x)—8(n+p,x)\ < e 
for every x in the domain, for every p, and for every n greater than 

The condition of uniform convergence to 8(x) ia similarly that 
for every e we can find 8ome ^(t) such that |«(w., a:)— «(a;)| < e for 
every x in the domain and for every n greater than N{e). 

To contradict these conditions we interchange the words ‘some’ and 
‘every’ and reverse the central inequality. Thus the condition for non- 
uniform convergence in a region is that 
for some positive e and ei^ery N, there is some n(N) greater than N 
with which can be associated some x(n) of the region and some 
positive integer p(n) to secure the inequality 


In other words, 


\8{n,x)—a{n-\-p,x)\ > e. 


(17) We can specify an e such that, by suitable choice of x{7i) in the region 
and of p{n), both depending on n, the inequality 

\a{n,x)-s{n-\-p,x)\ > c 
ia satisfied for arbitrarily large values of n. 

It is to be remembered that this condition admits the possibility of 
non-convergence as well as of non-uniform convergence in the region. 
In like fashion, if there is non-uniform convergence to s[x), 

(18) We can specify an e such that, by suitable choice of x{n) in the 

region, the inequality x)-s(x)| > e 

is satisfied for arbitrarily large values of n. 

We should remember that (18) admits the possibility not only of 
non-convergence in the region but also of convergence to a limit- 
function other than «(x). 

As an example of non-uniform convergence consider the power-series 

Six) ^2^’' 

in the open interval )— 1, 1(. (19) 

Take e < < I, p = 1, x — ±"+*Vej, so that x lies in )— -1, 1(. Then 

l‘S'n+i(*)-'S'„(x)| = |xl»+* = > e, 


the inequality holding for all values of n. 

The convergence (which we know to extend over the open interval) 
is therefore, by (17), non-uniform over that interval. This result throws 



light on what has been said regarding the regions ot uniiorm con- 
vergence of a power-series. 

As a second example consider, near x — 0, 


a{n, x) 


nx 

\-^nV 


( 20 ) 


Here s(a:) = 0 for every x. In particular, writing x = ±ljn, we have 

\a{n,x)—8{x)\ = 

so that with e = J we see from (18) that the convergence is non-uniform 
over any region containing points a; = ±l/w i.e. over any neighbour- 
hood of the origin. 

We should observe that the non-uniformity of convergence in the 
neighbourhood of tliis point is not accounted for by a failure of con- 
vergence at the point; the sequence in fact converges to zero at the 
point. We may call such a point rather loo.sely ‘a point of non-uniform 
convergence’. 

On the otiier hand, we saw that the series ^ did not converge 
uniformly over any interval (1— e, 1(. In this case the ‘point of non- 
uniform convergence’ a; = 1 is also a point of non-convergence. 

We can show further by an example that 


(21) A point of non-convergence is not necessarily a point of non-uniform 
convergence. 

For wTite s(n,x) h= {/(a;)}’*, (22) 

where I(x) denotes as before the greatest integer in x. 

Then 1(2} = 2, but I(x} — 1 in the interval (1,‘2(. Thus s(n,x) 
diverges at a; = 2 and converges in (1,2(; in this half -open interval we 
have, in fact, «(n,a-) - - 1 = s(x). The convergence is therefore uniform 
over the half-open interval (1,2(, despite the fact that there is diver- 
gence at X = 2. 

We must not, however, form the idea that convergence must always 
be uniform except in the neighbourhood of isolated points. 

As an example of a sequence that converges everywhere but converges 
uniformly over no interval write 

8{n, x) s sin(n!x7T) (x rational), 

s{n, x) = 0 (x irrational). (23) 

If X, when rational, is expressed in lowest terms as pjq, then n\x is 
integral when n^ q, and so s(n, x) vanishes. Thus the limit-function 
exists everywhere and is everywhere zero. 
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Consider a rational point x = pjq, where q is prime. Then, by Wilson’s 
theorem,! (g'— is a multiple of g, and so, if » = q—l, 

|«(w,a;)— s(a:)l = |s(w,a:)| = |sina:Tr|. 

If X is restricted to an interval (a, b), where 0 < o < 6 < J, we have 
Isinarjr] > sinoTT. 

Now, so long as q > (b—a)~^, we can find a point p/q in the interval 
(a, 6): and we can find primes q arbitrarily great. Hence, taking 
€ — Bina-TT, n = q'— I, x = pjq, g prime, 

we satisfy the condition (18) of non-uniform convergence. 

We have thus proved that there is uniform convergence over no part 
of the interval (0, i) ; and we can deal similarly with any other finite 
interval. 

, 13. Trigonometric series 

We consider here certain trigonometric series of the type 
y sin nx or ^a„ cos nx. 

They have the form of Fourier’s series but are not properly to be called 
Fourier’s series unless their coefficients have certain intimate relations 
with a certain sum-function, real or supposed. To limit the discussion 
I restrict the coefficients a„ to be non-negative. 

Now it is known from Abel’s lemmaj that, in the particular case in 
which the sequence {a„} converges rnonotonically to zero, the partial 
remainder in either series is numerically less than 

ja„ cosec lx|. 

There is thus uniform convergence over any interval that excludes 
the points x = 2kv, where k is integral or zero. The series are jieriodic 
with jjeriod 27 t. It is thus sufficiently general to consider convcigonco 
in the neighbourhood of ar = 0. 

The substitution a: = 0 reduces ^a,, sin nr to a sum of zeros; it 
therefore converges to zero. Thus the sine-series converges everywhere. 

The substitution x ~ 0 reduces 2 cos nx to the series of positive 
constants, 2 If this latter series converge, then 
K 4 iC 0 s(«-f l)r-(-...-f-0„.,pC08(«-4-p)ri < 

< e, if n > some A(e), 

and so, in this case, the cosine-series converges everjTvhere and converges 
uniformly over every interval. 

t Cf. Chrystal, Algebra, 2 (1900), 653. 


t Cf. Bromwich, loc. cit. §20, Ei. 



Alternatively, if ^ diverge, then ^ ®n cos tix diverges at a: = 0. 
Moreover, since 2 diverges, we can find e and p(n) such that 

i®n+l + — +“»+J>l > ® 

for arbitrarily large values of n. If further we take x = •7Tj3{n-{-p), 
we have 

l««+iCOB(w+l)a:+...+a„+^cos(TO+i>)a:l > J|a„+i+-+a„+^l > -Je 
for arbitrarily large values of n. Hence by (17) there is non-uniform 
convergence in the neighbourhood of a: = 0. This disposes of the cosine- 
series for the particular case we are considering, namely, that of o„ con- 
verging to zero monotonically. 

The discussion of the uniform convergence of the sine-series imder 
similar conditions is less simple. It turns on the following pair of 
inequalities : 

(24) If a„ converge monotonically to zero, then 
(i) for every p and every x 

|a„^i8in(n-t-l)r-|-...-|-a„+pSin(»-l-p)xl < (7r-hl)A„, 
where is the greatest term {or the tipper bound) of the infinite set 

na„, (a-l-l)a„,i,...; 

(ii) for every p and some x{p) 

p{n-\'\) 

|o„+iSin(w4-l)x-i-...-fa„+^sm(n-|-p)r! > 

For (i), it is sufficient to take 0 < x < v. Thenf 

cosec \x < irjx. 

Let r be the greatest integer in rrjx, and suppose at first that 
n < r < n-\-p. Then 

|a„+i8in(M-f-l)x-(-..,+a,sinr.r| < {{n + \}a^,+i+ ...-\-ra^}x 

< (r~n)TTA„/r 
<C trA,,, 

But by Abel’s lemma 

|a,+isin(r-|-l)x-f ...-|-a„+pSin(7i-l-p)xl < o^+i cosec Jx 

< 

< (r+l)®,.^.! ^ A„. 

Hence (i) is proved, if n < r < n+p-, and it is evidently true a fortiori, 
if either r n or r ^ n-\-p. 

For (ii), we have at once that the set 

sin(n.-|-l)x, 8in(n-f-2)x,..., sin(n-{-p)x 
t For a proof of this inequality see, for instance, chapter IV (43). 
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is ascending monotonio, if {n-\-p)x < l-ir, and by hypothesis {a„} is 
descending monotonio. Hence 

|a„+isin(n+l)x-f-...+a„+pBin(n+p)a;j > pa^+j,mx{n-\-\)x 


»{w+l) 

^ 11 

n-\rp 


n+j7» 


if we take the value of a;(p) to be that given by 

{n-]rp)x = Iff. 


From the inequalities (24) we deducef that 

(25) If converge monoionicaUy to zero, the condition na„ 0 is both 

necessary and sufficient for the uniform convergence over every interval of 

the sine-series v- 

2, «„ sin nx. 

The condition 7ui„ ^ 0 is sufiBcient, for then < eA’f+l). if 
n > some N{e), and so, by (24) (i), 

|a„+iSin(n+l)a:+...-ba„+pSin(n+i5)ai < c 
for every p, every x, and every n > N{e), which is the condition of 
uniform convergence over every interv'al. 

Conversely, if there is uniform convergence over every interval, then, 
by (24) (ii), we must have for every p 
p(n-\-l) 




*n+p 


< f, if w > some N{c). 


Write successively p = n, n+1 and we have 

2 m 2 „ < 4f, (2n+l)a,„+i < 4e, if w > iV(t), 
which ensures that n«„ -> 0. 


WORKED EXAMPLE 

Prove that the aggregate of real numbers cannot he put into onr-to-tme corre- 
spondence with the aggregate of positive integers; nor the aggregate of real functions 
into one-to-one correspondence with the aggregate of real numbers. (C'antok.)): 

To put the real numbers into one-to-one correspondeneo with the positive in- 
tegers is, in other words, to arrange them in a sequence. But w<‘ eaii show that 
it is impossible to arrange even the real numbers of the interval (0,1) coniplet.ely 
in a sequence. 

Let us write the numbers of this interval us di'icimal fraetioii.s. Those rational 
numbers of the interval whose denominators contain no prime fuetors other than 
2, 5 can be written either as terminated decimals, that is to say, as recurring deci- 
mals with recurring part 0, or alternatively as recurring decimals with reeurring 
part 9. If we agree to exclude 9 as a jiennissible recurring fiart, then every 
number, rational or irrational, of the interval (0, 1) can be written uniquely os 

t Chaundy and JoUiSe, Proc. London Math. Sor. (2) 15, (1916), 214-16 . 

I Cf. OesammeUe Abhandlungin, § 8, 278-81. 



an infinite decimal. Suppose then that these numbers of this interval can be 
arranged completely in the sequence 

u-i — O'ajiOijCiia... 

=■ 0 <Z2i^2t^23*** 




Coni»jd(^r now the number 
where, for every n, 


u ' = 0 61^2^3 * 

K = 9-a„«- 


Then this numVxT u', which clearly belongs to the interval (0, 1), finds no place 
in the given sequence. For suppose it comes nth, say, in the sequence, i.e. is 
equivalent to Then, since the numbeis of the interval have, under our con- 
vention, been written uniquely as infimte ilccimalh, and u' must be identical 
111 every digit. But their nth digits are respectively 


a„„ and 6„, 


and these cannot he the same, smee, by definition, 6„ = ^ — “nn- Thus u' has 
Ik on omitted from the given sequence, and, by a similar argument, no sequence 
can bo found to contain all numbers of the inlorv'al (0, 1). 

Wo may prov e m a sinular way that the real functions cannot completely be 
brought into one-to-one correspondence uith fho real numbers. It is clearly 
sufilicicnt to prove this for a restricted clast, of such functions, namely, those 
defined for all real values of their arguments. 

Suppose then that the correspondence has been e.stabhshed. We can write 
fa{jo) for the real fimction that corresponds to the real number a. Now consider 
the real function F( r) defined, for every real .t, as 


Tlus function has been omitted from the correspondence. E'or, if it correspond 
to the real numbei a, 1 e. if it bo the real function /a{x). then we must have for 
every real x. 


and m particulai , for x a, 


AM -- 


/a(«) - {/»(«)}=*+ 1. 


But this is impossible, smee /„(r) i.s real for every real x. Thus the function F(x) 
has been omitted from the correspondence. In other words, the correspondence 
Is mcomplete and so, by a .similar argument, will bo every other such one-to-one 
correspondence tliat can be devused. 


EXAMPLES I 

1. For what domains of values of x are the following defintsd as real functions: 
sin-*(sinha:), cos-*(coshx), tan-^ftanli®), 

6inh“*(smx), cosh-^(cosx), tanh“^(taiix), 

coBh-*(tanx), oo8-‘(tanlix) T 
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2. Sketch the graphs of the sum-functions of the infinite series: 

(i) sin X -f J sin 3® 4 - i sin 8 a: r— • 

(ii) ®-|-8in2*+ Jein4i-|- Jain 6 a:-i-... , 
sin® sin 2 a: sinS® . 

-^+ - 2 x~ +-3® - + •••’ 

, 1 P08*X , 1.3 cos*® . 

(.V) cosx-^- - 3 - + 2 -H.... 

, . , ,1 cos*® , 1.3 cos*® , 

(V) ®-fcos® + - - 3 -+^-^ 6“ + -’ 

, . , . 1 sin*® , 1.3 sin*® 

('■') + +2.-4 ‘6 +-’ 


1 Kin^T* 

(vii) (l- 4 ®)sm® fg-g' 4 2.4 


(viii) (cos® — sin®)-(- Q 


1 . 3 sm*® 
5 

cos’® sin 2 ®' 

2 3“* 2 


... , 




3 cos*® 
5 


sin 3®' 
3 




[I Exs. 


3. If s(n,x), a(n,x) converge uniformly over a certain inter\al, show that thi'ir 
sum «(/i,®)+<r(n,®) converges uniformly over the interval; and that their pro- 
duct «(«,®).o-(n,®) converges uniformly over the interval, if a{n,x), o{n,x) are' 
boundeni in tho interval. 

4. If a(n,r) - ®(1 fl/n) 

and {r(n,x} - q+l/n (r rational 1 M?)- 

l,n (® irrational), 

show that «(n,®), cr(n,i) each converge imifoiTnly over any finite interval, hut that 
their product «(n, ®) .< 7 ( 11 ,®) convergers uniformly over no intcrv'al. 

6. Establish the comparison test for unifonn convergence, i.e. that *(n,®) 
converges uniformly ove® any interval in which 

|»(n,®) — «(n-|- l,®)i ^ |(T(n)— < t(« s 1)(. 
where <T(n) is a convergent monotoiiic sequence of eonstaiits. 

By considering := x»®.( _ 1 )», 

o(n) (O-'f.'l) 

over the interval |®| < or otherwise, show that a ‘comjiarison test' 

|«(n,®)— ^(r? -t 2.®)| < j<T(n) -(7(n-l-2)| 
is insufficient even for ordinary convergvuce. 

6. Prov'e that, as n — >• oc, ( I -j- ®/n)" converges to r*’ uniformly over any finite in- 
terval, and »(i^/®— 1) converges to log® uniformly over any interval 0 <a <® <8. 

7. Determine the intervals of ordinary convergence, absolute convergence, and 
uniform convergence of tho following power-siTies : 

(i) ®— J®’-f ^®* — }®*-(-... , 

(ii) ®’— J®*-f-... , 

(iii) ®-i-J®* — f®*-!- ii*-}-i®‘-f®‘4-... , 

(iv) i-f (l-f J)^ +(l + i + i)g- +-• • 



8. Examine for convergence and imiform convergence the sequences 

n*a;* , . nx 


, , nx 

l + nx' + n^a;^’ 


(ii) 


(a, 6 > 0), (v) x)* > 0, 1> X > 0). 


(IV) 


x“n*“^ 


l+ns» 

9 Examine for convergence and uniform convergence the infinite senes 

2(x=+n»)-»’ (0^p<l) 

10 If a„ — > 0 inonotonically, show that the senes 

^ a, sin jTMinnx 

converges uniformH over any finite interval 

11 Exainiiu the follcw ing senes for eonvergenci and imiform convergence ; 


tin fnXt 


\ (ill) % ^ 

^ n 

(ii) V ^ cosnosinm, (iv) 'S' Vob=Ma 

ft / !■ tt 

12 Discuss th^ con\ < r^cric^' und liuifrum convt rg/ iioo of 


and show that 


2 Hin^nr ^ — )ns| 

K * It. 

l 




2 -' 


in nr\ 
n 


wn *u cosii?/ 
n 


conserges everjwhiu but is not iinifomily con\ergent o\(.r anj region cut by 

any of the lines „ 

X 2)nir-ry, 

where m is a positisi integer or zero 

13 DiseusK the coneergonco and iinir..nn eon\f rgenee of tlic senes 

CC ijO 

2] ( Os"x eos jix, y eos^x sin nx, 

>' o 

and sheteh tlie graph of tin corn sjioiuliiig sum film lions 

14 Erove tliat, whin iryx is an odd integer, tlie infinite senes 

tanx L i tan 2x -r i tan3j ~t- and wnx -) J sin 2 j sin 3x4- ... 

converge to equal sums 


15 If S{1) 

prove tliat, for everj x, 


sin TTJ ^ sin 2ttt sin 3-r 
Tr~ 2n ^ 


» — 1 to infinitv , 
Jit 


S(r) = &’(2x)-|-.S'(l-x) 

16 Prov e that sm x-f Jsin 2j -j- ism n. 

n 

13 bounded ior all x and n, but that 

8mx-l-sin2x->- -Isiniix 
18 unboimded for small x and large n. 
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[lExs. 


17. Prove tliat, if eveiy o, is positive and x = n/2(n+p), then 

la„+ism(n+l)x+. .+<7*+j,8m(n+p)a:| > 

•where B„ is the least term (or the lowest bound) of the infinite set 

«“fi. (n + l)an+i.- ■ 

If it is known only that a„ is positive and that J a^sin nx converges tliroughont 
a neighbourhood of x — 0, show tliat Iim no, - 0 is n necessary condition for 
uniform convergence over such a neighbourhood 

18. If {o,} bo a posit i\e sequence converguig inonotonicallj to iero audit a, j8 
be any positi\e numbers, show that the condition 

na„ —f 0 


IS both necessarj and hufficicnt for the uniform convergence oitr iierj interval 

of the senes •v <„ , 

2,0, sin(na+p)x 

19 If a,b,r, be integers mutuolly mterjiriine, and if from the seriis 
2 (l/n)sinnx ovcrj term is removed in whuh u is a multiple of an> of a,b,c, , 
prove that, except for special values of x, the senes that is left tonvtrges to 
the constant sum _ , , , , , , , , , 


What are these special v alues of x ? 
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THE CONTINUOUS FUNCTION 


1 . Convergence over a continuous domain 

In common practice convergence to a limit is first defined with reference 
to a sequence, that is to say, to a one-valued function f{n) converging 
over the positive integral domain. We must now extend the idea to 
convergence over a continuous domain. Two possible cases arise. f 
The most immediate extension is to the convergence of f{x) as x 
diverges to infinity. 

We say that 

(1) f{x) converges to the limit A as x diverges continuously, if for every 
positive E we can find some positive X{e) such that 

mx)~A\ < e 

for every x such that j.r j > X. 

We may still write as x-^co, 

and, if x is restricted to positive (negative) values only, we may mark 
this by writing ^ ^ 

The second case is that in which x converges to some number f. We 
have then to consider values of f(x) in the neighbourhood of x = 
From this consideration we may choose to include or to exclude the 
value at the limit-point it.self. It simplihes the discussion to begin by 
excluding this value. We then say that 


(2) f{x) converges to the limit A as x converges continuously to f from 
below, if for every positive e tve can find a positive S(e, f) such that 

lfix)—A I < e 

throughout the half-open interval 

We may writet r, , a t 

We similarly define convergence from above by consideration of half- 
open intervals )f, ^+S) and wxite 

/(x) -> d as X ^4- • 


If /(x) converges to A as x converges to whether from below or from 
above, we say simply that/(x) converges to d as x converges to ^ and 


write 


f{x)-^A, as x->f; 


t I hero limit consideration to a one-valued function of a single variable, 
f ‘f— 0, f-f-0’ is the accepted notation, but I omit the ‘O' as otiose. 
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[Ilil 


or, for special emphasis, 

f(z)-^A, as z-^i±. 

We might further contemplate a function whose domain of definition 
was neither a complete interval nor yet the positive integral domain, 
for instance, a function defined for rational values of the argument 
alone. We could extend the idea of convergence to such a function in 
the spirit of the definitions (1), (2) above; we have merely to read ‘every 
X in the domain of definition’ for ‘every x'. We shall not in general 
be concerned with such discontinuous domains of definition, but we 
need similar precautions with an elementary function that fails to bo 
defined at isolated points through indeterminacy of its defining formula, 
e.g. if /(.r) takes the form 0/0. In all such cases by ‘every x’ we shall 
imply ‘every x at which the function is defined’. 

2 . Convergence over a restricted domain 

Now, if the inequahty \f{x)—A \ < e 

holds over any domain, it holds, of course, over any part of that domain. 
Hence, if we know that J{x) -> A as x -j- i continuously, we know also 
that f{x) -> A as through any more restricted domain. 

In particular 

(3) 7/ f{x) A as x and is any sequence converging to then 

f(^n) 

For, by (2), if !T,-f|<S(e,0. 

The second inequality is secured, if n > some iV(S), since .r„ -i- 

I shall call the sequence {j-„} a ‘.se()uence of aj)proaeh’ to f and say 
that ‘continuous’ convergence secures convergence along any ‘sequcnce 
of approach’. Conversely, 

(4) If f{x) does not converge to A as x converges continuously to f, we 
can construct a sequence {x,,} converginq to ^ such that f(x„) does not 
converge to A as n-x cc. 

We contradict (2) by interchanging ‘some’ and ‘every’ and reversing 
the central inequality. Hence, supposing non-convergence to A at 
then for some positive e and every S we can find some x{S,e) in the 
interval (|— S, f-f-8) such that 

!/(x)-^| >e. 

Fix this e and choose a positive sequence {§„} converging to zero. 



Witt each 8„ associate its a:„{S„,€). Then since x„ lies in the 

interval (|— 8„, f+S„) and 8„ 0. But by the property of x„, 

> f- 

Hence /(x„) does not converge to ^ as « oo. It follows from (4) that 

(5) If /(x,J converges to A for every sequence {x„} converging to f , then 
f(x) converges to A as x converges contimumsly to 

These results are still true, if we separate ‘convergence from above’ 
and ‘convergence from below’, and they apply as well to x diverging. 

So far we have spoken of convergence to a stated limit A. The 
‘general’ condition of convergence, i.e. the condition of convergence 
in which the limit i.s unspecified follows the similar condition for a 
sequence; 

(6) The necessary and sufficient condition that f(x) converge as x ^ $ — 
is that for every positive e we can find a positive S(e,f) such that 

at all points Xo in the half -open interval — S.f(. 

The condition is certainly necessary, for by (2), if S is 6( Je, ^), and x^, 
lie in the interval (^— S, ^(, tlien 

\f{xf}-A\<U, \f(cf)-A\ <U, 

and so < «• 

Conversely, if (6) hold, let {.r„} be any sequence converging to ^ from 
below. Then given e we can find i\"(5) such that a:„ < 5(e,f), if 
n > N, and so x„, both lie in the interval (f— 8,|(. Hence, by (6), 

IM.)— 

if n > jV. This .necures the convergence of the sequence [f(x„)} to some 
limit A. 

Suppose, if possible, that two such sequences {/(x„)), {f(x^)} converge 
to different limits A, A'. Choose e C — .4'|. Then for the first 
sequence we can choose n > some X(e) such that 

|/(r„)-.41<e (7) 

and ^-x„<8(e,f). 

So for the second st^quence we can choose ?i > some A^'(e) such that 

i/(x;)-^'i < € (8) 

and |-x;<8(€,a. 

Since both lie in {^— 8,f(, 


( 9 ) 
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From (7), (8), (9) we deduce that 

lA-A’l < 3e, 

which contradicts the choice of e. Hence every sequence {/(*„)} con- 
vei^es to the same limit A, and therefore, by (6), /(*) converges con- 
tinuously to A from below. 

We can state and establish similar general conditions of convergence 
for X converging to f-f- or diverging. 

If as X converges to f or diverges, l/fix) converges to zero, wc say 
that f(x) itself diverges. As with a sequence, the conditions of (6) are 
not satisfied by a diverging f(x): divergence is a special case of non- 
con vei^ence. 

3. Continuity 

Let us now think only of x converging to and let us bring into the 
discussion /(f), the value at the limit-point. 

Suppose that /(f) converge as a: -> f — . Write 

Similarly, suppose that, as a; -> f -)-, 

/(a-)->/(^+). 

Then with the point x = f are associated the three numbers 

/(?-). /(f+). /(O. 

i.e. the limit from below, the limit from above, and the value at the 
point. If/(f— ) =/(f4-) niay write this value/(fi) and call it the 
‘limit at the point’. If finally the limit at the point and the value at 
the point are the same, we say that the function is ‘continuous’ at the 
point. In other words, 

(10) /(x) is said to be contimtous at x — if f(x) -»■ /(f) as x -> f both 

from above and below. 

We may say that at a point of continuity 

lim/(x) =/{limx). 

The distinction between convergence and continuity at a point is then 
this: the function is convergent, if it has a hniit at the point; it Ls con- 
tinuous, if it has both a limit and a value at the pouit and these are 
equal. The distinction is not generally important for elementary func- 
tions, but it may be convenient to mark it at a point of non-definition 
of a function. 

Thus, strictly, the function (8inx)/x is undefined at x = 0. It con- 
verges there to the value imity. Hence for precision we should say 



that the function is ‘convergent’ not ‘continuous’ at the point. But 
in common practice we are accustomed, either explicitly or by implica- 
tion, to add in this limiting value to the values of the function. In 
effect we define ^ (sin a:)/* {x ^ 0) 

/(O) = 1. 

By this device we extend the function convergent at a: = 0 into a 
function continuous at that point. 

If, in our definition of convergence, we replace the limiting value A 
hy/(^) same time close the intervals (^±S,|), we have the 

definition of continuity; 

(11) f(x) is continnuma at x — if fur every e we can find S(e, ^ ) such that 

\m-fm < ^ 

throughout the interval (f--S,^-t-8). 

The general condition of convergence (6), if we close the intervals 
becomes a mere variant of (11). For, if we know that 

throughout an interval (^— S,£-f-S), where S = S(e,^), we may take Xj 
to be f itself and we at once reproduce (11). 

If f(x) is defined only tlnoughout some interval a < x < 6, then con- 
vergence of f(x) at X = a can only mean convergence a.s x tends to a 
from above. If, precisely, /(x) ->f{a) as x -> a-\-, we shall say that f{x) 
is continuous at x = a. So, generally, by continuity at an end-point of 
the domain of definition W'c must understand continuity as we approach 
the end-point from within the domain of definition, and we must make 
corresponding modifications in the analjdical conditions for continuity 
at such an end-point. 

4, Elementary properties of a function at a point of continuity 

The analytical conditions for continuity of a Junction differ from those 
for convergence of a sequence only in the precise stipulation of the 
limit and in the nature of the domain through which the fundamental 
inequality is to be satisfied; tlm inequahty itself does not differ in 
character. It is not therefore difficult to see that we may take over 
certain elementary propositions from the Theory of Convergence. Thus 

(12) The sum, the difference, and the product of functiems, amtinuaus 
at a given point, are themselves continuous at the point. 
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It follows by repeated application of (12) that 

(13) A rational, integral algebraic function of functions continuous at 
a given point is itself conlinwms at that point. 

Evidently x regarded as a function of itself is continuous at every 
point.f Hence, by (13), 

(14) A rational, integral algebraic function is everywhere continuous. 

If a function is continuous at all points of a region, we say that it 
is continuous throughout the region. A function continuous tluoughout 
its domain of definition we may call briefly a ‘continuous function’. 
Hence by (13), (14) we may say that 

(16) All rational, integral algebraic functions are continuous functions; 
all rational, integral algebraic functions of continuous functions are them- 
selves continuous functions. 

More generally we can prove that 

(16) A continuous function of a continuous function is itself a continuous 
function. 

For let 2 = z(y) and y — y(.r) be the two continuous functions. 

Then we secure |z(!/)—~(’7)l < « 

by taking it/— ’ll < some B{e, rj), 

i.e. by taking l</{-r)-y(^)l < 8. 

But, since y(x} is continuous, we secure this seeond inequality if 
(x— < some y(8, f). 

From the Theory of Convergence we may take over this furtlier 
proposition ; 

(17) The ratio of two functions continuous at a point that is not a zero 
of the denominator is itself continuous at the point. 

Hence by (15) we have that 

(18) A rational algebraic function is everywhere continuous save at the 
zeros of the denominator. 

At the zeros of the deimminator the function is divergent. 

5. Continuity of x^, a^, logx 

When a is negative, a^ is real only for certain rational values of x; when 
a is positive, is negative only for certain other rational values of x. 
Hence, as a real function defined throughout a continuous domain, 
exists only for positive values of the base a and is itself positive. The 
function so conditioned is then also one-valued. 

t For X -* f as a: -* f. 



It is convenient to make similar stipulations for the function as*", 
}garding it as a one-valued, positive function of a positive argument 
; when p > 0, W8 may extend the domain to a: = 0, writing = 0, 
'hen X = 0. The function x^ so defined satisfies the ‘exponential 
lequality’t I xi>-^v p(x-i)iP-K (19) 

lence |a:»'— lies between 

\p{x~$)\xP-'^ and |p{r— 

nd so between 

and lp(a:— 

f X lies in the interval (i|, Accordingly, by taking 

s < min{if, 

ive secure ixp—^^I « 

jhroughout the interval (f— 8,f-fS). 

The analysis fails, if ^ = 0, but then, if p > 0, we have 
Ire— = x'' -C €, if X < e'^P. 

If p = 0,xP is constant for every positive x and is therefore convergent 
at r — 0. We may make it continuous there, if we define x® == 1 at 
X = 0. If p < 0, xP is divergent at x — t). Thus 

(20) xP is everywhere coniirtuous, save at x — 0 when p < 0. 

To discuss a-' rewrite the exponential ineqiialitj’ as 

(x-f)(«-l)a-'-f-> o'-f-l. (x-f)(a-l). 

Theii [«•'— ( — rtf |rt-^"f — 1 1 

and so lies between 

|(x— f)(a— l)|af-- and i(x— ^)(a— l)|af, 
if X lies in the interval (^— 1,|4-1)- Accordingly, by taking 
S < min(l, tlrt— eia— 1 |-’rt-f), 
we secure lo-^— af) < c 

throughout the interval (|— 5, f 4-8). The analysis fails if o = 1, 0. But 
the function I-' is everywhere constant and therefore everywhere con- 
tinuous. The function 0-^ is undefined for negative x, but is constant 
and therefore continuous for jKJsitive x In particular 0^ converges to 
0 as X converges to 0-j-, and we therefoi-c make 0^ continuous at x = 0 
by defining 0^ = 0 when x — O.J Thus, in sum, 

(21) a* is a continuous Junctiem for a ^ 0. 

t See, for instam'e, Chrystal, Algebra, 2 (J900), 45 (Corollary). 

t Wo may remark that to secure the contuiuity of both .r” and 0» at a: — 0 we have 
been led into the inconsistent definitions 0“ = 1, 0“ = 0. 
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For the logarithmic function, it is enough to consider only the base e, 
since log^a; is a constant multiple of log„a;. The function is defined 
only for positive x and we have the characteristic inequalityf 
c— 1 ^ logo > (c— l)/c (c > 0). 

Thus |log(x/^ ) I lies between 

|a:-^l/|, |x— ll/a:. 

Hence, by taking 8 < 

we have |loga:— logll < e 

throughout the interval (|— 8,1+8). At a; = 0 the function is unde- 


fined, but, since ii„ i / -t ^ , 

’ ’ |log*| > l/f. if a; < cxp(- 

we see that log a; diverges as a: -> O-p. Thus 

(22) log a: is continuoiLS for every positive x. 


■ 1 / 0 . 


6. Continuity of the circular and the hyperbolic functions 

For the circular functions the fundamental inoqualityj is 

|sinx| < |x|. 

We then have 


jsina;— sinll = 2 


. X— I x+l 

sm — ^cos— — 
2 2 




Hence Isinx— sin|] < « throughout the interval (|— e,|-l-€). The sine 
is therefore a continuous function. Since cosx = sin(JiT~x), we see 
from (16) that the cosine is also a continuous function. 

It follows from (17) that tanx, secx are continuous except at 
X — {n-\-\)iT, and cotx, cosec x continuous except at x = mr, where n 
is an integer or zero. 

The inverse circular functions arise as many-valued functions, but 
for each direct circular function there is a pair of adjacent quadrants 
in which the function runs through all its possible values once and once 
only. The corresponding inverse function, restricted by explicit defini- 
tion to this pair of quadrants, becomes a single-valued function. It is 
the familiar convention of ‘principal values’. 

In practice we restrict sin-^x, tan“*x, cosec-’x to the interval 
)— Jtt, Jit) and therefore their co-functions cos'^x, cot^^x, sec-'x, 
i.e. sin-^x, etc., to the corresponding interx’^al (0, 7r(. 

In the restricted interval we have the inequality§ 

|tan“^x| < |x|. 


t See aIbo Chrystal, loc, cit., 80 (CoroUary 5). 

See, for instance, Hobson, Plane Trigonometry (1897), 122. 
§ See also Hobson, ibid. 
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Now, if a:, f have the same sign or f = 0,f 

x~- ^ 

tan-^a:— tan“*f = tan”^- 

1+a^ 


and so 


|tan-'a:— tan“*^| < 


x—$ 








since x$ is positive or zero. Hence |tan“*a:— tan-*f | < e throughout the 
interval (f— 8, |+8), if 8 < min(e, If |). Thus tan-^a; is a continuous 
function and therefore also its co-function cot^’a:. Moreover, tan-^a; 
converges as x diverges. For suppose x positive. Then 
Irr—tan-^x = cot“*z = tan“‘(a:“'). 


Hence tan“*a; ->■ Irr, as a; -f-oo; similarly tan~*a; -> — Irr, as a; -> — oo. 

The inverse secant does not exist as a real function in the open 
interval ) — 1, 1(. Elsewhere it is defined in terms of the inverse tangent, 
having regard to the convention of ‘principal values’, by the formulae 
scc-*x = tan-^^(x^—l) (x ^ 1), 

= 7r-tan-» 1 ) (x sC - 1 ). 

Since .^^(x*— 1) is a continuous function, so also is sec^’x, and there- 
fore, too. cosec’bt. Moreover, we find that 

8eo~’x -> ^rr, cosec->x -> 0, as x -> i°0- 


The inverse sine is defined only over the closed interval (—1, 1); we 
have, in fact, _ cosec-Hx-‘). 


Hence sin'^x is continuous except possibly at x = 0. But, since 
cosec"’x -> 0 as x -> ix, we see that sin~’x -> sin~*0, as x->0, and 
thus that siri'^x is continuous throughout its domain of definition; so 
therefore is cos~’x. In sum 


(23) Of the circular functions, sinx, cosx are continuous everi/u'here-, 
tanx, secx except at x ~ (a-{- cotx, cosecx except at x --= rnr, where 
n is integral or zero. 

Of the inverse circular functions, sin~'x, cos^’x, ore continuous, if 
|x| $r 1 ; tan“*x, cot“^x everywhere-, sec^^x, cosec“'x, if |x| ^ 1. 

The hyperbolic functions sinhx, coshx, tanhx, cothx, sechx, cosechx 
are all defined (or definable) as rational algebraic functions of e'. Since 
the latter is everywhere continuous, the hyperbolic functions are con- 
tinuous except where they become infinite. We find then that 
sinhx, coshx, tanhx, sechx 

t This stipulation is necossarj-, sinco otherwise tan'^x— tan“'f might numerically 
exceed iir and so could not be the ‘principal value’ of an inverse tangent. 
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are everywhere contimious; 

cothx, cosechx 

are continuous ever 3 rwhere except at x = 0. 

The inverse hyperbolic functions can be expressed as logarithms of 
algebraic functions, e.g. 

sinh-^x = log{x+^(x*+l)}, cosh-^x ■= log{xi:^{x*— 1)}. 

They are one-valued with the exception of cosh-^x, sech-*x, and these 
can be made one-valued by taking their positive values as ‘principal’ 
values. With the exception of sinhx, the hyperbolic functions cannot 
assume all real values for real values of the argument. The domains 
of definition of the associated inverse function are therefore corre- 
spondingly restricted. Bearing these facts in mind we find that 
sinh-*x is continuous everj’where, 
cosech"*x, if X ^ 0, cosh^^x, if x ^ 1, 

sech-^x, if 0 < X < 1, tanh'^x, if |x| < 1, 

coth“'x, if lx| > 1. 

It is to be noted that all the foregoing elementary functions are con- 
tinuous wherever they are defined. Continuity fails only by divergence 
of the function at an end-point of an open interval of definition. 

7. Continuity of limit-functions and sum -functions 

It would have been possible to discuss the continuity of the elementary 
transcendental functions from their expansions in infinite series, and 
it is indeed usually necessary to approach the higher transcendental 
functions in some such way. We are thus led to stud 3 '' the continuity 
of functions defined as sum-functions of infinite series or, more generally, 
as limit-functions of sequences. 

An example will show that a sequence of continuous functions does 
not necessarily define a continuous limit-function, i.e. continuity need 
not survive passage to the limit. Consider the sequence 

s{n,x) = (l-f-x^)-". (24) 

Then, if x 0, s(n, x) 0 as n ->■ oo, but s{n, 0) — 1 , and so s(n , 0) -> 1 
as M -> QO. Thus the limit-function «(x) is given by 
a(x) = 0 {x ^ 0), 8(0) = 1. 

There is therefore discontinuity at x = 0. 

A sufficient condition for continuity of the limit-fimction is afforded 
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by the uniform convergence of the sequence. Precisely, 

(25) If for every n the function s(n, x) is continuous at x — and if 
s(n, x) converges to s(x) uniformly over some neighbourhood of then s{x) 
is continuous at x = ^. 

Suppose the convergence to be uniform over the interval {^—8, f +8). 
Then |s(?i,ar)— s(a;)| < Je 

for every n > some N{€) and every x in the interval. In particular 

< Jf- 

Fix one such n. Then from the continuity of s{n,x) we have 
\s(n,x)—8{n,^)\ < 

if |a;— < some Si(n,e). By combining the three inequalities we have 

j«(a:)— s(^)| < f, 

if I*— II <min(S,8j). The limit-function is therefore continuous at 
a; = |. 

It follows that the sequence (24) cannot converge imiformly in the 
neighbourhood of x = |. This is evident directly, for 

(l-j-a:^)-" < e, if n > (log l/e)/log(l+x*), 
and, for a fixed «, 

(log l/e)/log(l-(-x*) ->oc, as X -> 0. 

A more notorious example of non -uniformity of convergence asso- 
ciated with discontinuity in the limit-function is afforded by the 
elementary Fourier’s series 

A’(x) = 8inx-j-lsin2x-l-^8in3x-j-.,. to oo. (26) 

By direct substitution it is evident that 

«( 0 ) = 0 . 

If X lies in the interval )0, 27r(, it is knownf that the sum-to-infinity is 

«(*) = i(v— x), 

and hence s(0-)-) = Jv. 

Evidently «(— x) = —s(x) and so, if x lies in the interval )— 27r, 0(, 

s{x) = — i(Tr-l-x), 
and hence s(0—)= 

Thus at X = 0 we have 

a(0 — ) = — Jw, «(0) = 0, 5(0+) = iv. 

There is thus convergence from above and from below, but not con- 
tinuity, since neither limit equals the value at the point. 

t This is the result proved subsequently in chapter XIV § 4 (20) and already 
quoted m somewhat different form as chapter 1 (6). 
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Since the series is periodic with period 2n, there is, in the same way, 
discontinuity at the points x = 2mir, where m is integral. We have 
already seenf that this series is non-uniformly convergent in the 
neighbourhood of points x = ^rmr. 

If we apply (25) to a power -series, we have at once that 

(27) The sum-function of a power-series is continuous wherever the 
power-series converges. 

For, by chapter I §11 (15), the power-series s(n,x) converges imi- 
formly over (0, |), if it converges at x = Suppose f positive. Then, 
by (25), s(a:) -> s(f ), as a: -v . This is sufficient to establish continuity 
at a: = ^, if it is an end-point of the interval of convergence, since s(x) 
is not defined for 

If f is not an end-point, then s{n,x) also converges at some x>oint 
i-\-h, where h is positive, and hence converges uniformly over (0, f -|-A). 
By (25) this secures continuity at x = f . 

Thus a power-series is continuous wherever it is defined. In other 
words, we may say that 

(28) The sum-function of a power-series is a continuous function. 

This result evidently embraces the continuity of the elementary 

functions c*, log(l-fx), sinx, cos.t. 

On the other hand, it is not true, conversely, that ‘if the sum-function 
s{x) converges, as x then the power-series s{n, x) converges at x = 
This is shown by a simple example 

s{n,x) = l-x-j-x*— ...+(— x)”. 

Here «(x) = (l-(-x)*‘ -4- J, as x->- 1, 

but «(«, 1) = 1 — 1-f 1 — 1+..., 

an oscillating series. 

More generally, we know that the expansion of (l-fx)p by the bi- 
nomial theorem converges at x = 1 , if and only if p > — 1 , whereas 
the sum-function (1 -f x)p converges as x ^ 1 for every p. 

Tauber and others have considered conditions sufficient for the con- 
verse in question to be true.J 

We can here establish a proposition that was anticipated in our 
discussion of the uniform conveigence of a power-series: 

(29) .471 interval of uniform convergence of a sequence of cordinuous 
functions is a closed interval. 

t Chapter 1 1 13. 

{ See, in particular. Hardy and Littlewood, Proc. London Math. Soc. (2) 30 (1930), 
23-37, where important references are given. 
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For suppose that a(n, x) converge uniformly over the open interval 
h < X <k. Then given e we can find N(£) such that 

K+p{x)-8^{x)\ < e, 

if n > ^ and h < x < k. Since N is independent of x, we can fix e, n, p 
and take the limit as x -> k. The functions are continuous a.t x — k 
and so 


< 2e, 


Hence 

a 71 > N and h < x ^ k. We have thus closed the interval of uniform 
convergence at a: = A; and we can similarly close it at a; = h. 

Hence, in particular, the interval of uniform convergence of a power- 
series is always closed and therefore cannot coincide with the interval 
of ordinary convergence, except when this latter interval is closed. 

The example 8(n,x) s {/(a-)}" 

of chapter I § 12 (22) does not contradict (29). It converges uniformly 
over the half -open interval (1, 2(, which cannot be closed at z == 2, since 
s{n,2) diverges. The functions s{n,x) are, howev^er, discontinuous at 
a:= 2. 


8. Vanishingly uniform convergence 

The condition of uniform convergence, though sufficient, is not neces- 
sary for continuity of the limit-function. This can be shown by an 
example „ ^ 


If z ^ 0, s(n,x) -> 0 and 5(«,0) — 0. Hence the limit -function s(x) 
is always zero and, in particular, is continuous at z = 0. In the neigh- 
bourhood of X = 0 we can write z — 1 ,'?i for arbitrarily large w ; this 
gives s(n, z) = |. Hence, by chapter I § 1 2 ( 1 8) , the convergence is not 
uniform in the neighbourhood of z = 0. 

Thus uniform convergence is not necessary for continuity of the 
limit-function. An exact condition can be given as follows: 


(31) The necessary and sufficient condition that the convergent sequence 
of functions {s(m,z)}, all continuous at x — define a limit-function s(z), 
itself continuous at x ~ is that, given any positive e and N, 

|s(w,z)— «(z)| < E 

for some n{e,$) > N and every x in some interval |z— < S(€,f, n). 

The condition is necessary, for, given e and A’’, then by the continuity 
of s(x) we can find S(e, f ) such that 
|s(z)-s(^)l < K if 


( 32 ) 
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Since s{n, |) -> s{$), we can find f ) such that 

|5(M,f)-3(f)| < K if (33) 

Fix any w > max(A'^, N^). Then, since s(n, x) is continuous at a; = ^, we 
can find 8'(e, f , n) such that 

|a(w.a:)-a(»i,|)| if |a:-f 1 < 8'. (34) 

Thus, if 8(, is the smaller of 8, S', we have, by combining (32), (33), (34), 
|s(n,a:)— s(a;)| < c, if |a-— < So, 

i.e. throughout the open interval (f — Sj, f +So). 

The condition is also sufficient. For, given e, we can still find iVj(e,^) 
to secure (33). Hence by the given condition we can find n > and 
8(e, I, n) such that 

ls(n,a:)— a(a;)l < ^f, if ja:— < 8(€,^,?i). (35) 

Lastly, with this same m, we can still find S'(e, n) to secure (34). Hence, 
if 8o(e, f , n) is the smaller of 8, S', we have, by combining (33), (34), 

Wa)-s(^)i<£, if la;-^|<So(r,f,n). (36) 

Since n no longer appears in the equality (30), we can write 8o(e,^) for 
So(«>fi”) the continuity of s{x) at a: = f is established. 

To the convergence prescribed in (31) we may give the name of 
‘vanishingly uniform convergence’.f for, in general, 8(£, w)->0 as 
c->0, «-»oo. For, if S(f,^,«) remains greater than some fixed Sq as 
c -> 0, Ti->oc, then the convergence is evidently uniform over the 
interval (^— 8 („|+Sq). The distinction between ‘uniform convergence’ 
and ‘vanishingly uniform convergence’ lies essentially^ in the order of 
choice of e, S, n. With uniform convergence we can declare 8 at the 
outset, i.e. the order of choice is 

8, €, n. 

For vanishingly uniform convergence the order of choice prescribed in 

€, n, 8. 

Since, in (31), 8(e, f, n) may diminish indefinitely as m ^ oo, the condition 

]s(n,x)—s(x)l < £, if \x—^\ < 8(e,f,n), n > N 

cannot of itself secure the convergence of s(n, x) to s(x), except possibly 
at a: = f . But even here it is insufficient, since the inequality holds for 
some but not every n greater than N. 

t Fot this and other varieties of uniform convergence see Brom'wioh, InfvrviU Scries 
(1926), 13a-40 (§49.1). 
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The form of condition in (31) presupposes that we know the limit- 
function 8{x), in which case it is presumably much easier to apply the 
test for continuity direct to 8{x) itself. A form of condition can be given 
in which 8(x) does not appear, corresponding to the ‘general’ conditions 
of convergence and of uniform convergence. Similar conditions can also 
be obtained for the convergence (as opposed to the continuity) of 8(x) as 
X say. I state these conditions without proof; 

(37) The convergence of the sequence s{n, x) is vanishingly uniform near 
X = if and only if, given e and N, 

ls(n,x)— s(n-l-p,a-)| < t 

for some n{f,i) > N, every x in some interval |x— fj < S(e,^,n), and 
every p >• some Pq{€, n,x). 

W V can also replace 

‘every p > some pQ{€,$,n,xY by ‘some p(e,$,n,x) > a given P’ 

in either the necessary or the sufficient condition. The ‘order of choice’ 
is c, n, 8, X, 2}- 

For convergence, as x -> f-f , we rule out of consideration the values 
at i both of s(x) and of ^(li.x) and state the conditions: 

(38) If the sequence of functions («(w,x)}, which all converge as x-r 
also converge, as n-i-cc, to s(x), this limit-function 8{x) also converges as 
X ^-f-, if and only if, given e and N, 

j,S'(w,x)— «(«,x')— s(x)-f-«(x')| < £ 

for some n{c,^) > N, and every x, x' in )|’, f-j-S) where S ~ S(e, n); 
and 

(39) If the sequence of functions {s(n,x)}, which all converge os .x 
also converge as n-^co, then the limit-function also converges as xs- 
if and only if, given e and N, 

\8{n,x)—s{n,x')—8(n-l-p,x)-)-s(n-\-p,x')\ < £ 

for some n(e, > N, every x, x' in )^, ^-i-8) where 8 = S(£, n), and every 

p > some Po(e. f . n, x, x'). 

Here again we may replace ‘every p > some p^{e,i,n,x,x'y by ‘some 
p{e,$,n,x,x') > a given P' in either the necessary' or the sufficient 
condition. The order of choice is e, n. 8, x, x', p. 

It may be added that the vanishingly uniform convergence of s(n, x) 
to s(x) in an interval )f, f-)-8) is sufficient but not necessary for the 
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convergence of a(x) as a: -> f +• We can show that it is not necessary 
by an example a:) = (1 +war)-i. (40) 

If a: 7 ^ 0, then s(x) = 0 and 

|s(«,a;)— s(a:)l = (l+wa:)~^ > e, where 0 < e < 1, 
if X < (!—£)/£«, 

which is incompatible with the condition of vanishingly uniform con- 
vergence, namely. I ^ 

if a: < some S(n). 


9. Types of discontinuity 

A point at which a function is not continuous is called a ‘discontinuity’ 
or better a ‘point of discontinuity’ of the function. We may classify 
discontinuities into several types. 

(i) If /(f-b), /{$—),/{$) all exist but are not all equal, i.e. if there is 
convergence without continuity, we call f a ‘point of simple discon- 
tinuity’ or we may say simply that there is a ‘break’ in the function 
at f . The greatest of 

l/(f+)-/(OI. l/(^-)-/{^)l, l/(^+)-/(^-)l 

is the ‘measure’ of the discontinuity. 

Such a discontinuity is characteristic of the simi-funetion of a 
Fourier’s series ^ a„sinwx. For, as we have seen, with 

8{x) = sin a: -j-J sin 2a,- -j-^ sin Sx-b... to oo 

we have 

s(0 — ) = — In, «(0) = 0, «(0-b) = \n. 

There is a break in the function (and in its graph) at x ~ 0, and 
generally at x = 2mn, the measure of the break being n. 

Again, if 7(x) denote the greatest integer in x, then, at any integer 
point X = n, 

J{n—) = n—l, l(n) = 7), l{n-\-) = n. 

There is at every integer jwint a break in the function of measure 
unity. 

(ii) If l/f(x) is continuous but zero at x = f , so that/(^) is undefined 
and/(x) diverges as x we may call | a ‘simple infinity’ or a ‘pole’. 
This is the only type of discontinuity which occurs with algebraic func- 
tions. It occurs at the zeros of the denominator of fractional functions. 
Thus X = 0 is a pole of 

1/x, cotx, logjxl. 
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(iii) A discontinuity may arise which is a blend of the simple discon- 
tinuity and the simple infinity. Thus 

exp(a:~^) ->oo (a:->0-f), 

-> 0 {x->0 — ). 

It is better to regard such a discontinuity as a simple discontinuity 
whose measure is infinite. 

(iv) If, as a: -> f — say, f(x) neither converges nor diverges, we say 

that f(x) ‘oscillates’ as a: . It oscillates finitely or infinitely accord- 

ing as f{x) is bounded or unbounded in some interval (f— S, 0, i.e. 
according as we can or cannot assign some M{S) such that |/(a;)l < M 
throughout (f— 8, f). 

If f(x) oscillates, as x-^i— or as a:-^f-l-, we call | a ‘point of 
oscillation’. It is a point of finite oscillation, if f{x) is bounded in the 
neighbourhood of it is a point of infinite oscillation, iif(x) is unbounded 
in the neighbourhood of $. 

In illustration consider the following functions at x == 0; 

/i{x) s sin(x-J), 

/^la-) x-^sin(x-’'), 

Mx) s exp(x-‘)-i-sin(x-»). 

ln/j(x), if X travels to the origin along the sequence of approach 
(ct-j-27T)~*,..., (a-j-2n7T)“*,..., 

where a. is arbitrary, sin(x'’) has the constant value sin a, and hence, 
along this secjuence of ajjproach 

8in(x~*) -> sin a. 

Thus fi(x) oscillates as x ^ 0, and, since |/i(x)j < 1, the origin is a 
point of finite oscillation of ffix). 

In /o(x) the factor diverges as x 0. Hence ffix) has the origin 
for a point of infinite oscillation. 

Again -> oo as x -> O-f-, since exp(x~i) diverges and so smothers 
the finite oscillation.s of sin(x“^). But, as x 0—, exp(x~i) o ^nd the 
finite o.seillations of sin(x“^) now predominate. Thus ffix) oscillates 
finitely as x -v 0 — . It is best to consider the origin a point of infinite 
oscillation of such a function as /six). 

We may call a point | an ‘infinity’ of /(x), if /(x) is unbounded in 
every neighbourhood of f. Thus an infinity may be (i) a pole, (ii) a 
break of infinite measure, or (iii) a point of infinite oscillation. 
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WORKED EXAMPLE 

Every number x lying in (0, 1 ) m turitten as a decimal 

X — O-ajajO,... . 

The corresponding value of f{x) is defined as the decimal 

f(x) = 

where 6, = 0„(Oi, a„) and m — OT(n). Slunv that, in general, f{x) is discontinuous 

for every value of x which can be expressed as a terminating decimal, but is continuous 
for every other value of a-.f 

In the tirst place we observe that every number which can be expressed as 
a terminating decimal can also be expressed as a recuiring decimal. For in.stance 

1 = 0-6 = 0-4999 ... . 

Any complete and 'monotonic’ representation of the aggregato of real numbers 
by sequences of positive integers leads necessarily to alternative roprescntaf ions 
of certain numbers. For example, since the decimal representation is monotonic, 
every number 0-4... is less than every number O-.'i... . Moreo\ i-r, 0-4999... is 
greatest of the numbers 0-4... and 0-5000... is the least of the numbers 0-6... . 
Thus, if 0-4999... and 0-6000... represented distinct mimbi.-rs. the numbers which 
lay between them would bo unrepresented and the repre.sentalion of real numbers 
would not be complete. 

Suppose now that ^ has a unique representation O-a, QjO,.... It must have 
infinitely many digits u„ other than 9, the suffixes of those digits forming an 
infinite sequence {M,}, say. For any such M„ the representation of every x such 
that 

0 < x-^ < 10-M, 

begins with tlie same Af, — 1 digits. Determine the greatest n, such that 
m(n) < M,~ 1 (n ^ n,). 

Then all numbers x whose representations begin with the same Af,— 1 digits 
determine numbers /(j) whose representations begin with the same n, digits, and 
hence, for such numbers /(i). 

Since the greatest n, has been chosen, n,.— ^oo as Af, — soc, and so f(x) f{^) 
On the other side of by beginning with on infinite set of digits 
not all zero, we prove similarly that f(x) f{() as ir -> f — . There is therefore 
continuity at 2 = 

On the other hand, suppose that ( has the two repri-scntations O-OiajO,... 
and 0-oja,aj... . These give rise to possible representations 0-616,63... and 
0'6i 6^ 6'... of /(f). By the same argument those are the two limits /(f-f ),/(f— ) 
as X approaches f from either aide. It is not easy to devise a scheme of defini- 
tion 6„ = ^(oj. Of,,,,, a„) such tliat every double ropn-sentation of x leads to 
two decimals 0-616,63... and 0-6i6J6^... representing the same numbor. There 
will thus, in general, be a simple discontinuity at all numbers x representi^i 
by terminating decimals. Consider for instance the cases 

(i) = a„-i-{-i)\ 

(ii) 6, = min(o, a„), 

(iii) b„ = 9-0,. 

t C(. Burchnall and Chaundy, Proc. London Made. Soc. (2) 24 (1024), 1.60-7. 
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EXAMPLES 11 

1 . Discuss the convergence at a; = 0 of the functions 

jrl®, |a:lW, la-l"*”*!/!:), |sin(l/a:)l*. 

2 . Show that two continuous functions which have the same values at all 
rational points arc identical. 

3 . If arc all continuous at a; = o and if, for every F{^) denotes 
the algebraically greatest of the numbers /i(f /n(f ). prove that E(x) is con- 
tinuous at a: = a. 

4 . Discuss the continuity of the functions 

{i) f{x) - a (a: irrational), 

b ^ a (x rational) ; 

(ii) }[x) - 0 (x irrational), 

- \lq {x rational and m lowest terms dr p/9). 

5 E\(ry niimbi r lying in ( 0 , 1 ) is cxpn>sscd ns a radix fraction in scale 2 m 

.. 

The corresponding \alu(‘ of /(j) is defined as the ladix fraction m scale 2 

fix) - 06,6,63 , 

where 6 „ = la,-a„|. 

Show that /(r) is f\eijwheie continuous. 

0 Anj iiuinbcr 1 } mg 111 ( 0 . 1 ) is written as the proper continufsl fraction 

1 1 1 


The coricsponditig Milue of /(j) is di fined as the continued fraction 
,,11 1 

61S- 6,+ 6„t-..’ 

when 6„ ,<7„). 

hhow, that in general, /(a) is discontinuous at eviiy rational point m (0,1). 
t’oiisidei in paiticulai tin cases 

( I ) 6„ = Is 

(II) 6„ - a, I a,- 

(ill) 6„ = 6, = 1. 

7 . Discuas the contiiiuitj of the function 

fix) q-px, 

wheie p^q is the tith eoiiccrgent to x exjiressed ns a continued fraction, or the 
last concergi'nt if the contiiiucHl fiaction ha* less than n convergents, n being 
a number independent of x 

8. Show that the condition 

|/(f t 6)-/(^-;i)l -> 0 as ft->0, 
although neceasary, is not sufficient for the convergence oifix) at x = 

Show more generally that the condition 

9*)l » as 6 0 

IS not sufficient for the convergence of fix) at r — f. where p, g are any fixed 
numbers of either sign. 
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9. Discuss the existence and oontinviity at x = ± 1 of the hmit-functions of 
the sequences _ 


x"(l— X*), 


x ^+1 


Discuss also the uniformity of convergence. 

10. A sequence s{n, x) is defined by the formula 

«(n, x) 1:5 0 (x irrational), 

«(n, x) s ain(n'xir) (x rational). 

Show that «(n, x) is discontinuous m x save at pomts isolated for given n, but 
that the sequence converges to a sum function everywhere continuous. 

00 

2 1 ft 

-iSm r 

n* nx— 1 

is uniformly convergent, but there is no neighbourhood of x = 0 throughout 
which every term of the senes is continuous. Is the sum-function continuous 
at X = 0 ? 

[At X = 1/n, the nth term, which becomes meaningless, is to be rt placed by zero ] 

12. If s(n, .t)— >■ s(x) where every «(n, x) and s(x) arc continuous at x — f, show 
that the contmuity of s(n, x) may be said to be ‘vanishingly uniform in n’ in 
the sense that 1 ^^^^ x)-s(n, i)\ < a given e 

for everyt x such that k— ^1 < some 8(e, f) 

and every n > some N{(, x), 

the order of choice being «, S, n. 

Provo conversely that, if the continuitj of s{n, x) at x - ^ w vanishingly 
uniform m n in tins sense, then «(x) is continuous at x - f 

13. If iS(x) sin x + i sin 2x-f ^ sin 3x-f to oo and p.q aie any two in- 
tegers (zero excluded), prove that S(px)—i>{qx) is eierywhire coritinuous. 

14. If S(x) =: Uj sm x-f-Oj sin 2x-f a, sin 3x4 to oo, and nu„ steadily decreases 
to a positive limit a, prove that jS^ix)— > itra, as x-^ 0 

16. With the notation of example 14, if a„ — > 0 monotonicall> , prove that 
S(x) — Sipx) IS contmuous at x = 0, where p is any fixed integer (zero excluded) 
16 Prove, without using the formula for the sum function of the infinite 

sin x4 J sin 2x-i- J sm 3 j [ .. , 
that this sum function is discontinuous at x - 0. 

17. If s aoH-o,4-.. -) a„-s «, 

and if «(x) ^Og+OjX (-.. 4a„x"-|-.. to oo, 

show that 


iS(n, x) H 

if —1 < X < 1. 

If further, as n- 

exists and equals iS. 


(a— «,)4-{«-»i)x+...4-(«-<i„)x"-> 


« — «(x) 
1 — X 


as n— > 00 , 


00 , S{n, 1 ) converges (to S say), show that 
«(x)— « 

^x^r 


lim 


I Strict analogy with the vanishingly unilorm convergence of § 8 would reqmre 
‘some’ to replace ‘every’ here. The condition is then only sufficient for convergence 
of «(x) to «({) along tome tequerux oj approach (composed of these points x). 
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18. With the notation of example 17, show that, if a„ = ( — 1)"“'^", then »(n, 1) 
converges to the sum the sequence |«— *n! bemg monotomo. 

19. Prove that for a certam range of values of x the senes 


log 2 0 O 8 (ix + a) + (log 2 — 1 ) cos(fx+ a) + (log 2 — 1 + i) co8( a) + ... 


has the sum 


X cos a— sm a log sec'Jx 
4B]n 


Discuss the continuity and uniform convergence. 

20. If s(n, x) = aj+Oi x+...+a„x"-»- «(x) ui (0, 1( 

and if a(r)-^s as x->- 1, 

prove that «(n, 1)~>8 as n-»- oo, 

(i) if every is positive, 
or (ii) if 0. (TAUBEB.]t 


•f Monatahejte f. Math. u. Phya , 8 (1807), 273-7, quoted m Knopp, Theory and 
Applteatum oj Infinite Senes (1928), 601. 
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THE CONTINUOUS FUNCTION (ccmtinued) 


1 . Continuous functions as bounded functions 

In the preceding chapter we discussed certain properties of functions 
continuous at a point. We further saw that the elementary functions 
are continuous wherever they are defined. This brings us to consider 
the properties of a function continuous throughout an interval. If the 
interval is closed, such a function has certain important properties, 
which are most conveniently stated in the language of the theory of 
infinite sets. 

In that theory a set of numbers {a:} is said to be ‘bounded above’, 
if every number of the set is algebraically less than some number A, 
fixed for the set, i.e. if the inequality 

X < A 

is satisfied by every number of the set. Such a number A is called 
a ‘superior bound’ of the set. Evidently any number greater than A is 
also a superior bound, and we can, in fact, consider the set of superior 
bounds {A}. 

If the set {a:} has a greatest number a;^, the set i.s certainly bounded 
above. The set, however, may be bounded above and yet have no 
greatest number. In that case it can be shown that the set of suijerior 
bounds {.4} has a least number Aq. 

This least superior bound A^ is called the ‘upper bound’ of the sot 
{*}. It is such that every x< alp, 

not every x < Ag~e, 

where e is a positive number no matter how small, i.e. given any such 
e, we can find an a:(e) of the set exceeding Ag—e. 

‘Inferior bounds’, ‘lower bound’, and ‘bounded below’ are similarly 
defined. A set which is bounded both above and below is said simply 
to be ‘bounded’. Thus a bounded set satisfies a double inequality 

B < X < A. 

If ilf is the greater of \A\, [51, we can write this double inequality 
more concisely as \x\ <. M 

We fit this theory to our present purpose by considering the set of 
values {/{*)} assumed by a function /(*) in some domain of definition. 
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If the set is bounded, or bounded above (below), we speak of the func- 
tion as bounded, or bounded above (below) in the domain. 

If f{x) is continuous at f , the function is bounded in the neighbour- 
hood of I, for, by the definition of continuity, 

<f{x) </(0+e 

throughout some interval 

lx-f|<8(E,a 

which surrounds the point More generally 

(1) f(x) is hounded in any closed interval throughout which it is con- 
tinuous. 

For let f{x) be continuous throughout (a, 6), where, for clearness, we 
may suppose a < b. Then, as we have just seen, f{x) being continuous 
at a is certainly bounded in some interval (a, a-fS). Here 8 is not defined 
precisely, but only by what is tantamount to an inequality, for we may 
obviously replace 8 by any smaller positive 8'. We can thus consider 
the set of numbers which belong to (a, b) and are such that f{x) is 
bounded in (a,^). 

Then evidently every $ <b. If 6 itself is a number of the set, we at 
once have what we want. If not, the set {f} is still bounded and so has 
either a greatest number or else an upper bound such that, for any 
positive e, e', sufficiently smallf 

fix) is bounded in (0,^5— e), 
fix) is unbounded in (a, ^g-}-e'). 

Consequently /(a:) mu.st be unbounded in every this 

is impossible, since by hypothesis /(x) is continuous at We are thus 
driven back to the conclusion that fix) is bounded in (o, b). 

It is important to observe that the continuity must extend over the 
closed interval (a, b). For example, the function fix) = x-^ is continuous 
over the half-open interval )0, 1), but is unbounded in that interval. 

2. The bounding values of a continuous function 

A function continuous throughout a closed interval, since it is bounded 
in the interval, has either a greatest value or an upper bound in the 
interval and, similarly, either a least value or a lower bound. It is 
characteristic of a continuous function that it actually reaches its 
bounding values, i.e. that 

(2) A function continuous throughout a dosed interval attains in that 
interval a greatest value and a least value. 

t In t lie extreme case in which 6 iteelf is the upper bound of {f } we must take e' zero in 
order to keep our discussion withm the boundaries of the interval (o, 6). 
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For suppose that/(a;) is continuous in (o, 6) and that it has no greatest 
value in {a, b) but only an upper bound M, i.e. suppose that 

every /(a:) < M, 

Boinef(x^y> any M—e. 

Consider the function 

F(x) ^ {M-f{x)}-K 
Then, by the hypothesis concerning M, 

some F(x^) > an arbitrary 

and thus F{x) is unbounded in (a, 6). But, since f(x) is continuous 
throughout (a, 6), it follows from chapter II § 4 (17) that F(x) is con- 
tinuous throughout (a,b) except at zeros of Of these by 

hypothesis there are none, for f(x) ^ M in the interval. Accordingly 
F(x) is continuous throughout (a,b) and therefore, by (1), is bounded in 
(o,6). The hypothesis of an upper bound has thus led us to a con- 
tradiction. 

The function/(a:) has therefore a greatest value in (a, b). The function 
•—/(*) has likewise a greatest value in the interval: that is to say, f{x) 
itself has also a least value in the interval. 

The argument, of course, applies only to a closed interval (a.b). For 
example, the function /(a:) = a; is continuous m )0, 1(. It has upper and 
lower bounds 1,0 in that interval, but attains neither of them in the 
open interval. 

A point at which a continuous function attains its greatest (least) 
value in the interval may be called ‘a point of greatest (least) value in 
the interval’. There may be many such points or even an infinite set 
of them. 


Thus /(a;) = x*sin*(7r/x) is continuous throughout (—1, 1) and has in 
that interval the least value zero, which it assumes at all points of the 


infinite set 


ilj zfcg,---. 



If be points of greatest and least value respectively in (a, 6), 
then we have tit \ ^ ■ tit \ 


throughout (a, 6). We must include in this theory of greatest and least 
values the limiting case in which /(^j) = /(fg), and in which therefore 


we have 


KU) 


the function being constant throughout the interval. 
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3. Maxima and minima of continuous functions 

Points of greatest (least) value in an interval that are not end-points 
of the interval are distinguished as ‘points of maximum (minimum) 
value’ or briefly as ‘maxima (minima)’. More generally we say that 
I is a maximum (minimum) of /(*), if /(f) is the greatest (least) value 
of/(x) in some neighbourhood of f, say the interval (f— S,f+8). Thus 
in a given interval there may be several maxima (minima), which are 
not necessarily all (or any of them) points of greatest (least) value in 
the interval, for the points of greatest and of least value may be end- 
points. In like fashion a point of greatest (least) value in an interval 
may be an end-point of the interval and therefore not necessarily a 
maximum (minimum). 

W’e may illustrate these jwints by considering the function 
/(x) -r. xainx + cost 

in the interval ( — tt, tt), and in particular its values 

/(0)-i, /(H-1^, 

Now, by the fundamental trigonometric inequality, x > sin x in (0, Itt), 
and tlnis, in (0, iw), 

xsinx -h cosx > sin^x -j- cosx > sin®x + cos^x, 
i e. /(x) /(O) in (0, Itt), 

and so too in (0, — Iw), since /(— x) = /(x). That is to say,/{0) is a least 
value in the int<*rval (— W, Ir) and consequently is a minimum value 
of/(x). but it is not a least value in the interval since f{0) >/(7r). 

Again 

/(x)— /(j7) -- xsinx-f (1-f cosx) >0 in (— 77 , 77 ), 
for in this interval x.sin.r, 1+cosx are neither negative. Thus /( tt) and 
similarh" /(— 77 ) are least values in the interval (— 77 . 77 ). But they are 
not minima. For 

/(tt)— /(x-l- 77 ) — (x-j- 77 )sinx-i-cosx — 1 >0 in (0, W), 
since we have already shown that 

xsinx + cosx— 1 ^ 0 in (0,1:7). 

Thus /(^)?-'/(x) in (77,|77), 

and 80/(77) is not a least value of /(x) in any neighbourhood of x = 77: 
in other words, is not a minimum of /(x). Finally 

/(i’^)~/(-*'+iw) = l77(l— cosx)-f-co3x(tonx— x) > 0 in ( 0 ,^ 77 ). 
since tanx— x ^ 0 in (0, J 77 ) by the fundamental trigonometric in- 
equality. Similarly 

f(i7r)—/(^—r) = (J 77 — x)(l— co3x)-l-x— sinx >0 in (0, Jn-), 
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again by the fundamental trigonometric inequality. Thus is the 

greatest value of f(x) in (0, n) and is therefore a maximum, since (0, it) 
is a neighbourhood of 

We have thus found for the function a; sin a; + cos a: a minimum which 
is not a least value, a least value which is not a minimum, and a greatest 
value which is also a maximum. These facts are, of course, more easily 
established by the methods of the next chapter and are more easily 
appreciated from a graph of the function. 

It is important to distinguish maxima (minima) from jxjints of 
greatest (least) value in an interval. The maxima of a function, from 
the nature of the definition, are intrinsically connected with the func- 
tion. But, if an interval be taken in which a function has no maximum, 
the greatest value occurs at an end-point and therefore depends on the 
choice of interv'al and not intrinsically on the function itself. 

It follows at once from the definition that 

(3) Between two maxima must occur a minimum. 

Let ^2 1**? niaxima and, say, Then 

/(^i) >/(•*■) in some interval (bS-^i+5i). 
fih) /(•'■) in some intiTval (fj — 82,^2) 

Thus neither /(fi) nor/(^2) be the least value oi f{x) in (^j.f.j) The 
point of least value must be internal and so is a minimum. f Similarly, 
between tu'o ininiu)a must occur a maximum. 

With most functions that arise naturally maxima and minima occur 
at isolated points and we may then say simply that 

(4) Maxima and minima occur alternately. 

4. Monotonic functions 

The ideas of maxima and minima are intimately related to that of 
‘monotonic’. A function is said to be monotonic in a domain if 

/(a^i)-/(a^2) /-> 

has the same sign for every pair of points Xi,x^ of tlic domain. If this 
sign is positive, i.e. if 

f(^i) < whenever x^ < (6) 

we say that/(j:) is ‘ascending monotonic’ or steadily increasing’ in the 
domain. So, if the constant sign is negative, i.e. if 

/(*i) >/{^2). whenever jr, < x*, (7) 

t Even m the extreme case in which /<f,) /(*) /(f,). every point in (f„ (,) i» a 

pomt of greatest and al»o of leant value. Every pomt in therefore oounta aa a 

nunmiuin (ae well oa a maximum) and the argument M not invalidated 
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we say that f{x) is ‘descending monotonic’ or ‘steadily decreasing’ in 
the domain. 

We must observe that these inequalities (6), (7) are to be taken 
strictly and that they rule out the possibility /(x^) = /(x^) in the domain. 
Jf this possibility be admitted, we must have 

fi^i) = /(^) = fM 

for every x between /(xj) and since otherwise 

Xj — X Xj — X 

have opposite signs. The function must therefore be constant over this 
part of the domain, and over the whole domain we may call the func- 
tion ‘monotonous’. 

Thus /(x) is ‘ascending monotonous’ or ‘never decreasing’, if the ratio 
(5) is never negative, and ‘de.seending monotonous’ or ‘never increasing’ 
if the ratio (5) is never positive. 

We connect ‘monotonie’ with ‘maxima’ and ■minima’ by the theorem: 
(8) A function which is continuous in (a,b) and Ms neither maximum 
nor minimum in )a,b{ is monotonie in {a,b). 

For the points of greatest and of least value in (a, 6) must be at the 
end-points. It is unimportant which is which, and we may suppose that 

/(«) </(•»•) 

throughout the interval. In the extreme case 

/(«) /(•»•) --- fif) c, say, 

in which the function is constant throughout tlie interval, it assumes 
its greatest value c (as well as its least value r) at every point of the 
interval. Every point of )a,b( would therefore strictly be both a maxi- 
mum and a minimum, a possibility excluded by hypothesis. | 

We have then /(a) < !(Xi) < f(b) 

when a <. < b. Hence 

has the sign of 

Xj— 6 * a—b 

By applying the same argument to the sub-interval (Xj,6), we have 

f(Xi) < /(Xg) < b 

when Xj < Xj < b, and thus 




has the sign of 


f{x,)-f{b) 


t K this gtrici intarprotatinn of niaximuni and immmum is nut desired w© must read 
monotonoui' for ‘monotomc' m (8). 
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a—b 

Hence {fixi)—f{x^)}/(xi—x^) has the same sign throughout (a,b) and 
the function is therefore monotonic in the interval. 

Thus the function, if it has isolated maxima and minima, is mono- 
tonic between these points, ascending steadily from minimum to maxi- 
mum and descending steadily from maximum to minimum. 

This theory of maxima and minima is fundamental in the Differential 
Calculus and we return to it in subsequent chapters. 

5. Inverse functions of continuous functions 

The theory also bears closely on the theory of inverse functions, as will 
appear from the following theorem: 

(9) If in an interval a function is one-valued, continuous, and ascending 
•monotonic, its inverse is likewise one-valued, continucrus, and ascending 
monotonic in the corresponding interval. 

Suppose that y = y(x) is one-valued, continuous, and ascending 
monotonic in {a,b), where to fix ideas we take a < b. 

Then, for every pair of points Xi, Xj, the ratio 

2 / 1 - 2/2 

is positive (and never zero). Hence we cannot have y^ — y«, unless 
Xj = Xj. The inverse function x = x{y) is therefore one-valucd. It is 
also ascending monotonic, since 

Vi-Vz 

is always positive for every pair of points y^, in the interval {y[a), y{b)}. 
For the continuity of the inverse function we need to prove that 
jx— f] < e whenever \y~r]\ < some 5(f,^), 

where ^ is any point in (a,b) and rj = y(i). Remove the open interval 
lx— < e from the interval (a,b). There remain the two closed inter- 
vals (o,^— e), (f-|-«,6) in which y(x) is still continuous and therefore 
also \y(x)—7] \ is continuous and has a least value. This cannot be zero, 
since y{x)—r] vanishes only at x = f . The least value is then some 
positive 8 and so |y_^j ^ 5 

throughout (a,^— e) and (f-|-«,6). 

Hence the condition \y—r)\ < 8 confines x to the interval jx— f | < e, 
which establishes the continuity of x{y) at j/ = ij. 
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6. Branches and branch -points 

Now a one-valued, contimious function will not, in general, have a one- 
valued inverse. Thus the function y ~ has the two-valued inverse 
X = ±Vy, while the function y =-- sin a: has the many -valued inverse 
X = rnTT-f-l — )”8in"*jf. But, if the function have isolated maxima and 
minima, it can be cut at these points into monotonic segments and, by 
(9), each of these segments will have a one-valued, continuous, mono- 
tonic inverse. The complete inverse function will thus consist of a 
number of one-valucd, continuous segments or branches as they are 
technically called. A many-valued inverse function which can be split 
up in this way into one-valued, continuous branches is still admitted 
to the title of continuous function. 

Thus the two-valued inverse x = —^y can be split up into the two 
continuous branches 

X = + |J/M (the positive branch) 

and 

X — — |y*j (the negative branch), 

the point of separation being .t = 0, y — 0, which is the solitary mini- 
mum of y — .T®. 

The many-valued inverse x — /i7r-j-( — )"8in~’y can be split up into 
the continuous branches 

X — v— .sin"*y, .r = 27r— sin'^y, etc., 

a" = sin'^y, 

X — — TT— sin~*y, x = — 27r— sin^'y, etc., 

where sin*' denotes, as usual, the principal value, i.c. the appropriate 
positive or negative acute angle. The points of separation are at 
X = (n-(-l)Tr, y = ±1, the ma.xima and minima of y = sin a;. 

The maxima and minima of the original function y = y(x) are thus 
{loints at which branches of the inverse function x = x[y) are connected 
up. They are known a.s the ‘branch-points' of the inverse function. In 
other words, ‘branch-points' of a many-valued function are points at 
which two or more branches have the same value. Thus y = 0 is the 
solitary branch -point of the two-valued function x = \y, for there the 
two branches r -= i |y* | have the same value zero. 

The several branches of the inverse function need not, of course, 
have the same domain of definition. Thus 

y{x) I(x)sinhrx 

defines a continuous function which is constant over the interval (0, 1). 
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Elsewhere the inverse function exists and, as is readily seen from a 
figure, has infinitely many branches of the type 

a; = n + -sin-^ a; = w+1 — isin"^ /-, 

TT hj n ' IT n 


where « is an integer. 

The domain of each of the t3'pical branches written above is the 
closed interval 0 < y < «. The branches as a whole have therefore 
only the point y = 0 common to their domains of definition. Other 
examples could be devised in which even this common element was 
lacking. It thus appears that a I-valued inverse x — x(y) need never, 
in the field of the real variable, have as manj" as k values of x for any 
value of y. The number k, in fact, measures the multiplicity of branches 
and not the multiplicity of values. 

Inverse functions are merely sj)ccial cases of functions defined im- 
plicitly, and the theory of continuous branches extends without difficulty 
to functions so defined. Con-sider as a simple example the implicit 
relation = 1. 


The extreme values of x and y alike are i 1 . The function y = y{x) 
defined implicitly by this relation is composed of the two continuous 


branches 


y = (1— and ^=— (1— x®)* 


defined over the common domain (—1,1), the end-points x = d; I being 
branch-points. The implicit function x = x{y) is similarly composed of 
the two continuous branches 


X — (1— and x— — (1— y*)h 


The theory of implicit functions is more fully considered in a subsequent 
chapter (XI). 

It should be added that the foregoing theory can be taken over to 
many-valued functions in general; in actual practice many-valued func- 
tions occur most naturally as implicit functions. 


7. The continuous function as an unbroken function 

The foregoing theory of maxima and minima, raonotonic and inverse 
functions can be studied very easily with the aid of a figure. The theory, 
in fact, largely consists of ready inductions from the typical graph of 
a continuous function. 

There is another fundamental induction from such a graph to which 
we now come. It is that a continuous curve in going from one value 
of y to another must pass through every intermediate value of y: in 
other words, that the curve is all of one jnece. We mav' say that such 



Ill 5 7] CONTINUOUS FUNCTION 66 

a curve is ‘unbroken’: in earlier days mathematicians would simply 
have said that it was ‘continuous’, for this graphical continuity repre- 
sents an earlier notion of continuity. The idea is, however, less funda- 
mental analytically and less comprehensive: as we shall see later, a curve 
may be unbroken and yet not be continuous in the modern sense. We 
now prove conversely that a continuous curve y = f{x) is unbroken. 
We prove it in the rather more special form ; 

(10) If a function is continuous throughout a closed interval and has 
opposite signs at the end-points, then it must vanish at some point of the 
interval. 

Let f{x) be continuous in {a, b) and, to fix ideas, sup{x>se that f{a) > 0, 
f(b) < 0. If f(x) do not vanish at a point f of the interval, then, in 
virtue of the continuity at that point, we have, by taking I|/(^)| as 
the £ of the definition, that 

hM)\ 

throughout some interval , 0 "— fi < 8(f), ie. /(.r) keeps the .sign of /(f) 
throughout some neighbourhood of f. Hence, if f{x) changes sign in 
every neighbourhood of a point f#, we must liave /(f„) = 0. 

In particular then, since, by hypothesis. /(u) is positive, /(r) is also 
positive throughout some interval (o,«-r8). But, by by})othe&is,/(a:) is 
not po.sitive througliout the complete interval (a.b). We can therefore 
consider the set of points f of (a.b) such that /(.r) is positive throughout 
(a,f). The set is clearly bounded above (e.g. by the number 6) and so 
has either a greate.st number or else an upper bound fj,. In either 
case we can associate with it a number such that however small e, e' 

/(r) is positive throughout (a.fg— e), 

/(.r) changes sign in (a,fo-f c’). 

Hence /(a-) changes sign in every to ' P- i’l every neighbour- 

hood of f„. Thu.s, by what we have proved above, /(f„) — 0. 

It should be noticed that we have proved not only that fp is a zero 
of f(x), but also that it is the first zero reckoning from a. We could 
similarly determine the last zero reckoning from a, i.e. the first reckoning 
from b. 

We may state the theorem in less precise form: 

(11) A continuous function can change sign only by passing through zero. 

So stated it is recognizable ns a characteristic property of the con- 
tinuous phenomena of our experience. 
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From (10) we at once deduce the theorem in its more general form; 

(12) A function continuous in a closed interval assumes therein every 
value which lies between its values at the end-points of the interval. 

For, if f(x) be continuous throughout (a, b), and if h be any number 
between /(a) and /(A), then/(ar)— A is continuous in {a,b) and has oppo- 
site signs at a: = o and x = 6. Thus, by (10), it vanishes somewhere in 
the interval, i.e., somewhere in the interval, f(x) — h. 

More generally, if fj, are respectively points of greatest value and 
least value in the interval, we can apply (12) to the sub-interval (fj, f^) 
and so deduce; 

(13) A function continuous in a closed interval assumes therein every 
value lying between its greatest and least values in the interval. 

The effect of (12) is that y runs through all values in an interval, if 
X runs through all values in an interval in which 2/{x) is continuous. 
In other words, a continuous function y(x) associates continuous varia- 
tion in y with continuous variation in x. 

8. Uniform continuity 

If f(x) is continuous throughout a domain, the speed with which f{x) 
converges to /(|) will vary from point to point of the domain. In 
chapter I § 10, we have considered the varying speed with which s(n, a ), 
a sequence of variable terms, converges to its limit-function h{x). There 
is strict analogy between these two cases, but it is somewhat masked, 
because, in the sequence, the speed of convergence varies on account 
of the intrusion of a now variable x distinct from the parameter of 
convergence n. In the function, the disturbing variable is the para- 
meter of convergence itself. 

We perhaps make the analogy more visible, if, in the function, we 
write X = and consider always the continuity of /(f-j-0 at t = 0, 
separating the parameter of convergence t from ^ the variable on which 
depends the speed of convergence. 

In the sequence we estimate the speed of convergence by noting 
N{e,z) the ordinal number of the term s(N,x) after which consistent! 

l«(7i,x)— s(x)l < e. 

So, in the function, we measure the closeness of the continuity by the 
breadth of the interval |x— fl < 8(e,f) throughout which 

!/(*)-/(f)l < 
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pursuing the analogy, we say that f(x) is uniformly continuous over a 
domain, if, given c, we can find S{e) indeperuient of | such that 
1*— II < 8 secures |/{a;)— /(l)| < £. 
that is to say, iif{x^), f{x^) differ by less than e whenever x,, differ 
by less than some corresponding 8(e). 

The idea of the uniform continuity of a function introduces few 
difficulties as compared with those that arise from the uniform con- 
vergence of sequences, because, in general terms, continuity implies 
uniform continuity. Precisely 

(14) A function continuous throughout a closed interval is uniformly 
continuous over it. 

It fix) is continuous throughout (a,b) and | is a point of the interval, 
we have IfiXjf-fix.Yi €- c, if la:-ll < some 5(e,|). 

To make S precise for given e, | we take its greatest value or upper 
bound So and so define the one-valued function 8o(e, x), which, for given e, 
we shall show to be a continuous function of x. 

For take 0(€,|) such that |^| < 8o(c,|). Then the interval 

\x-{$+e)\c^ho-\e\ ( 15 ) 


forms part of the interval 

l-r-ll 2o, 

and so \f(xi)~f(Xi)\ < e throughout (15). Thus 89- 1^1 is a possible 
8 at i.e. 


8„(e,|)-15| ^:8o(e,fm if 
So, by proceeding from l-f^ to |, we have 

We secure this inequality for 9, if |6] < 18„(£,|), and hence 
iSo(£,|-bd)-So(£,|)l < l^i, if < *§„(€, I), 
i.e, 18o(e,a:)-8„(€,|): l.r-||, if k-|l sS 45o(e.|). 

This establishes the continuity of Spfe.r), regarded as a function of x, 
throughout (a,b). It has therefore a least value bo(^) in the interval, 
which is positive (and not zero), since it is the value of 8o(£, |) at some 

l/(:r,)-/(r,)j < 6, 

if Xj, X 2 lie in the same interval [x— f 1 < 8i(f), i-^- if 

1*1— ^iil ^ 2S;(£). 

This proves the continuity uniform over (a, 6). 

We should observe that the continuity must be known to extend 
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throughout the closed interval, or else the theorem is false. Thus 
f{x) s x-^ is continuous throughout )0, 1), but is not uniformly con- 
tinuous over this half -open interval. 


9. Convergence of functions of many variables 

The theory of the convergence and continuity of functions of many 
variables is sufficiently illustrated by considering f(x, y) a function of 
two variables. We say that 

f{x,y) converges at (f, ij) to the limit A, 
if \f(x,y)—A\ < any positive e throughout some associated interval 
(r— \y—ri\ < rj). 

Suppose now that this condition is satisfied and that, in addition, 
the functions x{t), y{t) converge respectively to y as t converges to 
some t; then it follows that /{r(<), )} converges to as i converges 

\}{x(t),y(t))-A\ < e 

is secured by 


|r(0-^| < m-y\ < 

which in turn are secured by 

|i— t| < some d{e,T). 

In similar fashion, if the sequences {r„), {y,,} converge rc.speetivoly to 
i, 7], then it follows that the sequence {/(r,,, y„)} converges to A. For 

is secured by 

l*^n— ^1 < 5{e,|,y), |y„— yi < S'(€,f, y), 

which in turn are secured by 

n > some iV'(£). 


In geometrical language we may speak of r = x{t), y -- y(t) as a "ciirve’ 
through (^, Tj). Less generally, but more usefully, we consider a ‘curve’ 
not merely ‘convergent’ at (^, y) but continuous for every t in some 
domain. We may call such a curve a ‘continuous curve’ through (^, y). 
The double sequence {a;„}, (y,,} converging respectively to t; I shall 
speak of as a ‘sequence of approach’ to (f, ij). In these terms we can 
now state the above pair of results as a generalization of theorem 
(3) of chapter II: 


(16) If f(x,y) converges to A at {^,y), it also converges to A (i) along 
every continuons curve through (^, y), (ii) along every sequence of approach 
lo (i,y). 
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The converse also is true, namely that 

(17) f(x, y) converges to A at (f, ij), if it converges to A either (i) along every 
sequence of approach to (| , ly ) or (ii ) along every continuous curve through 

We establish (i) by showing, exactly as in chapter II (4), that, if 
f(x, y) do not converge to A at (|, t]), then we can construct {x„, «/„}, 
a sequence of approach to ($, 13), such that the sequence {/(*„, 2/„)} does 
not converge to ^ . I suppress the proof. 

We prove (ii) by showing that through any such sequence of approach 
{Zn,yn} through a, 7 }) itself we can construct a continuous curve 
X = xit), y = y(t). 

To do this, take any monotonie sequence {r„} ascending (say) to r as 
its limit, and for the curve take the infinite broken polygon defined by 

x{i) — r,,) y{t) = r'ji) 

'^n+1 '^n '^n+l '^n. 

(Th < * < "^n+l) 

for a — 1, 2, 3,..., and finally 

^(r) = yij) = V- 

The functions x{t), y(t) are seen to be continuous throughout the closed 
interval (ti,t). 

As in chapter II (6) we can establish the ‘general’ condition of con- 
vergence, i.e. the condition of convergence to an unspecified limit: 

(18) f{x,y) converges at (^, ry), if corresponding to any e we can find 

8(«! 7)1 S'(£, rj) such that 

l/(•»•l,2/l)-/(^2, 1 / 2)1 < c 

for every pair of points (Xi,yi), {x^tyt) in the interval ]a:— < S, 
l.y~7l < point {$, rj) itself excepted. 

If the point (^, Ty) be not exce[)ted, this condition becomes the ‘general’ 
condition of continuity and does not, in effect, differ from the ‘special’ 
condition of continuity in which the fundamental equahty is 

\f{xAj)-flfi>v)\ < f- 

In (17), we should emphasize that/(j:,y) must converge along every 
curve and not merely in every direction, i.e. along every straight line 
through (f, Ty). An example confirms tlus. Write 




x^y 

x*+y'^' 


(19) 


Then, along any straight line a: = r cos at, y = rainot, f{,x,y )^0 as 


r -> 0, but, on the parabola y = kx*, f{x, y) has the constant value 
A:(l-J-/i;®)-*. Thus, as we travel to the origin along different parabolas 
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of this system, f(x, y) converges to distinct limits, and therefore, by 
(16), is not convergent in the full sense. 

Still less then is it sufficient for the convergence of f{x, y) at (|, rj) to 
know that lira/(a:, ij) and ' lim/(^,y) (20) 

exist and are the same, i.e. to know that f(x,y) converges, and to the 
same limit, merely along the two parallels to the axes through (f, rj). 

It may happen that /(ar, y) is not defined along the lines x ~ ^ and 
y — f). In that case we may consider, instead of the two limits (20), the 

repeated limits lim lim/(a',j/), lim lini/(.T, y). (21) 

v-^ 

If f{x,y) converges in the full sense at (^, tj), we write its limit as 

lim f(x,y), (22) 

and speak of it as the datihle limit. 

By the foregoing argument the existence and equality of the repeated 
limits (21) is insufficient to secure the existence of the double limit (22). 
The example (19), or more simply 

(-»■■» 

taken at the origin, shows this. 

The existence of the double limit, on the other hand, is insufficient 
to secure the existence of either of the single limits 

lim/(j-,y) or lim/(j-.y). 

J— f 

This is clear from the example 

f(x,y) = (a-+y)8in(j-y)-i (24) 

taken at the origin. For 

l/(*.j/)l < k+y| < «, if l-r!, Lvl < h- 
But here neither lim nor lim exists. 

X'-Hl I/-M) 

In this sense the existence of the double hinit is insufficient to secure 
the existence of the repeated limits. 

If, however, either of the single limits e.xists, and if also the double 
limit exists, then the corresponding repeated limit exists and is equal 
to the double limit. Precisely, 

(25) If lira f{x,y) exists, 

and if, for every x in the neighbourhood of f , 

lim/(x,y) exists, 

y-*ij 

Sten lim Hm f{x, y) ~ lim f{x, y). 

3^ y-M] 
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For let lim f{x, y) ~ so that 

\f(x,y)-<l>{x)\ < ie, if ly— ijl < some 8(e,a;,»j). (26) 

But 

\f(x,y)—A \ < If, if \x—^\ < some 

and [i/— ijI < some Saif, 9j). (27) 

Thus, if we first choose x such that \x—^\ < Sj{e, y), and thereupon 
choose y such that \y—y]\ < min{S(e,a:, -ij), S 2 (e, tj)}, then both (20) and 

(27) hold, and therefore also the inequality 

\4>{x)-A \ < €. 

This is now sufficiently secured by lx— < 8j, since y has disappeared, 
and accordingly <j,{x) A as x->f, 

and the theorem is proved. 

10. Continuity of functions of many variables 

The preceding discussion on the convergence of functions of two (or 
more) variables extends at once to the continuity of such functions, if 
we take the value at the point as the limit A . 

It follows that the continuity of f(x,y) at {$, y) is not secured by the 
continuity at x = ^ of /(x, y) regarded as a function of x only, nor by 
the continuity at y = -r; of f{i,y) regarded as a function of y only, nor 
even by the simultaneous contuiuity of both these functions of a single 
variable. 

It is convenient to speak of the continuity of f(x,y) (i) ‘in (z.y)’, 
(ii) ‘in x’, (iii) ‘in y' , according as we are regarding f(x.y) (i) as a func- 
tion of both variables, (ii) as a function of x only, y being fixed, (iii) ais 
a function of y only, x being fixed. 

When we come to consider uniformity of continuity, the continuity 
of /(x, y) in x (say) may be (i) uniform in x, (ii) uniform in y, (iii) uniform 
in (x, y), according as, in the inequality 

|x'— x| < S 

which secui-es the inequality 

\S{^\y)-S<A,y)\ < 

S is (i) independent of x, i.e. is 5(€,y); 

(ii) independent of y, i.e. is S(e,x); 

(iii) independent of both x, y, i.e. is 5(e). 

By (14), the continuity in x,if it hold over a closed interval, is neces- 
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sarily uniform in x. But it is not necessarily uniform in y: in fact, in 
analogy with chapter II (26), we can prove that 

(28) // /(r, y') is continuous in x and in y at (f, ij), and if the continuity 
in X (say) is uniform in y near y = r), thenf(x,y) is continuous in (x,y) 

at (f, 1?). 

For, from the uniform continuity in x, 

\f( 3 :,y)—f(i,y)i < y, if Ix—^l < some Si(£,f,i}) 
over some neighbourhood 

ly—vl < 

From the continuity in y 


\f(^,y)—M>-n)\ < if. if \y—n\ < some S 3 {£,f,r}). 

Hence \f{x, y)-f{L ■>?) I < f . 

if |a:— II < Sj and \y—Ti\ < min(S 2 , S 3 ), which establishes the continuity 
in (x,y). 

But we cannot, conversely, infer any such uniformity of continuity 
merely from the continuity of f(x, y) in (z, y) at a single point. For this 
continuity gives information only about occurrences within an interval 

|z— 11 < Si(€,|,i?), \y—n\ < h(fy?>v)> 

which, in general, becomes vanishingly small as e vanishes. There is 
thus no fixed interval over which we can state the behaviour olf(x,y). 
In corroboration consider the example 




(29) 


where {a„} is a monotonic, positive sequence such that 2 converges 

I 

(to 8, say). 

By direct substitution 

/(z,0) = 0, /(0,y) = 0, /(0,0) = 0. 

Agam, smce ” < i 

x^+\y-a^\^ 

the series is comparable lor convei^ence with 2 converges 

everywhere, and, moreover, 

l/(^.y)l < ¥\yV 

Hence f(x, y) is continuous in (x, y) at the origin and is continuous in 
y at any point (|, 0 ). 
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Again for a fixed y 

'C 2/««ly-«nl _J/«n 

4' *“+ ly— “nl* 

and, since a,^->0, this is comparable for convergence with 2 “»• 
thus converges, say to a{y). Thus, for fixed y a„), f(x,y) = xai^y)-, 
and f(x,a^) = 0. Thus/(x,i/) is continuousf in x at any (0, ij). 

Nevertheless this convergence in x is not uniform in y. For uni- 
formity requires that we be able to find some positive h and, given any 
positive e, some positive 8(e) such that j/(a;,y)| < e throughout ]x\ < 8, 
\y\ < h. To show that this is not the case for the function we are 
considering, choosej a„ < hh and e = Jo^,. Substitute also y = 
and restrict x to the interval (0, ife), so that \y\ < h. The terms in 
f{x,y) are all of one sign, and therefore i/(x,i/)l exceeds the modulus of 
any one term. Performing the above substitution in the Kth term of the 
series, we then have 

l/(a-,?;)| > ha„(a„+x) > e, 

however small x may be. The continuity in x is thus not uniform in y. 

There is in actual fact a ‘(juasi-uniformity’ of convergence which Hes 
between the ‘vanishingly uniform’ convergence of chapter II § 8 and 
full uniform convergence. The di.stinction is possibly a Uttle clearer if 
explained for a sequence {«(«,»•)} of variable terms. There is uniform 
convergence near x = if throughout some interval |x— f | < 8 the 
fundamental inequality |,'}(n,a-)— s(j:)| < e is secured simply by the 
inequality n > some N(e). This represents an order of choice 

8, e, N. 

At the other extreme there is vanishingly uniform convergence near 
a: — f , if the fundamental inequality can be secured by the inequalities 
7i(e) > a prescribed N and \x—^\ < some 8(e, 7i). This represents an 
order of choice ^ 

Lastly our present ‘quasi -uniform’ convergence corresponds to the 
possibility of securing the fundamental inequahty by’ the inequalities 
|ar— f I < some S(€) and n > some A’(e). It represents an order of choice 

e, 8, A’. 

That the continuity in x, say, has this sort of ‘quasi-uniformity’ in 

t Actually (29) loa\f^ un<i<*ftnwl at any but it is convergent there as 

X -► 0, and we may therefore extend tho definition to socuro continuity. 

X This ia poasible since Uh 0. 
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y near -t)), iif{x,y) is continuous in (x,y) there, is soon seen. For, by 
the general condition of convergence (18), 

throughout some interval 

1*—^! < 8i(^,T}.e). iy— '>?l < S2(f,'i?,f), 

and therefore, in particular, 

\f($.y)-H.x,y)\ < e 

throughout this interval, which establishes the ‘quasi-uniformity’ in y 
of the continuity in x. 

It is unprofitable to pursue these ideas with greater persistence. 
Enough has been said to show the distressing variety of possibilities 
in the convergence and continuity of functions of many variables. 

11. Continuity throughout a closed region 

We can generalize for functions of many variables continuous through- 
out a closed region the theorems of this chapter on functions of a single 
variable continuous throughout a closed interval. 

For a function /(r, y) we shall have the following theorems; 

(30) lff{x,y) is continuous throughcmt a closed region, 

(i) it is uniformly continuous over the region; 

(ii) it is bounded in the region ; 

(iii) it attains in the region a greatest and a least value; 

(iv) it attains in the region every value lying between /(f j, gf} and 7j.j), 
where (f j, tj^) and (fji ■’? 2 ) points of the region ; 

(v) more particularly, it attains every such value on every continuous curve 
which joins (f j, rji), ij^) and lies within the region. 

The necessary modifications in the argument will be sufficiently 
shown by a proof of (ii): that f(x,y) is bounded in a closed region through- 
out which it is continuous. 

For simplicity take the closed region to be the closed interval 

a < r < a', h < y ^ 6', (31) 

and suppose, if possible, that/(a;,y) is unboimded in this interval. Now, 
in particular, f(x,b) is a continuous function of x (only) in the interval 
{a, a'), and therefore, by theorem (1) of this chapter, is bounded in the 
interval. We can therefore consider the numbers rj such that f{x. y) is 
bounded in the closed interval 

a ^ X ^ o', b ^ g. 

For, by what we have just said, b ^ g. Again, on the supposition that 
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f(x, y) is unbounded in (31), we have tj < h'. The set (t)} is thus bounded 
above, and we can consider its upper bound (or its greatest number). 
Evidently 6 < b'. 

Then, by definition of ijq, the function /(a;, y) is bounded in any interval 
a ^ X ^ a', b ^ 
and is unbounded in any interval 

a < X ^a>, b iCy < Vo+^'’ 

where e, e' are any numbers, po.sitive or zero, that, of comse, satisfy 

the conditions . ^ i,> ^ i > 

0 < Vo—^> b > ’?o+f 

but are otherwise arbitrary, and in particular may be made as small as 
we please. It follows that f(x,y) is unbounded in any interval 

a < a; < a', Tjo—e < y s? ’7o+^'- (32) 

Now (a, Tjo) is a point of the interval (31), so that /(a:, y) is continuous 
there and in particular 

if (x, y) lies in some interval 

a<.r-.^a + 5, i?o— «i 1/ < ’7o+sl. (33) 

i.c. f(x,y) is bounded in this interval. Fix tj, ([ and consider the set of 
numbers {8} such that f{x,y) is bounded in the interval (33). Since 
/(x, y) is unbounded in such an interval as (32). we have 8 < o', and the 
set has therefore an upper liound or greatest number S,, lying in the 
interval (a, a') and such that /(x. y) is bounded in any interval 
o tS .T < o+So— t,, Vo—^i ^ y ^ 

and unbounded in any interval 

o X < O+So+fj, ’?o— «i < 2/ < 

where tji ^2 fire any numbers, positive or zero such that 
0 5 q — ^ 2' at-|-8Q-f"€2 ^ ^ 

but otherwise are arbitrary. 

Hence /(x, y) is unbounded in any interval 

o+So— X < o-fSo+e', iJo— «i sS y 5^ Vo+^’i- (34) 

But (o+Sq, r/j) is a point of the interval (31 ), so that/(.c, y) is continuous 
there and hence, in particular, 

l/(*.y)-/(a+5o.yo)l < il/(a+8o-’?o)l. 
if (x, y) lies in some interval 

o+Sfl— fj ^ X ^ o+Sj+tj, < y < Vo+^*'’ 

F 


tael 
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in other words, f(x, y) is bounded in this interval. But this is such an 
interval as (34), in which, as we have deduced from our original sup- 
position, f(x,y) is unbounded. Hence this supposition that f{x,y) is 
unbounded in the interval (31) is showTi to be untenable, and we have 
therefore proved that/(a:,y) is bounded in the interval (31), i.e. we 
have established the theorem (30) (ii). 

The proof of (30) (v) follows immediately from (12), for, if the con- 
tinuous curve be 

* = *(<). y = 2/(0, 

then, by (16), f{x(t),y(t)], the value of tlie function on the curve, is a 
continuous function of the single variable t. 


WORKED EXAMPLE 


Show that a function f{x) which, in a given interval [a.b), /lossesnee either of the 
propertiea 


(i) %t aUams Us greatest and least values for any closed sub tntenal {a\h') of 
(a, 6) at least once xn the sub-tnterval^ 

(u) it attains at least once tn any sub-interval {a\ b') of (a, b) every value between 
/(“'). /(6')i 

does not necessarily possess the other. 

Sha/w further that a function which possesses both these properties in (a.b) is not 
necessarily continuous throughout {a,b). 

To prove that (i) does not imply (u) it is snflicient to ( onBidor tlie faiiction 


defined as follows: 


fix) = 0 
-= 1 


(X rational) 
(x irrational) 


For, since any interval {a',b') always contains both rational and irrational points, 
the greatest and least values of f{x) m the interval are respectively 1 and t), 
which are actually attamed in the interval But, by definition, the fiuicfcion does 
not attam any value between 0, 1, and therefore (ii) does not hold, if a, b are 
one rational, the other irrational. 

To prove that (ii) does not imply (i) wc may consider such a function as 


/(x) s (I-z*)sm(x-’) (x^Q)\ 

/(O) = 0 I 

m the mterval ( — 1,1). The function is continuous except m the neighbourhood 
of X = 0. It therefore attains m (o', 6') every value between /(o'), /(6'), if o', b' 
have the same sign. If a', b' have opposite signs, suppose that |a'| ; (6'|, so 
that the mterval (o', —6') is part of the mterval (o', 6'). Then /(x) asKumeis m 
(o', -b') every value between /(o'), f(-b') But f(-b') -- f(b') and thus /(x) 
attains m (o', 6') every value between /(o'), /(&') 

Finally, for an mterval (o', 0), we may suppose o' > 0 and take n so great that 

{nir)~* < o'. 

Thus the interval (o', 0) contains the interval (o', (mr)-i). But in this latter 
interval /(x) is contmuous and so attains every value between f(a'), /{(nTr)-*), 
i.e, between /(o'),/(0) Thus/(x) has the property (n). 
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Again 1 is a superior bound of f{x) m ( — 1, 1) for 

1 — x* < 1, 8in(a:“*) <1 {x 0), 

i.e. /(•*) < 1 (a: 7 ^ 0) and /(O) = 0. 

But given any pohitive e wo can choose x in ( — 1, 1) such that 

f(x) > J-€. 

For choose a positive integer n so great that 

(2rtn’+ < e 

and take r’ — (2«7 t 

Then ( 1 - a;«)sin(3^») = i-x^ > 1-e. 

Thus 1 IS actually the vipper bound of f{x) in ( — 1,1) and is never attained, 
because, as we have shown, /(x) < 1. Tbus/(x) does not possess the property (i). 

Lastly, to sliow that (i), (ii) in combination are not sufficient to socuie con- 
tinuity througliout (a,b), we may consider such a function as 
fix) Z= sin(x-*) (X 0) 1 

m - 0 r 

In anj' interval not containing the oiigin /(x) is continuous and t herefore possesses 
both the properties (i), (ii). In every intcn'al containing Ihi origin /(x) runs 
through its full range of values, namely all values between -i- 1 inclusive, which 
are its bounding values In any such interval (a',b'), then, the function attains 
its bounding values and also tvirv value between /(o'), /(ft') It accordmgly 
possi-bses both the propiTties (i), (ii). but, as wo know, it is not continuous 
throughout any interv'al containing the oiigin 


rX.UlPLF.S III 


1 Uotcnnine the upper and lowir bounds, or the greatest and least values, 
where they exist, of the real functions 

{(x-ci)(ft-j);!, (tnnx-r)*, x-I(i), 

1 / xf(v)-vl(r) 

r‘ X* ^y*’ x-y 

2 Prove that the following fimctioiis have single-valued inverses 

y(x) - X — tan r, r — sin r, x-Lcosx. j — sin’x 

3. Prove that a function which is continuous and has a suigle-v alued mv'erse 
in a closed mterval is luonotonic m the interval. 

4. IJetermine (with their domains of definition) the branches of the mverses 
of the following functions 

y(t) sin*x, X — I{x). 

j/(j ) - ai- t-2ftc t 0 . wparatmg the cases oc 6*, 


Kinx Rin2r 

T +“27' 


sin 3r 
3x 


to ac, 


COSX-+ 


1 cos’j 

2 3 


1 3 cos'x 

2 4 o ' 


\ Bin’j 1 . 3 sin‘x 

"’""^2 3 ^24 6 

,, , , I sin*x 1 3 sin*a 

(V-Jir)sinx+- g - 


Determine also the branch -points. 


to X, 
to X, 


f... to X. 
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6. Show that, if J(x) is continuous throughout a closed interval, so also is 
{[/(*)I-t-l}~‘. Hence deduce Theorem (1) from Theorem (2) in the form: ‘a con- 
tinuous function, if bounded, actually attains its extreme values.’ 

6. If, throughout a closed interval, f(x) is continuous and never zero, deduce 
from Theorems (2) and (14) that f(x) is of constant sign in the interval. 

7. If u„(x) -> u{x) uniformly in (a, 6) and if l«„‘(a:) | < A also m (a, b), prove that 

F{u„(x)} J^{u(x)) uniformly in (a, b), 

if F(t) is contmuous in the closed interval (—.4,^4). 

8. Of the two properties 

(i) f{ps) attams at least once m every sub-mterval (a',b') of (a,h) every value 
between /(o'), /(&'): 

(ii) for everj- f in (o, 6) a sequence {x„} can be chosen such that -)■ f, 

/(^„) 

show that (i) implies (li), but that (ii) does not imply (i). 

8. If f(x) is continuous throughout (o,6) and if o < .Tj < < ... < <b, 

prove that 

(a:i-a)[/(a:i)-/(o)] + (r, - 2 ;t)[/(r,) -/(r,)] -)-... f (6-r )[/(6) -/(x„)] 

is numerically less than e, provided that x^—a, Xj— Xj i~x„ are all less than 

some 8(e). 

10. Prove that a rational integral algebraic function J{x,y) is in eryuherc con- 
tmuous, and that a rational algebraic function f{x,y)lg(x,y) is continuous except 
at the zeros of the denommator. 

11. Discuss the existence, and, if it exist, dctormmo the value of the double 
limit {x, y -> 0) of the followmg functions: 

ax^ + 2hxy+by^ or’-f 36.T*y-r3cxy® hdy’ x‘y‘ 

a'x* + 2h'xy + bY’ px‘ + 2gxy-i- ry^ ’ xYiix~y)‘’ ’ 

■^-*1 where /, g are homogeneous functions of degrees ni, n, 

g{x, y) 

x-xy* x*+i/‘ ^-1 y‘)(x-r?^) Y v y*)Y -\ y) 

x’-f-y’ x*-ry*’ x*-j-y* ’ x* -y‘ ’ 

(x-|-j/)sin(x“*)3in(j/“‘), cot{(x®-(-y’)~^}, coth{(x®-f.v')~*}, cot~’[(x’ — j/*)“*], 

coth“*[(x’-l- 2 /“)“‘], tan~*cosec(x-l-y), logcosxy, |.r|’', 
exp[i/“* sin(x~*)], oxp[ — y~*cosec=(a~’)]. 

12. Prove that f{x,y) is continuous at (0,0), if /(rcos0,rsin6) is continuous 
in r at r =. 0, the contmuity bemg uniform in 9. Provo also the con\ erse. 

13. If s{n,x,y) is continuous in (x,y) and converges to s{x,y) uniformly in (x, y) 
over some region, prove that s{x,y) is contmuous m (x, y) throughout the region. 

14. If /(x) IS continuous throughout the mterval (o, 6) and if Af(^) denotes its 
greatest value in the sub-mterval (a, f), prove that M{x) is continuous in (a, b). 

16. If /(x) is continuous throughout (a, 6) and if Af(f, tj) denotes its greatest 
value m the sub-mterval (f, t])> show that Jlf(x, y) is contmuous m (x, y) through- 
out the square a < x, y < 6. 

16. 1if{x,y) IS continuous throughout (a, 5; o', i') andif AKtj) denote the greatest 
value of/(x, 7)) m (a, a'), prove that M(y) is contmuous m (6,6'). 

17. If/(x, y ) is contmuous throughout (a, 6 ; o', 6') and if Af ( f , i; ) denote its greatest 

value in (a, 6; -q), prove that M{x, y) is continuous in (x, y) throughout (a, 6; o', 6'). 

18. If denote the greatest of/i(f,7;),...,/„(f,i}), where /i(i,y) /„(x,y) 

are all contmuous at x = o, y = 6, show that M(x,y) is also continuous at (o, 6). 



IV 

THE DERIVED FUNCTION 


1, Differentiability 

In the last two chapters we have been chiefly concerned -with continuous 
functions of a single variable, that is to say with functions f{x) such 
that, for some or all values of 

0, as x—i 0. 

Now, although in this way /(a;)— /(^) and x— f vanish simultaneously, 
it does not also follow that they vanish in a finite or even in a definite 
ratio. Thus write /(x) = x‘, f = 0. (1) 

Then /(x)— /(f) = x* -> 0, as x— f^O, 


but 


x-f 




which diverge.8 as x — f -> 0. 

Again, write ^ xsm{x-^) (x ^ 0) 

m = 0 

and take f = 0. 

Then /(x)— /(f) = xsin(x-*) ->■ 0, as x— f->0, 

since l/(•c)-/(^)l ^ k-^I- 

/(3-)-/(f) 


( 2 ) 


But 


X— f 


= sin(x“^), 


which oscillates near x = f. 

A function /(x), such that the ratio 

:r-f 


( 3 ) 


converges as x ->■ fi, is said to be differentiable (in x) at x = f. The 
examples (1), (2) above show that 

(4) A function continuous at a point is not necessarily di fferentiable there. 
On the other hand we can prove that 

(5) A function differentiable ai a point is necessarily cemlinuoua there. 

For, if /(x) is differentiable at x = f, then, as x -> f , the ratio (3) con- 
verges, and X— f converges to zero. Thus their product /(x)— /(f) also 
converges to zero, i.e. f(x) is continuous at x = f . 

It is often convenient to replace the above symbols f, x by x, x-]-Sx. 
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In this notation Sa; is the typical mcrement of x\ similarly 8/(z) denotes 
f{x-\-Bx)—f(x), the corresponding increment of f{x). The incremmtal 
ratio (3) may then be written 

Sx ■ ' 

This ratio is a function of both x and Sx. If we denote it by 4(x, 8x), 
we have the identity ^ g^.) gj. ( 7 ) 

The condition that f{x) be differentiable at x = f is then the condition 
that 8x) converge as 8x^ 0. It is sometimes of advantage to use 
the condition of differentiability in this form. 

If/(x) is differentiable at x = the limit to which A(i. 8x) converges 
is called the ‘derivative’ (in x) or the ‘x-derivativo’ of /(.r) at x = ^. 

If/(x) is differentiable at all points of some domain, the corresponding 
set of values of the derivative defines, for that domain, a new function 
of X which we call the ‘derived’ function. 

The operation of forming the incremental ratio (G) and proceeding 
to the limit is known as ‘differentiation’ (in x). 

The present chapter — and indeed the remainder of the book — is 
occupied with the study of differentiable functions and of their 
corresponding derived functions. In the earlier sections I discuss the 
differentiability and the derivatives of the elementary functions. I 
then develop certain fundamental properties of differentiable functions 
and their derived functions, 

2. Notation 

The accepted notations for the derivative or the derived function are 
many. We may write /'(x) or /i(x), or simply /' or /j when the variable 
of differentiation is not in doubt. These arc akin to the original fluxional 
notation /of Newton, still sometimes used when time is the independent 
variable, but to be discouraged on typograpliical grounds. 

To Leibniz we owe the sy mbol fjj 

dx 

designed to recall the form of the incremental ratio (6). It indicates, 
of course, the limit of the ratio of 8/, Sx, not the ratio of their limits, 
which is the meaningless fraction 0/0. The symbol is, in conception, one 
and indivisible. 

None the less, the consequences of the fractional form are algebraically 
inconvenient, and mathematicians have sought to split the symbol, by 
devising some analogy to the relation (7) in the form 


( 8 ) 
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Attempts to attach meanings to these symbols df{x), dx have not always 
been free from equivocation. It was once the custom to describe them 
as ‘infinitesimals’, being, by definition, infinitely small and yet different 
from zero. These ‘infinitesimals’ were known as the ‘differentials’ of 
f(x) and X respectively. Thus, in the relation (8), the derivative f'{x) 
appears as the coefficient of the ‘differential’ dx, and for this reason 
has long home the name of differential coefficient. It seems better to 
preserve the name but to bury the idea. 

We can give a sounder meaning to ‘differential’, if we define 

dx = Bx, df{x) = f'(x) dx, 

so that the ‘differential’ of x is identically the increment of x, while 
the ‘differential’ of f{x) is a function, both of x and of its increment. 

But the drawback now is that the two differentials have been given 
dissimilar definitions, so that, if we are thinking geometrically and x, y 
are coordinates in a plane, their differentials will be differently defined 
according as we approach them via the function x{y) or via the function 
y(x). This, of course, cuts at the root of the symmetry in x,y which 
the ‘differential’ notation is sjxcially designed to secure. 

I shall ])resently make my own attempt to legitimize the equation 
(8). Meanwhile, we may observe that there is one unobjectionable 
splitting of Leibniz’s symbol. We may write it 



where now the symbol d'.dx denotes the operation of differentiating 
apjilied to/(.r). This operation is also frequently denoted by the symbol 
or simply by D if the variable of differentiation is obvious or 
unimportant. 

3. Change of variable of differentiation 

As we have seen in chapter II (16), a continuous function of a con- 
tinuous function is itself continuous. It is an equally important theorem 
that a differentiable function of a differentiable function is itself dif- 
ferentiable. More precisely 

(^) Jf y{x) f*’ differentiable in x at x ^ and f(y) is differentiable in y 
aly — ), thenf{y(x)} is differentiahle in xatx ~ and the derivative is 

where J'(y) is the y-deriiative of f{y) and y'{x) is the x-derivative of y{x). 
Since y{x) is differentiable at x f, it is also continuous there, and 
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hence |Sy| < c is secured by i8a:| < some r}{e, f ). Since /(y) is differenti- 
able at y = y{$), we have, by ( 7 ), 

8/(2/) = A{y,By)Sy, 

where My,^y ) as 8*/ -> 0. 

Thus, if |8a;| < ij, = A(y, Sy) 

Since y{r) is differentiable, wc maj'^ take the limit 8.r -> 0 on the right, 
and therefore also the consequential limit 8 y -> 0 . This gives the 
desired formula , 

^-/(y) =/'(2/)y'(a;)- (lo) 


This formula enables us to pass from a variable y to a v^ariable .r of 
differentiation. We ma5’ write it as an identity of differential operators 
in the form , , 


or even in the form 


d 

dy ~ y\x) dx' 


( 11 ') 


If we write ( 10 ) in the form 

DJ(y) =-f'(y)D^y, 

it is seen to be true for any variable x of differentiation, provided only 
that y{x) is differentiable. We may thus ignore x and write simply 

my)=mj^y- ( 12 ) 

This equation is of the same symbolic form as the 'equation of 
differentials’ (8), i.e. 

dfix) = f'(x) dx. 

We can thus give a reasonable meaning to this latter equation by defin- 
ing d as the ojicrator of differentiation with regard to an arbitrary err 
unspecified parameter (granted of course that x is difforentiablo in this 
parameter) or, what comes to the same tiling, by writing Leibniz’s 
symbol for the derivative in the form 

Dy 

Dx' 

where again D denotes differentiation with regard to any suitable un- 
specified parameter. 

Implying this interpretation I shall make free use of the equation of 
differentials, writing d or D indifferently. With this interpretation 
equation (11'), for instance, appears as an immediate consequence of 

dy — y'{x) dx. 
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With (9) we may associate the following theorem on the differentiation 
of inverse functions: 

(13) Wherever y(x) has a non-zero derivative y'{x), the inverse function 
X — x(y) is differentiable, if it is continuous, and the derivative is given by 

x'iy) = ^ly'{x). 

From the differentiability of y(x) we have 

Sy = -4(x, Sa;) Sa", 

where A(x, Sx) y’(x) as 8x 0. We may write this as 
Sx = {A(x, Sa:)}"' Sy. 

Since the inverse function is continuous, Sy -*■ 0 secures Sa; -> 0, which 
again secures the convergence of {^(a;, Sx)}”*, if y'(x) ^ 0. Dividing by 
Sy and taking this limit Sy ->■ 0, we at once have 

*'(//) = l/y'W- 

As ve have seen in cliaptcr III §§ 6, a continuous inverse can 

generally be secured to a continuous function through the device of 
branch-points. The sanie device therefore, in general, secures a differ- 
entiabk' inveree to a differentiable function, zeros of the derivative 
being excluded. 


4. Differentiation of sums and products 

Let u(x), r(x) be two functions differentiable in x at x = ^. 
at once from the meaning of the symbol S that 

^(“i*’) = bu~Sv 

8{«ir) Sii Sr 

Sx Sx ~ Sa’ 


and s( 


It follows 


The Limit of a sum (tlifferonee) is the sum (difference) of the limits, and 
so the limit on the right exists as Sx -> 0, and is D^uiDj.r. Hence 
the limit on the loft exists and has this value. It is enough to write 
(14) Dtu±^v)—DufziA'. 


For this irnidies that />(« ± *') exists whenever Du, Dv separately exist, 
i.e. that u(x);ti'(x) is differentiable at x -- if w(x), v(x) are each 
differentiable there. Moreover, we need not specify x, since the result 
is true for any parameter in which u, v are differentiable. 

Again, for a product we have 

S(uv) = («-fSw)(r+8r) — uc -= uSv -f-(t'-f8i') Sw, 


S{uv) 

Sx 


, , , s; .Sa 


Sx 


and so 
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On the right, as 8a: ->■ 0, both 8»/8a; and hujBx converge, and c+S*' ->■ ®i 
since v, being differentiable, is also continuous. Hence the limit on the 
right exists and is u D^v -{-v D^u. We may therefore write 
(16) D{uv) — u Dv -\-v Du. 

Save at a zero of u{x) or v{z) we may rewrite this as 


D(uv) 

uv 


Du Dv 
u V 


(16) 


(17) 


If w{x) be a third function differentiable in a; at a; = ^ and not 
vanishing there, we have, applying (6) to the product of uv and w, 

D{uv.w) D{uv) ^Du) 

uv.w uv w 

Du Dv Du) 

— T T > 

U V w 

by substitition from (16). 

Hence, similarly, given n functions Ui{x),...,ii„(x) differentiable in x 
at a: = f and not zero there, we have 

D{n Ur) _ -o Dur 

n Ur Z-< Ur' 

The differentiation of a product in this form is often called ‘logarith- 
mic differentiation’ for a reason apparent later. 

If we identify the n functions, (17) becomes 

D(u”^) Du 

- -1 — n- 
w* u 

and gives 

(18) D(u”) = nw""’ Du {n a 2 >ositive integer). 

Since any polynomial can be resolved into sums and products of its 
arguments, it follows from (14), (15) that 

(19) Any polynomial whose arguments are differentiable in x at x — ^ is 
itself differentiable in x at this point. 

Moreover, the form of its derivative is to be ascertained by sufficiently 
repeated applications of (14), (16). 


5. Differentiation of a determinant 

Important among such polynomials is the determinant whose elements 
are differentiable functions of *, say 

Mi(x) Mj(ar) Mj(a;) . [ 

v^{x) v^{x) v^{z) 

"’ll*) "’si*) w'al*) 


( 20 ) 
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By definition it is an algebraic sum of products which we write sym- 
boUcally - • (21) 


Now it follows from (15) or (17) that to differentiate a continued pro- 
duct we differentiate one factor at a time and add the results. In the 
derivative D{l.±Mx)Vi{x)w^{x)...} 


let us first collect those ])roducts 

{Dur(x))vJ^x)wt{x)... 

in which the differentiated factor comes from the first row of the deter- 
minant. Agreeabl}' with the notation (21) we may denote the algebraie 
sum of these products by 


2±{-Dw,(j-)})'2(T)M'3(a-)... . 

Similarly, the algebraic sum of those products in which the differentiated 
factor comes from the st'cond row is 


2±Mi(-r){/^?2(r)}«’3(r) .. 

and so on. Hence 

= 2 ±{^'«i(-^)}'' 2 {-»')w’ 3(-»') ••T-2±Wl(^)[-C'i2(j-)}W3(x)...-h (22) 

+ 2 ±Ui(r)v„{x){I)u'3(j:)).. . -f . . . . 

Restoring the determinantal notation wc liave for the derivative of 
(20) the sum of determinants 

ll>Ui(x) Du^ix) Bugfx) . + «i(j:) u.^(x) Usix) . + 

I t.'i(x) v^(x) I’jix) . Di\(x) Dr.^(x) Dr^ix) . 

I "'3(-»') -I ■; 


+ Wl(j-) «2(j-) Us(x) . +... 
j i\{x) v^ix) i- 3 (r) . ' 

I}n\{x) Du\{x) Du\{x) . I 

! j 

We may express this result more simply as a working rule; 

(23) To differentiate a determinant, differentiate each row (column) in 
turn and add the results. 


6. Differentiation of algebraic functions 

Consider first the rational, integral algebraic functions. Since Bx/Bx = 1 
and Sc = 0, if c is a constant, we have the two trivial results 
(24) D^x =1, Dc = 0, 
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and hence by (15) 

(26) D{cy) = c By. 

It follows from (19), (24) that 

(26) Any rational, integral algebraic function of x is everywhere differ- 
entiable in X. 

To differentiate any rational fractional function it is enough to be able 
to differentiate x~'^. For tliis, we have 

* x-fSx X x{x^Sxy 
8(a:-i) _ -1 

Sx x(x-i-8x)’ 
and so, on taking the Limit Sj: -> 0, 

BJx'^) = (27) 

The result is unintelligible, if a: = 0, but holds for all other v’alues of x. 
Moreover, we must at the start choose (Sarj less than |ri, so that .r+Sa* 
shall not pass tlirough zero in the passage to the limit. 

More generally, at a point where t'(x) is differentiable and not zero, 
we have by (9) , ^ 

(28) 


Hence 


and so from (15) 


I>- = 

V 

jyU _v Du —u Dv 

V 


(29) 


It follows from (26) that 

(30) Any rational, fractional algebraic function ts differentiable, save at 
the zeros of its denominator. 

As we know, at these zeros the function is discontinuous and therefore 
a priori is not differentiable, by (o). 

We may write (28) as 


and so from (18) 


Dv-"- 


Hi’-i Dv 
n — — = —n — , 


or, in more usual form, 

(31) Dv~'' = — nv~”~^ Dv. 

Thus (18) extends also to a negative integral index. 

For irrational algebraic functions it is similarly sufficient to differ- 
entiate x** where p is not integral. In this case we make the convention, 
as in chapter II § 6, that x is positive or possibly zero. 
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Suppose firstly that x is positive, and take |Sa:i < a:, so that x-\-Sx is 
also positive. Then by the exponential inequality 

p{x-\-hxy^~^ 8a: ^ (x-^-Sx^’—x^ § pxP-^ Sx, 

(x+Sx)P — X*’ 

Sx 

lies between p{x-\-Bx)^-^ and px'^-^. But, by chapter II (20), x'‘‘-^ is con- 
tinuous at a positive x and so, as Sx -»■ 0, 

p(x-l-8x)'*“^ pxP”^, 

and therefore also (x-|-Sx) x p_] 

Sx 


Thus x^ is differentiable, if x is positive, and its derivative is given by 
(32) D^xi> = px“-^. 

If X is zero, we have identically 


Bx 


(8x)"->. 


This converge.s to 0, 1 if /j 1, = 1, but diverges if p < 1. Hence x® is 
dilTerentiable at x - 0, only if p > 1, and then (32) still holds. 

Thus, by (31), (32), the formula (18) has l)een extended to any real 
index, and we may say, in general terms, that the formula liolds for any 
value of X for which it has a meaning. 

We ob.scrve that, if 0 < 77 < 1 , the function x-’ is continuous at x = 0, 
by chapter II (20), but, as wc have ju-'t seen, not differentiable there. 
This is in accordance with (4) above; m fact, we have already used the 
case p ~ I in support of (4). 


7. Differentiation of logx 

For the differentiation of we need the fundamental limitf 

a^—l , ,, 

-> log,, a as .r 0. 


Then 

Hence 

(33) 


a^^i-r_QX 

Bx 


and, in particular. 
(34) 


a^(««-^-l) „ - 

->a-^log,,u as Sx -> 0. 
dx 

= a^log^a 
= e^. 


t Chrystal, Algehra 2 (1900), 79 (Cor. 4). 
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For the differentiation of log^a: we employ the fundamental limit 
( 1 +*“*)® e as *->-00. 


3j{logo(*+Sa:)-log„a;} 
, /, , St\VSx 1 




= iog,(i+^)” =iioe.{(i+|) 


By chapter II (22), log x and therefore also log^ a: is a continuous function, 
so that lim(log) = log(lim). 


Hence 
and so 


lim ^{loga(a;+Sa;)— log„x} = -log„e, 
Sj:-»0 OX X 


DJog^x = -log„e. 


and, in particular, to base e 

(36) D^^ogx = 

If we apply (9) it follows that, if 11 m dcnoto a product of factors 
«i(a;), Mj(x)..., then 

ni TT 

— — = Dlog Tlu 


= D21og« = 27 . 

This gives an alternative proof of (17) and justifies the title of ‘log- 
arithmic differentiation’. 

The hyperbolic functions arc simple algebraic functions of and so 
are at once differentiable by aid of (34). It is enough to state the 
derivatives 

(37) ZJjSinha: = coshj;, Z), cosh x =■ sinh a;, 

Z)j.tanha: = scch-x, Zlj.cothx = — cosech^x, 

„ , sinhx „ 1 coshx 

fXsechx = iAcosechx -- — . • 

cosh^x sinh^x 


In like fashion the inverse hyperbolic functions are merely logarithms 
of algebraic functions. We have for their derivatives: 

(38) D^sinh-^x = Z)^log{x-|-y'(x*-j- 1)} = (x*-fl)“^*, 

ZJpCOsh~^x = £)j.log{x-|-.y/(x*— 1)} = (x'“— 1)~*, 

D^tanh-'x = I7^|logJ+^ = (l-x®)-S 



IVS7] 


THE DERIVED FUNCTION 


7« 


Djcoth-ia: = = — (a;*— l)-i, 

X — 1 

Z)^8ech~*a: = D^log ^ 

Dj. cosech-'a: = ZJ^log ^ = — x“*(l+a:*)-*. 


8. Differentiation of the circular functions 

The differentiation of the circular functions turns on the limitf 
sin a; 


For 


-> 1 as a; ^ 0 . 


8(sina-) 8in(a:+8a:)— sinx _ 2sin Pxc 08 (x-|-|Sa;) 


8x 8x 8x 

In this product, as 8x -»■ 0, the factor (sin Px)/JSx ->■ I, while the other 
factor converges to cobx, since, by chapter II (23), the cosine is a con- 
tinuous function. Hence 

D^sinx = cosx. 

Thus also Dj.cosx — Dj.sin(i7r—x) 

= cos(l7T— x)Dj(i7r— x), by (9), 

= — sin X. 

Again, by (29), 

sinx cos^x-fsin^x 


Z),tanx — Z), 


D^»ecx - D, 


cosx 

1 


cos'‘x 


= sec'‘x. 


sinx 


So 


^ cos X COS'^X 

D^cotx = Dj.tan(in-— x) =• — cosecV, 

COSX 


Z)j.co.sccx = Z?j.sec(W — x) — — 


bin“x 


Collecting these results we have for the derivatives of the circular 
functions: 


(39) Dj.8inx = cos,r, 
Dj.tanx — 8cc*x, 
D^secx — ainx/cos®x 


Dj.cmx = — sin.r, 
D^cotx = — cosec'^x, 
cosec X = — cosx/sin^x 


= tan X sec X, = — cot x cosec x. 

It will be observed that a negative sign appears in the derivatives of 
the three ‘co-functions’ cos, cot, cosec, whereas the derivatives of the 
three ‘direct’ functions ain, tan, sec are jiositive in form. The inter- 


t Cf Hobson, Plane Tfrgonometry (1897), 123. 
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pretation is to be found in (42') below: the direct functions increase, the 
co-functions decrease in the first quadrant. 

We may use (13) to get the derivatives of the inverse circular 
functions. To the functions siny, tany, secy with derivatives cosy, 
sec*y, tan y secy correspond the inverse functions 


y = sin“^x, 

y = tan‘ 

■*x, y = sec 

wdth derivatives 



1/cosy, 

l/sec*y, 

1/tanysecy, 


1 

±1 


l-f-x=“’ 

xV(x2-l)' 


Since cos-^j: = sin^’a: and .similarly for the inverses of the other 
co-functions, it is enough to record 


(40) 


Z)j.sin"'a; = 


±1 


D^tan-’a- 


flj-sec-^r = 


_ ±1 


1 

l+x^’ 


To resolve the ambiguity of sign in the derivative of sin-’a; we remark 
that the sign is the sign of cosy. Hence, if sin"’a- lies between (2nd: l)n, 
its derivative is +(1— a-*)~*; if sin^'a- lies between (2w-rl±l)n, its 
derivative is —(l—a:^)~t. At the values a; — d:;], where siu'^a: i.s (n-f-l)7r, 
the derivative does not e.xist. 

We resolve the other ambiguity of sign in similar fashion. If sec'^x 
lies between 2«rr, (2n + l)7T, its derivative is -f 1)~*; if sec -'a- lies 

between (2n— I)??, 2nn, its deriv'ative is — x'’(x^— ])"h We must again 
exclude the values x = d; 1 • 

For principal values of the inverse functions the positive signs are 
to be taken. 


9. Functions differentiable throughout an interval. Maxima and 
minima 

As we have seen at some length in chapter II, function.s continuous 
throughout an interval have certain striking and sovereign properties. 
Functions differentiable throughout an interval form a sub-class pos- 
sessing additional important properties in which the derived functions 
are in general also concerned. These functions and properties we now 
consider. 

It must be emphasized at the outset that it is of the essence of differ 
entiabUity that 8//8x converge, as 8x converges to zero through valuei 
oj either sign. 






The existence of these left-handed and right-handed ‘derivates’, aa 
they are called, has its own interest, but is insuflScient to confer the title 
‘differentiable’. 

An exception must, however, be made, for a function defined over 
a closed domain, at an end-point of this domain, since values of the 
function on one side only of the end-point are available. Thus f(x) — 
is differentiable at x — 0, since there 


8 / 

8x 


(Sx)l -> 0 as Sx 0-f- 


while (8x)* has no meaning (from our present point of view) for nega- 
tive Sx. 

We are led at once t(j a fundamental property of the derivative-. 

(41) If a function in differentiable at a maximum or a minimum, the 
derivative vanishes there 


Suppose X a ininirmim of f(x), so that throughout some interval 
(x— 8, x-l-8) the increment 8/(.r) is positive and the incremental ratio 
8//8x has therefore the sign of 8x. 

VVe are given that 8/,8.r converges as 8 -> Oi. Since 8/,8x is positive, 
as 8x -> 0-^- . the limit can onh'- be positive or zero; since 8//8x is negative, 
as 8x -->■ 0 — . the limit can only Ik* negative or zero. We draw the only 
po.ssible conclusion that the limit /'(x) is zero. 

The maxima of /(x) are the minima of — /(x), and a like result there- 
fore extends to maxima. 

The function jx j is, as n e have seen, not differentiable at the minimum 
X — 0, and the right and left derivates there are respectively ±1, and 
not zero. 


The converse of (41 ), that/(x-) has a maximum or a minimum at every 
zero of f'(x), is false. This is seen from the example f(x) x*. Here 
/'(O) = 0, but the function is monotonic in any interval, since, if 


Xj ^ X2, 




= xf-i-XiXa-t-x| > 0. 


Hence there is neither maximum nor minimum at x = 0. 

Q661 


O 
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The zeros of the derivative are generally known as ‘stationary’ points 
of the function and the corresponding values of the function as 
‘stationary’ values. 

Consider now a function f{x) differentiable throughout a closed 
interval {a,b) and therefore also continuous throughout the interval. 
For such a function we may consider in the interval the three categories 
of points not necessarily all different: 

(i) points of greatest and least value, 

(ii) maxima and minima, 

(iii) stationary points. 

By chapter III (2), there must be points (i); there may be points (ii), (iii). 
By (41) above, points (ii) must also be points (iii). Otherwise the cate- 
gories may but need not overlap. We return to the more elaborate dis- 
cussion of these topics in chajiters IX, X. 


10. Monotonic functions. Rolle’s theorem 

If /'(z) exists throughout (a, 6) without ever being zero, then f(x) can 
have neither maximum nor minimum in the interval, and so, by 
chapter III (8), is monotonie there. 

Thus the ratio M)-/(z,) 

a-i-Za 

has a constant sign in the intenml. Suppose, for argument’s sake, that 
it is always positive. Then, by taking the limit -y Zj, we have 

/'(Zj) = lim 5. 0. 

But /'(Zj) = 0 is excluded by hypothesis, and so /'(z) .shares the con- 
stant sign of {/(zi)— /(z2)}/(zi— Zj). Hence 

(42) If throughout an interval f’{x) exists but does not vanish, then its 
sign is constant and f(x) is monotonic in the interval. 

More precisely 

(42') If f'(x) is positive {negative) throughcnit an interval, then f{x) is 
ascending (descending) monotonic in the interval. 

We often make use of (42') in some such form as this; 
if /'(z) > 0 when x > a, 

then also f{x)—f{a) > 0 when z > a; 

or again : 

if /'(z) > g'{x) when z > a, and if f{a) — g{a), 
then /(z) > g{x) when z > a. 
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This principle is of much service in proving inequalities. As an illustra- 
tion let us establish the inequaUty already quoted in chapter I § 13 

cosec < ttIx (0 < a; < tt). (43) 

If f(x) HZ X cosec ix, 

then f'{x) = cosec Jar cos Ixcosec^Jx 

= cos |arcosec^Ja:(tan Jar— Jar). 

Now this is positive in )0, tt), since tan Jar > Jx in )0, 7r( by the funda- 
mental trigonometric incquahty. Thus f(x) is steadily increasing in 
)0, tt) and therefore 

/(*) < /(’ r ) (0 < X < tt), 

i.e. coseejx < rr/x (0 < x < tt), 

which is (43). t 

As a second illustration consider the three functions 
sinh X, X, tanh x. 

The functions are equal at x = 0. When x 0, their derivatives have 
the order of magnitude x > 1 > sech^x, 

and therefore from our principle the original functions have, when x is 
positive, the same order of magnitude, namely, 

sinhx > X > tanhx (x > 0). 

We cannot, of course, apply the same principle to prove the correspond- 
ing inequalities for circular functions 

sinx < X < tanx (0 < x < Jv), 
for that would be argument in a circle. 

From (42) we at once deduce Eolle’s theorem; 

(44) Jf f'(x) exists throughout (a,b) and if J[a) — f(b), then f'{x) must 
vanish in the open interval )a, b{; 

or in its more usual form : 

(45) In a region of differentiability f'(x) has a zero between every two 
zeros of f(x). 

For if f'(x) does not vanish in (a, 6), then /(x) is monotonic, which 
contradicts f{a) — f{b). 


t If we write (43) in its more usual form 

2x 

smx > — 


(0< *< Jit), 


we can deduce an inequaUty for the full interval (0, ir) in which sin x is positive, in the 

Sx(-:r-x) 
sm X ^ ^ — . 
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1 1 . The theorem of the mean 


If f(x), g(x) are two functions differentiable throughout (a, b) we can 
apply Rolle’s theorem to the function 


/(x) g(x) 1|, 

f(a) g(a) ij 

m g{h) l| 

which vanishes x — a, b. Its derivative 

f'{x) g'{x) 0 

/(a) 9(a) 1 

fib) gib) 1 


therefore vanishes at some point $ of the interval )a,b{. 
accordingly [g(a)-ff(6)l/'(^) = [/(a)-/([>)]ff'(f), 


We liave 
(40) 


which we write in the more convenient fractional form 


f(a)-m _f(i) 
g(a)-g(b) g'(^y 

provided that neither denominator vanislies. 

If g((i)—gib) vanish, it is clear from (46) tliat either f[a)—f[b) vanislies 
also, in which case the equation is trivial, or else ( 7 '(^) vanishes, which 
brings us back to Rolle’s theorem. We thus lose nothing by sujiposing 
that neither /(a)— /(6) nor g(a)—g(b) vanishes. 

If one only of /'(i), g'(i) vani.she8, then either (47) or its reciprocal 

!7i«H9(^_) ^ 9W 

/(«)-/(*) fW 

is valid. If /'(|), g'i^) both vanish, the relation (40) again becomes 
trivial. We must therefore exclude the case in which /'(x), g'(x) have a 
common zero in )a, b(, for in such a case we might well expect that ^ will 
be this zero. 

In a rather more convenient notation we replace fi,b by 
Then | lying between a+fc,a becomes o+0/i, where 0 < 0 < 1, We 
thus restate (47) as the ‘theorem of the mean': 

(48) If. throughout (a,a-\-h), f'(x), g'ix) exist and have no common zero, 

Jia+h)-f{,a) ^ f’{a+eh) 
gia+h)—g{a) g'{a->reh) 

(or dse its reciprocal form) holds for some B in )0, 1(. 

We should observe that B can always be found in the open interval 
)0, 1(. This is important in some appheations. 
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The above gives the ‘fractional’ formula of the mean. If we take 
g[x) = X, we have the ‘linear’ formula: 

(49) Iff{x;) is differentialile throughout (a, a-\-h), then 

f(a+h)—f(a) = hf'(a+eh) 

for some 6 in )0, 1(. 

It is to be noted that (48) is more precise than the form to be obtained 
by applying (49) successively to f(x) and g{x) and taking the ratio. For 
then we get on the right-hand side 

f'(a-^0h) 

g'(a+0^h)’ 

where 0, 0^ agree as regards lying in the interval )0, 1( but are otherwise 
not necessarily the same. It must always be borne in mind that 0 in 
(48) or (49) is essentially 0{a,h), defined in fact by the formula itself. 
The operative clause of (48) or (49) thus lies in the restriction 0 < 5 < 1; 
tliese theorems of the mean, in other words, are disguised inequalities 
and not really .statement.s of equality at all. 

Wo can use (49) to give the following wdder form of (42') above: 

(50) If f'{x) is never negative {positive) throughout an interval, then, as 
X increases, f{x) never decreases {increases) in the. interivl: in other words 
f{x) is monotonous {i e. mc/notonic or stationary) in the interval. 

For, if ^ 1, ^2 are any two points of the interval, then 


.Tj— a'j 


some/'(^). 


where ^ lie.s between a-j. j-j, i.e. in the interval. Thus if f'{x) is never 
negative in the interval, then f{Xi)—f{.r.,) ha.s the sign of or is 

zero. Thus, as x increases, /(.r) increases or is stationary, i.e. never 
decreases. Thus (50) is proved. 

In such an interval /(.r) can have neither maximum nor minimum, for 
if ^ were a maximum, we should have, for .some x^,x^. 


f{^i) < A^) ^ 

Xi < f 

/(x,)-/(f) /(f) -/(X,) 

Xi-f ’ f-Xa 

are one positive, one negative. Thus 

(51) If in a certain interval f’{x) never changes sign, then f{x) can have 
neither maxima nor minima in the interval. 


where 
so that 
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From (49) we deduce a theorem of great importance: 

(62) vanishes throughout an interval, thenf(x) is constant through- 

out the interval. 

If f'(x) vanishes throughout (a, by, it vanishes throughout any sub- 
interval (a, a-j-h), and so every/' (a Oh) is zero. Thus by (49) 

/(a-f A) = f(a), 

i.e.f(x) = f (a) throughout {a,b). It follows that 

(62') Two functions which have the same derived function (throughout 
an interval) differ at most (throughout the interval) by an additive constant. 

This theorem is fundamental in the Integral Calculus and in the theory 
of Differential Equations: we can say that almost every differential 
equation at present completely soluble is reducible to the elementary 
differential equation Df(x) — 0 

which, as we have just seen, has the solution 

f(x) = constant. 

It is instructive to compare the two formulae (7) and (49) for the 
increment of a function. In similar notation they are 
(7) hf(x) = A(x,hx)hx, 
where A(x,Zx) f'(x) as 

(49) 8/(x) = f’(x-\-e hx) 8x, 

where 0 < ^ < 1. 

For (7), it is sufficient that /'(a:) exist only at the value; for (49), f'(x) 
must exist throughout the interval (x,x-\-8x). On the other hand, in (7) 
we may be inconvenienced by the presence of the unknown function 
A(x,8x). 

Jif'(x) exists in (x, x-\-Sx) and is also continuous at x, the two formulae 
are the same, for then f'(x-)-6 8x) f’(x) as 8x -v 0. But, as we arc now 

to see, the existence of the derived function near a point docs not ensure 
its continuity at the point. 


12. Discontinuity of the derived function 

Consider the function 

f(x) == a:=^in(a:-i) (a: 0) ) 

f(o) = 0 r 

Elsewhere than at the origin the function is differentiable by the rules 
of §§ 4-8 above, and we have in fact 

f'(x) = 2a:sin(a:“*)— co8(a:~*). 
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At the origin = 8x8in{(8a:)-i} -> 0 as Sx -> 0. 

Hence /'(O) = 0. 

Now X = 0 is a point of continuity of 2xsin(x-i), but a discontinuity 
(a point of finite oscillation) of cos(x“i) and therefore also of /'(x). Hence 

(54) The derived function may exist in the neighbourhood of a point, and 
yet not be continuous at the point. 

On the other hand, it is worthy of note that a derived function, if it 
exists throughout an interval, shares some of the properties of a function 
continuous throughout the interval. In the first place 

(55) Iff'M exists near x = i, u-e can always find sequences of approach 
along which f'(x) converges tof'{i). 

For by the theorem of the mean (49) we have throughout the neigh- 
bourhood in question /(x)— /(f) 


where X ■- X(x, f) and lies between x, f. Now choose any sequence 
{x„} converging to f . Thi.s gives the corresponding sequence {X„}, which 
converges also to f , since X„ lies always between x„ and f . Since /'(f) 
exists, the sequence of incremental ratios on the left converges to /'(f), 
and therefore also the sequence {/'(A'„)} on the right converges to /'(f). 
Evidently we have as wide a choice for the sequence of approach 
{X„} as we have for the sequence )x„}. 

Again 

(50) If f'(x) exists throughout (a.b). it assumes therein every value 
between f'(a), f’(b). 


For let k be a number lying between f'(a), f'(b) and consider the 
<^(x)^./(x)-i-x. 


Its derivative i^'(x) —f'{x)—k exLsts tliroughout {a,b) and therefore, 
by (42). if it docs not vanish in the interval, its sign is constant tlirough- 
out the interval, and in particular at the end-pouits, i.e. 

/'(a)-i-, f'{b)-k 

have the same sign. This is contrary to hypothesis and therefore 
f'{x)~-k must vanish somewhere in the interval, wliicb proves the pro- 
position. 

IjCss precisely, we can restate (42) in the terms of chapter^III (11); 
(57) A derived function can change sign only by passing through zero. 
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We may ask if these two properties (65), (56) are independent. An 
example shows that (55) does not imply (56), for define the function 

f(x) = 0 {x irrational) \ 
f{x) =1 (x rational)) 

Since we can always approach an irrational number through a 
sequence of irrational numbers and can always approach a rational 
number through a sequence of rational numbers, it follows that we can 
always find a sequence of approach along which /(r) converges to /(|), 
although the function never assumes any value between 0 , 1 . 

On the other hand, (56) does imply (56). For suppose that in every 
sub-interval (a,h) of some given interval, f{x) assumes every value 
between /(a) and /(ft), then, given any^ in the interval and any positive 
€, 17 , we can find x{e, -q) such that simultaneously 

|r-f|<c, (59) 

To prove this take any lying between If /(^j) al the same time 
lies between /(^^)i 77 , we have done what we promised. If not, then one 
of /(f)±A’? lies between /(^) and /(^i), and we can therefore find x in 
such that/(a:) is this one of /(^)i;i’?- Accordingly we have 

- h < 

which is (59). 

Now choose tw'o sequences {e„}, both converging to zero and con- 
sider the corresponding sequence x^ x(e„, 77,,). Then 

l/(•r„)-/(^)l < Vn- 

and the sequences {x„}, {/(x„)} converge respectively to /(f). 

13. The bounds and infinities of the derived function 

We may put into the scale against the derived function the following 
particulars in which it does not behave like a continuous function : 

(60) If a derived function exists throughout an interval, it is not neces- 
sarily bounded there, 

(61) If a derived function exists and has an upper {lower) bound in an 
interval, it need not aUain that upper {lower) bound in the interval. 

To prove (60) it is enough to exhibit the function 
f{x) s a:%in(a:-*) {x ^ 0 ) 

m = 0 
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f'{x) — 2xsin{a;~*)— 2a;“^cos(a:-*) {x ^ 0), 

/'(O) = 0. 


By considering, for instance, values x — (n-n)-^, it is seen that /'(a;) exists 
but is unbounded in the neighbourhood of the origin. 

To prove (61) consider the function 

f(x) “ x^sin^x-^) (a; 7 ^^ 0) ) 

/(O) = 0 )■ 

Here /'(a:) = 3a:®8in®(a:''^)— 28in{2a;~^) (a; ^ 0), 


(63) 


/'(O) = 0. 


In the neighbourhood of the origin f'(x} has a lower bound —2, for, 
if a: 7 ^ 0 , = 3a:^in2(a:-2)4-2{l — 8in(2a;-*)}. 


This is never negative and converges to zero, as x converges to zero 
through the set of values 

2 

(2m-)-1)''v’ 


where w is a positive integer. But/'(ar) never attains this lower bound, 
for/'(0) — 0 and, if x f- 0,f'{x) + 2 — 0, only if simultaneously 
sin(a-^) = 0, sin(2x-^) == 1, 

vhieli are ineompatible conditions. 

Tlie infinities of a function and of its derived function are connected 
by the projKisition: 

(64) An infinity of a function is also an infinity of the derived function, 
provided the latter exists throughout some half -neighbourhood of the infinity. 

If X = f is such an infinity, /(x) is discontinuous there and so f'{$) 
cannot exist. We therefore suppose that /'(x) exists throughout the 
half-neighbourhootl )^, o). 

If X be a point of this interval, we have, by (40), that 
/(a-)-/(a) ^ (x-a)f'{X). 

where X lies between x,a. By taking x sufficiently near ^ we can make 
/(x), and therefore /'(X), as great as we please. Moreover, a is stiU at our 
disposal. Hence in any interval (f, l+A), how’ever small, we can find 
X such that /'(x) is as great as we please, i.e. ^ is an infinity of/'(x). 

The condition that the derivative exist throughout a half-neighbour- 
hood is essential to the proposition; for consider the function 

/(x) is the greatest integer in x~^. (66) 

The function is discontinuous at the countable set of points x = 
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where n is a positive integer. Elsewhere the derivative exists and is 
bounded, being everywhere zero. Nevertheless the origin is an infinity 
of fix). 


14. Differentiation of a limit-function 

In chapter II § 7 we considered the continuity of a function defined as 
the limit of a sequence of continuous functions. Here we similarly 
consider the differentiability of a function defined as the limit of a 
sequence of differentiable functions. More precisely we consider the 
differentiability at x = ^ of the limit-function s(a:) defined by the 
sequence of functions a(n, x) themselves differentiable at x = ^. W e go 
further and inquire whether, when this derivative s'(f) does exist, it is 
actually given as the limit of the sequence of derivatives s'{n, f ). 

Since the differentiability of «(a:) at x = f is only another name for 
the convergence of as x -> f , it is clear that differen- 

tiability, like convergence and continuity, need not survive ])assage 
to the limit. Denoting by Sj(x) the limit of s'(n,x), when it exists, we can 
give examples of the three types of cases of failure: 

(i) «'(^) exists but not 

(ii) Siii) exists but not a'(i); 

(iii) s'(^), s^(^) both exist but are not equal. 

For (i), it is enough to consider the logarithmic series 

s(n,x) =: X— — ...to n terms, (06) 

so that s(x) is log(l+x) and «'{1) exists. But s'(n, 1) = 1 — 1-f 1 — .... 
This is an oscillating series and «j(l) does not exist. 

For (ii), consider the sequence 

fi(w,x) s (l-(-wx-)~*. (67) 

Then s'(n,x) = — 2nx(l-f wx*)-*, Sj(0) = 0. But s(x) = 0 (x # 0), 
s(0) = 1, i.e. s(x) is discontinuous at x = 0 and s'(0) does not exist. 

For (iii), consider the sequence 

s(to,x) = x(l-f-?tx^)-*. (68) 

Then «'(«,x) = (1— nx*)(l-)-wx*)“*, «j(0) = 1. But s(x) -= 0, «'(x) = 0, 

«'(0) j!- #i(0). 

A condition sufficient both for the existence of s'(^) and for the 
equality «'(f) = «j(f) is given by the theorem: 

(69) If in the neighbourhood of x — ^ the differentiated sequence s'{n,x) 
converges uniformly to Si(x), then «(x), Ike limit-function of the sequence 
s(n,x), is differentiable at x = ^ and moreover s'{$) = «i(|). 
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By the theorem of the mean (49) 

where X lies somewhere in )x, i(. But, by the uniform convergence of 
«'(»»> *)’ ls'(n+p, X)-8'(n, X) 1< 

for every X in some interval (|— 8, f+S), every n > some N{e,^) and 
every Hence 

a(n+p,x)~s(n+p,J) _8(n.x)—s(n,^)'^ 
j'-f x-$ " j 

for every x in (f— 8,^+8), every n > N(f,^) and every p. Since p is 
unrestricted we may take the limit p->aj. This gives 

s{x)-s(^) s{n,x)—a{7t,i)< 

under the same conditions. 

Again, since a'(n4) -> 

!«'(«. < k (71) 

if n > some N'{e,^) Fix n > both N,X'. Then, since s'{n,^) is the 
derivative of a[n,x) at x = |, 


a{n,x)—s{H.$) 

' 


-s'(n4) < Jc, 


(72) 


if]x— ^1 < some 8(e,??,^). 

By combining the three inequalities (70), (71), (72), we have 


5(r)— s(|) 


-«i«) 


Since now w, as ivell as p, has disappeared, the inequalit}' is secured 
provided only that jx— < .some 8(€,f). In other words s'(^) = a^(^), 
and the theorem is proved. 

The uniform convergence of s'{n,x). although sufficient, is not neces- 
sary. This is shown by such an example as 

.'((w.x) s »'''(l-f- «“a:®)“b (73) 

Here a'(n,x) — — 2nx(l-|-n“x®)-®, Sj(x) == 0. But a'{n,x) does not con- 
verge uniformly to s^{x) near x = 0, for, if x, n -> 0, oo respectively, so that 
XT! = 1, then s'(n,n-*) = — i. Neverthele.ss «(x) = 0, s'(0) = 0 = «i(0). 

If we seek conditions that shall be both necessaiy and sufficient, we 
must inquire, in the spirit of chapter II § 8, for conditions necessary and 
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sufficient that the limit-function of converge 

x—i x—^ 

as a: ^ and converge to the limit 

We may remark that the uniform convergence of «'(re, x) near x = $ 
is insufficient to secure even the ordinary convergence of s(n, x) near 
Thus, for example, s(?i,x) = log(w-l-a:*) diverges everywhere, but its 
derivative 


y(n,x) = 


2x 


x^-t-n 

is comparable with xjn and converges uniformly to zero in any finite 
interval. On the other hand, by (70), the uniform convergence of 
s'(n,x) near a; = ^ is sufficient to secure the uniform convergence of 
s(n, x)—s(n, $) near x — and so, if some one s{rt,^) converges, then in 
addition every s(n,x) converges uniformly near x — i. On the other 
hand, the uniform convergence of s(n,x) does not imply that of s'{n.x), 
for s{n, x) S3 a-(l-j-rw*)'* 

converges uniformly in any finite interval, since l-\-nx^ > 2\x\\'n and so 

|s(n,ar)| < 

But s'(n, a) = (1— nx“)(l-|-na;’*)~* docs not converge uniformly near 
a: = 0. For _ 0 ^ q), Si(0) = 1. 

Thus s'{n,x)—s■^{x) = Ig. if a: = iw*. and so s'[n,x) docs not converge 
uniformly near a: = 0. 

If we apply (69) to a power-series 2 differentiated power- 

series is 2 x"'^. The intervals of convergence of these two series 

are givenf (in the usual notation) by 

p = limia„|-*^", p' — limjwrt,,]-^''". 

Since limre"^^” = 1, these two intervals are the same. Hence the 
differentiated series converges uniformly over any closed interval within 
the interval of convergence of the original series. Thus, by ((>9), 

(74) A function represented by a pou-er-series is differentiable within the 
interval of convergence and the derived function is represented by the 
differentiated series. 


15. Some pathological specimens 

It is possible by means of infinite series to define functions which exhibit 
remarkable behaviour qua differentiation. Consider firstly the function 




( 75 ) 


t Cf. Bromwich, Theory of Jnjintte Scrite (1908), 28. 
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where the summation ^ is taken over all positive proper fractions pjq 
that are in their lowest terms, and where, if x equals any pjq, the 
corresponding term is omitted from the summation. To fix the order 
of the summation let us first collect those terms which have the same q. 
There are at most q— 1 positive proper fractions in lowest terms having 
q for denominator. This grouj) of terms is thus together less than 
x^q--i)lq^, and, if we now arrange in order of increasing q, the sum is 
comparable with ^ and so is both absolutely convergent and uni- 
formly convergent over any finite interval. 

We have seen abovef that the fmiction 

^(x) ss a:%in(a:“') (a; 0) 1 

= 0 1 

is everywhere differentiable, its derivative being given by 
4>'(x) ~ 2rsin(a:'*)— cos(a;'*) {x ^ 0), 

4 >'( 0 ) - 0. 

The differentiated series is thus 

the term corresponding to piq being again omitted, if x = p ’q. This 
again is comparable for convergence with the convergent scries ^ q~^i 
and so is uniformly convergent over any finite interval. Hence, by (69), 
f{x) is everywhere differentiable, and its derived function is fi{x). 

Now 4>'{x), as we saw in § 12 (53), is discontinuous at x = 0, but con- 
tinuous everywhere else. Hence, except at rational points in )0, 1(, the 
series (76) is a uniformly convergent series of continuous functions, i.e. 
it defines a continuous function. At a rational point x — piq in )0, 1(, 
by a similar argument. f^{x}~(f>(x—2i q) is continuous, but ^{x—pjq) 
itself is discontinuous and therefore /j(r) is discontinuous. 

Hence /(x), as defined in (75), i» every where d iff erentiMe, but its derived 
function is discontinuous at every rational qioint in )0, 1(. It would not be 
difficult to define in similar fashion a function everywhei'e differentiable 
but with a derived function discontinuous at all rational points. 

Rememliering that xsin(.r'*) is everywhere continuous and differen- 
tiable everywdiere except at x = 0, we can construct a function 

which is everj'where continuous but is differentiable at no rational point 

t § 12 (53). 
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in )0, 1(. But following Weierstrass, and othersf we can go further 

and define functions everywhere conlinvxms hvJt nowhere differentiable. 

Such a function is „ 

8{x) = 2 ®n sinew! TTX), (78) 

1 

where ^ ®ii is a convergent series of positive constants. The series (78) 
is thus uniformly convergent over any finite interval and its terms are 
everywhere continuous. Hence also s{x) is everywhere continuous. 

To prove that, with suitable a„, it is not differentiable at any given 
point f we proceed thus. Choose any positive integer n (for convenience 
divisible by 8). Write (,i_l)!^ — b+e, 

where b is the integer nearest to (n— l)!f, so that e may have either sign 

and |el < i Again write ne = c-frj, 

where, similarly, c is the integer nearest to we and |r;| J. 

Then Ic+tjI \n and we can choose an integer c', namely one of 
c±iw, such that |c' — c\ — \n, an even integer, 

and at the same time ^ 

Now, in the neighbourhood of take the point 

c'—c 
n' 

1 

4(»-l)!' 

Then the series for f{x), /(f) are the same after the (w— l)th term, 


so that 


X — f-j- 

l*-^l 


i.e. 


/(a^)-/(f) = 2 ar{sin(r!77a-) - sin(r!7rf)} 
r=l 
«— 1 

= 2 2 a,.sin Jr!v(a:— f)c08 Jr! 7 r(.'r+f). 

r-l 

Now we can make the first n—2 terms of this finite series less important 

i}—Z 11— 2 

than the last term «„_i, for ^ r\-n[X—^\ < Jv, 


i.e. 


< 


71— Z 

TT ^ 


4(n— 1) 


ri. 


Take a, = h'/r], where A > 1. Then 


2 < 


4(A-l)(n-l)!‘ 


t See Hardy, Trans. American Math. Soc., 17 (1916), 301-26, where further references 
are given; see also van der Waerden, Math. Zeitschnft, 32 (1930), 474-6 quoted in 
Titehmarsh, The Theory of Functions (1932), 363. 
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But 


Since ic' + 7j|, |c+7j| < ^n, the angles + 


are in 


the same quadrant and differ by Jtt. Hence 


i.e. 


Thus 


1 e. 


> 


(» 


ll-±\ 

-l)ri V2j 




> 




i—L- ) 

V2 4(A-l)i 


Suppose h taken big enough to make the expression in { } positive. 


Then 


\ x2 4(/i-l)/’ 


which diverges as n a. . But a; ^ as a -> x. Hence the incremental 
ratio cannot converge as ur i e. /(x) is not differentiable at any 
point 


WORKED EXAMPLE 


///(») (t) continuous throughout (a,h) and if at every point ^ iii (a,h) 

Hi ' h)-J(^-h) 
h 


—V 0 as h ■ 


• 0 , 


then J(i) i« constant throughout {a,b). 

It sliould first bo roiiuukt d tliat tlio eontoigonce, as h — > 0. of the special 
incremental ratio + 

docs not secure the existence of f\^). To sc-c that, it i-- enough to consider the 

;a], 8iii»(x~*) 


functions 


at X - 0. Neither function is differentiable there, yet, since both functions are 
even functions, the special iiicrcraontal latio for each of them vamshc.s identically 
and so certainly con\ erges as h ->■ 0, 

We may see that the theorem is not ncccs.sarily true for a discontinuous func- 
tion by considering the function 


m ^ I (X ^ 0) 1 

m = 0 i 

Here, iff 0. + _/,) ^ o, if |*i < |f|. 


( 1 ) 


while 


f{h)—f{—h) — 0 for every h. 


Thus the limit of the special incremental ratio is everywhere zero, but the func- 
tion IS not constant in any mterval which contains the ongm. 
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To prove the theorem we state the condition of convergence in the form 

0 < h < some r]{f,x), (2) 

where it is sufficient to consider h positive, since the expression on the left is an 
even function of h. I shall show that the numbers -q are unrestricted, except, of 
course, by the condition that x^h lie in the stated interval (a, b) For suppose, 
on the contrary, that for given x , « the numbers q have a greatest number or an 


upper bound q^(€,x) Then 

\f{x+h)-J(x-h)\ si he, if 0 <h <q„{e,x), (3) 

\f(x+h')—f{x—h )| > h'e, for some h' < any ijo W 

where, of course h’ > by (3). 

Now, by (2), 

I/(2;+’1o+A)-/(^+’Ji|-A)| < *€, if 0 <h < q{e,x+qo)> (5) 

< ke> if 0 < h < q(e,x-q„) (6) 

Choose as e’ the smallest of ijo and Then, by (4), we can find a positive 

hj < e' ^ qo such that 

l/(^-^’?o + *i)-/(a:— iJo-Ai)| > (qo + h,)£ (7) 

But by (5), (6) 


|/(■c + q<!+^h)—/(^+Vo~^‘|)l *if> 0 Aj < q(e,i r i?o)> 

^ii)-/(-^-’?o-*i)| < *i«. since 0 < ;,i <- q{e,x -q„), 

and by (3) 

i/(a:o + ’;i)-^'i)-/(^-ilo + ^‘i)| < {■no-f‘iU> smcp 0 < i)„ 

By addition of the last thnc inequalities we have 

|/(* rqo + f>i)-/{x-qB-h,)\ {qo^h^)e, 

which contradicts (7) 

The preceding argument is fallacious, however, if, in (4), h' i-. alwnjs q„, 
le if l/(* + i/o)-/(^-’?o)| > 0. 

but \f(x+h)—f{x-~h)\ he 

m every open neigliVK>urhood of h = r]^ We now reqnirr* thf condition that f{x) 
be continuous, in \irtue of which we con take the himt h —*■ tjq This gives 

and so rules out our assumption 

The origmal hypothesis, then, that there is a greati st q{e, x) is also disproved 
and we therefore have that 

|/(x+/t) -/(x-/»)| < he, 

provided only that x±h he m (o, 6) Thus e is mdependent of x,h, and wo may 
take the limit e -> 0, givmg f^^+h) = f{x-h) 

for every h. In particular, if we write 

X — h+c, 

where c is a constant m (a, b), we get 

f(x+2c) =/{c), 

i.e f{x) IS constant throughout (a, 6). 
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The eaaential argument of the proof shows that, even if continuity be not 
stipulated, the only discontinuous functions which satisfy the main condition of 
the theorem are those typified by the example (1) above, i.e. functions having 
discontinuities at a finite set of points fi,..., and such that at the discon- 
tinuity ^ ^ 

It con also bo seen tliat the theorem still holds, if the incremental ratio of the 
question be replaced by the more general ratio 

*“'{/(* +P^) -/{x-gh)), 

where p, g are any two positive numbers indep/endent of x, h. 


1 ■ 1 / i_.v .a+bcosx 

- sm“*(j:*~"), sm“'. (a < 6), 

1— n o-f-acosr 


EXAMPLES IV 

1. Differentiate 

, o sin a; -I- 6 cos x 

tan-' . - -, 

acosa; — osma: 

log{socx + tana-), logtan Ja-, log{^(a;-fl)-)-.^(x — 1)}, 

log{V(^ + + - 1)} - lxj{x^- 1 ), 

1 x^(a — 2) 1 x^'{a + 2) 

V(o-2) V-rT v'(« + 2)‘'“ *“-l' ’ 

x^{ 1 — a;')sin“'.c— Jx*-f J(ain“*a:)', 

xlog(l -r.r')tan-‘.r-f Iog(l -f-x*)-r(tan-'x)* — J[log( 1 -f x')}' — 2xtan-’x. 

2. If a, b are positive, prove that 

(1 -} a)log(l -^«) f (l-f-6)log(l -f 6) < (l-|-a-r6)Iog(l-f-a-|-6), 
and generally that, if every a, is positive. 


i(l-t o,)log(14-a,) <(l-i- 2a,)log(14- 2a,)- 


3. If X is a positive acute angle, ()rove 

(i) that X lies between sinx and sinhx, and also between their arithmetic and 
geometric means; 

(li) that X lies between tanx and tanhx and is less than their arithmetic mean, 
their geometric moan, and their harmonic mean. 

4. If X is positi\-e and tan-'x denotes the positiv'C acute angle of given tangent, 
prove that (tan-*x)/tanh x is monotonic anil that 

tan-'x — Jir t anh X 

is positive. 

5. (i) In the fractional formula of the mean write 

/(x) = 4x’ + 6x» - 1 2x, sr(x) = 3x‘ -f 4x' - 6x», 


so that 


J'(x) 


1 


in (0, 1). Discu-ss this. 


_ _ /(l)-/(0) ^ _2 ^ /W 

g'(x) x’ g{\)-g(0) ^ g'(x) 

(ii) If /'(x), g'{x) exist throughout (n, 6), and if /(a) —f{b), g{a) — g{b), show 
that/'(x)/g'(x) assumes all real values in (o,6). [Youno.] 

6. If the linear formula of the mean bo applied, in turn, to the functions 
log X and e^, determine the corresponding values of 6 as functions of o, h. Obtain 
the inequalities 0 ^ j _p^,j-.i _^-i < j , 


0 < x-'log(^ ^ 


< 1 . 


2661 


H 
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7. If/(x) IS differentiable throughout (a~h,a+h), prove that 

(i) f(a + h)-f(a—h) = h\f'(a^Bih)->rf'{a-0ih)'], 

where 0 < < 1 ; 

(u) f(a-\-h) — 2j(a)+J(a-h) ^ 

where 0 < < 1. 

8. If, m the fractional formula of the moan, we write for J(x), g(x), (i) x“, x, 
(ii) smx, cosx, (ill) e*, e~^, show that a-\-Bh is the arithmetic moan of a,a^ h 
and determine pairs of functions m which a-\-6h is respects ely the geornotric 
and the harmonic mean of a,a-^h. 

9. In the hnear formula of the mean determine the most general /(x) such 
that a->rOh is (i) the arithmetic mean, (ii) the geometric rnian, of a,a + h. 

Show that, except for the trivial case of a linear function, we cannot choose 
f{x) to make a-\-6h identically the harmonic mean of a.a-\ li 

10. In an mterval throughout which/'(x) exists it has opposite signs (or is 
zero) at consecutive zeros of f(x). 

11. Show that the derived function cannot lia\o a break in value, i e show 
that /'(!+ ),/'(! — )./'(!) must be equal, if the> all exist. 

12. If/'(x) exists near x — show that its comirgince as x — ^ is necessary 
and sufficient for the consergence as A, A -> 0 of the function of two \anables 

h-k 

13. Show that the existence of tho limit 

ii-ai h 

IS msufflcient to establish the differentiability of J{x) at x — f 

More generally show that, if p, q are any two constants, the existence of the 

H-KI * 

IS msufficient to establish the differentiability of /(x) at x = f 

14. If in some domam of x 

p-+^i--^(")-/'(:.)|<. 

for |A| < 7j(e) mdependent of x, wo say that/(x) is differentiable uniformly over 
the domain. Provo that the uniform differentiability of /(x) o\pr an inteixal is 
necessary and sufficient for the contmuity of/'(x) throughout tho interval. 

16. Discuss the differentiation at x = 0 of the sum functions of the senes 

(i) X8inx+ Jxsin2x+ Jxbin 3x + ..., 

(ii) |xj8inx + J|x|sin2x+ J|x|8m3x-| 

16. Prove that the ‘denominator’ function 

f(x) = 0 (x irrational) 1 

/(x) ~ 1/g (x rational = p/q) ' 

is nowhere differentiable, although it is continuous at all irrational pomts. 
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17, Show that of the two functions 


(i) 

1' 

n-l 

(u) 



where token for every r less than n and prime to it and at x — rjn the 

factor sin{(a: -Tjn)~'^} is replaced by rero, (i) is discontmuous at all rational points 
in )0, 1(; (ii) IS everywhere differentiable, but its derivative is discontinuous at 
all rational points in )0, 1(. 

18. Provo that 


nx) ^ ir’sinl I 


]{x- 


p/g)^Hm 


1 

x-plq 


(x+pjqYmn 


l+p/?}’ 


where the term (x—pjq)'‘'Mi\\{x—jjq)~'^) is omitted at x = p/q and the corre- 
sponding term at a- - - pjq, and the summation 2 is taken over ( v erj' interprime 
pair of positive integers p, g, is eserywhere differentiable, but that its derived 
function 13 dihcontiiiuoiis at all rational points. 

19 Show that the sum-functions of the infinite scriet- 


sin I f 


sin 2r 
21 


sin 3x 

31 


cosx a 


cos 2r 
2* 


cos Sj" 

3> 


+ ... 


arc not differentiable at t - 0 and congruent points, but are differentiable at 
all other pomts. 

More generally, if a„ is )iositi\e and steadily dix.rcasirig, prove that the sum- 
functions of OiSiiij- r iajSin2j-4 JOjSm3x-f.. to 00 , 

OjCosx- JcijC 0 s 2 r r Joj cos 3x to 00 
are not differentiable at x - 0, if limnu,, '> 0. 

20. If s{n,x) 3 OiX-i .. J o,,*" converges to s(x) in the closed interval (0,1), 
and if wo write «(n. I ) - a( 1 ) - a, 

80 that a„ -*■ a, show, in the notation of § 14, that «'(1) exists, if 
(s (s— Sj) — (s— ... 


converges, while «i(l) exists, if 

-{- 2aj -h Sog « 

converges, the differentiations at -c = 1 being effected from below. 

Pixive that these two scries both converge to the same limit or both diverge, 
if every a„ is positivi'. 

If a„ ^ ( — )"c„, where c„ com erges steadil j to zero, so that 2 “n now a con- 
vergent alternating series, show that — is also a convergent alternating 
series, if c„_i — 2c„-t-c,^i is always positiv e, and that, m particular, this is the case 
if c„ ^ f(n), where /'(«) is ascending monotonic. 

Consider the examples 

1 J_ 1,1 J_ _ ^ _ 

n’ \n’ n n-i-l’ v/i ^(n 4 - 1 )’ 
showmg that «'(1) exists but not «i(l). 



V 

HIGHER DERIVATIVES 

1. Definition and notation 

In the previous chapter we have considered the existence and formation 
of the derivatives of one-valued functions of a single variable. In 
particular we found that the elementary functions are always differen- 
tiable save at exceptional points and that, moreover, their derived 
functions are also elementary functions. In the same way we found that 
a function represented hy a power-series is differentiable throughout the 
interval of convergence with the possible exception of the end-points, 
the derived function being represented by the differentiated power- 
series. Most of the functions in common use are covered by these two 
types of function and we are therefore led to consider differentiation of 
the derived function itself. 

If /(x) is the original function, we now call/'(x) its first derivative or 
fret derived function. The derivative or derived function of /'(x) is 
called the second derivative or second derived function of /(x). We write 
it under any of the notations 

n^h 

In like fashion by successive differentiation of derived functions it may 
be possible to proceed inductively up to an nth derivative or nth derived 
function, writtenf as 

D'‘f(x). 

We call n the order of the derivative. 

The existence of the nth derivative /„(f) means the existence of the 

h 

and therefore presupposes the existence of the (n— I)th derivative at 
and near x = This, in turn, presupposes the existence at and near 
X = f of the derivatives of all lower orders. If, then, we say that /„(f) 
exists, we must be understood as implying that all the derived functions 
/i(x),/2(x),...,/,j_j(x) exist at and near x = f, and, in addition, that the 
last of them is differentiable at f . The others are, of course, differentiable 


t The notation /„ is unorthodox but very convenient. 
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at and near $, and therefore, in particular, are continuous at and near f, 
while is continuous at 

More especially, if we say that the «th derived function /„(*) exists 
throughout an interval {a,b), we imply that every derived function 
fi{x),f 2 {x}, of order less than n also exists throughout the 

interval, and is differentiable and therefore continuous throughout the 
interval. 


2. Formulae for nth derivatives 

The formulae given in chapter IV§§ 4-8 enable us, by successive differ- 
entiation, to obtain the nth derivative of any elementary function. A 
compact expression for the nth derivative as a function of n and x would 
be of great practical convenience, but in most cases is unobtainable. It 
is therefore worth while to colleet such few formulae as are available. 

The formulae of eha])ter IV § 4 for the differentiation of sums and 
products can be generalized without difficulty. The formula for the 
derivative of a sum or difference, 

= Dii^Dv, 

leads at once to the corresponding formula for the nth derivative 
( 1 ) 7)"{n+r) = 

The formula for a product, 

/>(«(’) =- u Dv -f (’ Du, 
has for its generalization Leibniz' 8 formula 


( 2 ) 


^ (n]r)jyuD''~’'r, 


where (n \r) denotes^ the binomial coefficient 

r\{n — ry 


The proof comes most simi)ly by induction. For assume that, for 
some n. 


D"(uv) uD^r-j (n! l)Z)M74"-'i’-|-{n ! + 

and differentiate. On the right we use tire formula for the differentiation 
of a product and rearrange the tenns. We then have 
/)"+*(«(') - +(« ! l)}DuD’'v-\-{{n ! l)-f (n ! 

+ ...-(- (D^+^m)!'. 

The coefficients on the right are those in the expansion of as 

can be recognized by expanding the identity 

t Again an unorlhotlox but convenient notation. 



[V52 


102 THE DIFFERENTIAL CALCULUS 

We have therefore that 

D^+^[uv) = mZ)"+%+(w+ 1 ! l)X>MZ)"i’+(m-|-l ! 2)D^uD”—^v-\- 

+ ... + (£)" +^u)v, 

and so the formula holds for n+ 1. It holds also for n — 1, and is there- 
fore established inductively. 

It follows from (1), (2) that the sum and product of two functions 
u{x), v{x) can be differentiated n times at a; = ^, if the functions them- 
selves can be differentiated n times at the point. 

For the wth derivative of a continued product we apply (2) to succes- 
sive partial products and so generalize it to give the formula 

(3) = 2 


where the coefficients are those in the multinomial expansion of 

(a-i+a^2+-+a-„)’“ 

and the summation 2 I'S taken over all values of a, b ..., k whose sum is n. 

Passing to algebraic functions we have, by successive application of 
the formula D{x—a)>‘ = p{x—a)v-'‘- 

for diminishing values of p, that 

(4) D^(x—a)P = p{p—l)...{p—n+l){x—a)P-^. 

This holds for all values of x, unless < n, when we must exclude x ~ a. 
If ^ is a positive integer not less than n, we can ■write (4) as 


( 5 ) 


D”(x—a)P = 


{p—n)\ 


(x—a)P~ 


If p is a positive integer less than n, we have 

D”(x—a)P == 0 . 

Hence, more generally, 

(6) A polynomial of degree n in x is annihilated by more than n differ- 
entiations. 


Conversely, we prove that 

(7) In an interval throughout which f„(x) vanishes f{x) is a polynomial of 
degree less than n. 

For by chapter IV (62), since the derivative of f„-i{x) vanishes 
throughout the interval, we have therein 

A-i(*) = Co, 

where is some constant. Hence the derivative of 

Cq* 
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vanishes throughout the interval and so is some constant 
Cj in the interval. Proceeding in this way we have at length 


/(*) = 


CoX»-i 

(n-I)! 


/» — 2 

‘ - -I- 4-f 


throughout the interval, where the c’s are constant and may be some or 
all zero.f 

Passing to the elementary transcendental functions we have 
Dlog{x—a) = (x— a)~', 

and hence by (4) 

(8) Z)"log(x— a) = (— l)!(x— a)"". 

Again by repeated application of the formula 

De'^ — ae“^, 

wo have 


( 9 ) D”ef^ = a”e'^. 

Also Z»(sinx,cosx) = (cosx,— sinx), 

and so D^(sin x, cos x) = ( — sin x, — cos x) . 

Hence, more generally, 

(10) Z)®'‘(sinx,cosx) = (— )"(sinx, cosx). 

We may combine (9), (10) under a more general formula by consider- 
ing the wth derivative of 

/(x) =: e"'^sin(6x-|-c). 

Now 

Df{x) = e‘“{asui(6x-)-c)-rl'Cos(6x+c)} 

= fce^sin(6x-}-C'[-a), 

where k, a are new constants defined by the relations 
a = teosa, b = i’sina. 


Thus a single differentiation of /(x) multiplies by k and changes c into 
c-j-oi. The form of the function is otherwise unchanged and the rule 
therefore holds for successive differentiations. Hence at length 

(11) Z)"e“8in(6x-(-c) = k"e^sin(br-\-c-\-nac), 

where, a = ifccosa, b — lisina. 

Sometimes the determination of /„(x) is facilitated by a preliminary 
transformation of /(x) into the form of a sum. 

Thus cos^x = I co8x-{-Jcos3x 

and so i)"cos^x = J{3cos(x-|-lw7r)-l-3”cos(3x-h^niT)}. 

t Cf. also § o below. 
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Again 
and so 


1+a; a: ' X* 






(l+x)”+^ x’*+^ 


> ^91.4-2 1 


3. The Wronskian 

A determinant of variable terms in wliich each row (column) is formed 
by differentiating the preceding row (column) is termed a IVronskian.f 
Such a determinant is 

/i(*) ■ fJ^) 

Df^lx) Df^ix) . DUx) 


D'‘-Vi(x) D«-%(x) . -D^-'Alx) 

where /^(x), / 2 (x),..,,/^(x) are now n independent functions, the suffixes 
no longer denoting differentiations with respect to x. We may con- 
veniently write the above in the shortened symbolic form 

{l,D,...,D--^)lf,{x)Ux)...Ux)\ (13) 

or, even more compactly, 

ii,I>r-^\Mx)Ux)...f„(x)l. (14) 

By chapter IV (23) the derivative of a determinant is the sum of the 

determinants obtained by differentiating the given determinant one 
row at a time. If the given determinant is a Wronskian, all the differ- 
entiated determinants save one vam'sh by having two rows identical. The 
one determinant which survives is that obtained by differentiating the 
last row of the Wronskian. In other words, the derivative of (13) is the 
single determinant which agreeably with our notation we may write 

{l,D,...,D--^D-)\Ux)Mx)...fJx)\ (15) 

The characteristic property of a Wronskian is given by the theorem; 

(16) If throughout some interval the n functions fi{x),f 2 (x),...,f,fx) have 
derivatives of order n — 1 and obey the linear relation 

«i/iW+a2/2(x)+...-|-o„/„(x) = 0, 
the a’ a being constants not ail zero, then their Wronskian 
(1,Z))«-M/i(x)/2(x).../„(x)| 
also vanishes throujghout the interval. 

t Alter Wronflki who introduced them ui the early mnoteenth century. 
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The proof is immediate, for by «— 1 differentiations of the linear 
relation we have the n equations 


ai/iW+«2/2(*)+-+a«/«(*) = 0 


«i-0’‘“yi(*)+“2-£'"“Y2W+-+«7i-D'‘“Vn(*) == <>■ 

Since the a’s do not all vanish, the determinant of the equations must 
vanish, i.e. (j ^ D)-^\h{x)S^(x)..U^)\ = 0 

throughout the interval. 

A set of functions obeying such a linear relation maj”- be called a 
linearly connected or linearly dependent set. A set of functions which 
obeys no such relation may similarly be called linearly independent. 
Thus the vanishing of the Wronskian throughout an interval is a 
necessary condition for linear dependence in that interval, and, equi- 
valently, a sufficient contbtion for linear independence in an interval is 
that the Wronskian do not vanish throughout the interval. So much 
follows from (16). The converse of (16) is, however, not true: that is to 
say, the vanishing of the Wronskian throughout an interval is not 
sufficient to secure linear dependence in that interval. An example will 
show this. Write f,(x) - l(x)%m^nx, (17) 

fffx) = sin^Tra:, 
where l(x) denotes the greatest integer in ar. 

In an interval )?i, n-f- 1( between two consecutive integers, I{x) is con- 
stant and J[(x) l{x)rTsml7rx. (18) 

At an integral value x — n we find, by actually evaluating the limit of 
the incremental ratio as x -> ni, that 


n(n) = 0 . 

Thus the formula (18) holds for every x, integers included. Since 
J 2 (^) = 7rsin27rx, for every x, we have throughout any interval that 
Mx)f^{x)-f^(x)ff(x) = 0, 
i.e. (l.I>)l/i(*)/ 2 (^)l = 0. 

But the functions fi(x), f^(x) do not satisfy a linear identity 
«l/l{a') + «2/2W = 0. 

for this W'ould require /j(x),/j(x), i.e. I(x) to be constant. 

The two functions are, however, linearly^ connected in any interval 
)n, n-(- 1( which does not include a zero of the functions. We might even 
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Bay very loosely that the functions are everywhere connected by a linear 
relation, but that the constants of the relation change, as we cross a 
zero X = not the functions, a proposition which becomes of Uttle value, 
if the zeros are infinitely numerous in any neighbourhood. 

If, however, the Wronskian of fi{x), f^(x) vanishes throughout an 
interval which contains no zeros of at least one of the functions, say 
fi{x), then we at once deduce that the functions are linearly connected 
throughout the interval. For, since fi{x) ^ 0 in the interval, we may 
write the Wronskian condition in the form 

Mx)fi{x)-Ux)f{{x) _ „ 

n(^) 

i.e. D{f^(x)/fi(x)} = 0, 

i.e. c where c is constant. 

For n functions fi(x),f^(x),...,f„(x),vie similarly stipulate that there be 
at least one set of w — 1 of them, say, 

whose Wronskian does not vanish in the interval. f Tlic converse of (16) 
now becomes; 

(19) If the W romkian 

(l,Z))"-M/i(x)/ 2 (a-).../„(z)l 

vanishes throughout an interval, hut one of the Wronskians 
(l.j9)"-^|IA(x)/,(a:).../„(x)ll 

vanishes nowhere in the irUerval, then the functions fi(x),f«(x),...,fi,{x) are 
linearly connected throughout the interval. 

Write A == (1, £>)"-i|/i(x)/ 2 (x).../„(a:)| 

and Ai,...,A„ = (\.D)’^-'^\\f^(x)f„(x)...f„{x)\\. 

These latter determinants are minors of A corresponding to terms in 
the last row. Since they are Wronskians, their derivatives ZlAj,..., Z)A„ 

{K..,D-\D-^\f^{x)h{x)...Ux)\\. 

These again are minors of A corresponding to terms in the last row but 
one. Hence, throughout the interval, since A vanishes, we have for 
r, s -DA,,- A, DA,. = 0. 

Suppose Aj to be that Wronskian of the set (Aj,..., A„) which does not 

t This stipulation is not too stringent for my purpose. For other conditions see 
Bflcher, Trans. American Math. Soc. 2 (1001), 139; Curtiss, McUh. Annahn 65 (1908), 282. 
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vanish anywhere in the interval. We then can write throughout the 
interval 


A? 


(r = 2,3,...,w), 


i.e. 


A^/Aj = c^, a constant. 


Again, multiplication of the terms of the first row by the minors of the 
last row gives A Ji+AJ,+ ... + A„/„ = 0, 

i.e. /l + ^zA+'-'+Cn/re = 0. 


which is a linear relation connecting /jj/j 

If one of the Wronskians Aj,...A„, say Aj, vanishes throughout the 
interval, we can start with this as the fundamental Wronskian and look 
for a linear relation between the n — 1 f unctions / 2 ...,/„ which it involves. 
Such a relation would, of course, be the particular case of 


Cl/l+-+^7i/n — 

in which Cj ~ 0. 

One of the principal applications of the Wronskian theorem (19) is 
to the theory of the ordinary linear differential equation 

Wc use it to show that the general solution of such a differential equation 
is expressible in terms of n independent particular solutions— or, more 
precisely, is expressibh' linmily in terms of n linearly independent solu- 
tions. Points of discontinuity (and, in particular, infinities) of the coeffi- 
cients A'q,..., A„ should naturally be excluded from the domain in which 
we seek a solution. By considering the differential equation in the form 

-£>'■'/ = 0 , 

we see that zeros of A'q should also be excluded. In the actual statement 
of the theorem it is, as a matter of fact, sufficient to exclude zeros of 
Aq and infinities of Aj. Thus; 

(20) If ijii.-.j-qj, are n linearly independent solutions of the differential 
equation D‘>y+X, V+ - + A„ y = 0, 

then, throughout an interval cwitaining neither zeros of A^ nor infinities 
of X-^, the general solution of the differential equation is given by 

y = + 

where Cj,..., e„ are arbitrary constants. 
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4. Wronskians as algebraic eliminants 

The Wronskian form has useful applications to the theory of algebraic 
elimination. Given two polynomials f(x), g(x) of respective degrees 
m, n, we form the Wronskian of the ni+n functions 

fix), xf(x), x"-^f{x), g(x), xg(x), x”‘-^g(x}. (21) 

It is arithmetically convenient to divide each row of rth derivatives 
by the factor r! and also to rearrange rows and columns. We then con- 
sider the Wronskian in the form 

W[/,g] = {/), 1)"-Y(x), (X, (22) 

JJm+n-2 

where {D, means , , 1, and, of course, 

^ ■' (rn-fw-1 )!’ (to+»-2)!’ 

(a:, I)”-* means x"-’^,x’'~^, 1, etc. To differentiate this Wronskian 

we differentiate the row represented by JJ'"’'" '. But this is a row of 

mere constants (mostly zero), since the original functions (21) are of 

degree m — 1 at most. Thus the derivative of the Wronskian vanishes. 

and the Wronskian itself is therefore independent of x. 

By a similar argument the minors of the last row 

{i)''‘+'-»,...,2>}i|(x,l)«->/(x), (X, ])'"-‘p(x)|| 

are also constants. If we write them Aq,..., A„ .j, expand 

the Wronskian by its last row, we have the formula 
(Jo^”"‘+"-+-4„-i)/(x) + (i?oX''‘-> + - + B,„_i)y(r) = ir.aconstant. (2,3) 
This is a formula well-known in the theory of algebraic eliminaiits, 
and is closely connected with the expression of f(x)/(j{x) as an algebraic 
continued fraction. 


9(x) vanish simultaneously for some x — so also does the last 
row of the Wronskian and therefore also the Wronskian itself. Since 
the Wronskian is independent of x, its vanishing is a neces.sary condition 
for the existence of a common zero of f{x), g{x), as is otherwise clear 
from (23). Thus !!’[/,?] contains the eliminant of f{x), g(x) as a factor. 
Its dimensions in the coefficients of f(x), g(x) are those of the eliminant, 
namely n, m respectively. It is thus the eliminant itself save possibly 
for a numerical factor. Actually we may identify it with the eliminant 


O-Q 

0 

. b. 

0 


<Zq 

■ 




• b„ 

bm-l . 

0 


■ ^m+l 

Ki ■ 


(m < n), 


(24) 
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where f{x) ^ a„z”'->raiX”<‘-^+...-tra„, g(x) = boX’^+b^x”'-^+...+b„. 
For, since W is independent of x, we may put a; = 0 in iF. A typical 
element of W is now 




But this is exactly the coefficient of x’’ in xff{x), since terms of order less 
than r disappear under the differentiation and terms of order greater 
than r disappear when x is put equal to zero. The term in question is 
thus just the coefficient of x’’-" inf(x). If every element of IF is now re- 
placed in this way, it will he found that we have precisely the eliminant 
in the form (24). 

We go on to consider more generally the series of determinants 

:= l}l(x, l)"-*/(x), (x, l)’"-»sr(x)l 

where s — l,..,,«i, if m sC n. The first of them Bg(x) is, of course, the 
Wronskian 1F[/, i/] itself. The others are not Wronskians in the strict 
sense, but it is evident that we differentiate B,^i(x) by differentiating its 
first and last rows in turn. The first row, symbolized by is a 

row of constants (mostly zero), and so we have 

/JJi„_i(x) = Z)"'"'-''-i,...,Z>,/)}!(x, ])"-'/(x), (x,l)’”->ff(x)l 

and generally 

JrB, i(x) D’"'" Z>',Ik};(x, l)”-'=/(x), (x. l)'"-'fir(x)l. 

Hence j(x) = 0 and therefore B^ j(.r) is a polynomial of degree 

not exceeding s— 1. 

The minors of the last row in j(.r) are 


which, by an argument already used, are all constants. Calling them 
(in order) j j ABB B 

define (-)’"+"/» == + 


so that, slightly extending our notation, we may WTite 


— /g(x) = 


(X, l)"-»/(x), (x, l)'”-*g(x) 
(x, 1)"-*, 0,...,0 






g,{x) — 


(x,l)’'-"/(x),(x,l)™-»sr(x) 
0,...,0, (x, 1)™-* 


( 25 ) 
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Thus expansion of by its last row gives 

■R»-i(*) =/(*)fl'«(*)-^(*)/«(a;), (26) 

where Rs-i(x), f^{x), ffjx) are polynomials of degrees not exceeding 
s— 1, m—s, n—s, respectively. 

It is fundamental in the algebraic theory that with suitable constant 
multipliers, Rm-iM> ^o(^) “■re the successive remainders in 

the conversion of g{x)jf(x) into a continued fraction, while 

are the successive convergents to the continued fraction. 

Consequences of importance in the theory of elimination follow from 
(25): for instance, if f(x), g(x) have a common factor of order k, then 
Roix), jRi(a:),..., Ric-i{x) must all vanish identically and the factor itself 
is sufficiently given by Rkix). 

The algebraic theory is given at length by Sylvester, f 


5. Generalized theorem of the mean. Taylor’s series 

The theorem of mean value proved in chapter IV § 11 (48) for the first 
derivative generalizes for the nth derivative into the form 

(27) If fn{x), gni^) exist throughovl (a, a-j-h) and liave no common zero 
therein, then 


r ~0 

for some 6 in )0, 1(. 


f{a+h)- 2 ^/r(«) 
r 0 

g{a+h)- 2 ^?,(«) 


fnia-irOh) 

g„(a-\-eh)’ 


In this formula we have conveniently written f„(x), ?„(a:) for the nth 
derivatives of f{x), g(x) and in particular fo(x) gf,{x) for the functions 
/(*), g[x) themselves. To prove (27) vvite 

Then f (1) = 2 2 

r=0 ‘ r-l ' 


1 /L 71— S 


[h-ty 


/r+l(“ + 0 


_ (A-<)»-l 

“ r»^-i)! 


/n(a+<)- 


t PW, Trans. 143 (1863), 407-^48 or Collected Works, 1, 427 et seq. 
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But 


Similarly, 


i^(h) = /(a+h), 


4,{h) = g{a+h). 


r-0 

m = 


«A'(<) = 


(n~\)\ 


r --0 


Thus 


r 0 

i7{a-f;0-2^1^r(a) 

r 0 


m-m 

ijj(h)—})i{0) 


4,’{0h) 

f(0A)’ 


by IV (48), 


i7„(^+t>^)’ 


where 0 < 0 < 1. 


We must stijmlate that have no common zero in (0, h), i.e. 

that/„(a:), 3„{x) have no common zero in (a,a+h). This is the generalized 
fractional formula of the mean. 

To get the cori'esponding linear formula we write 

y(x) z:- (r-ay>, 

so that g^(a) = 0 (r = 0, 1), ?„(a) = n\ 

We thus have the theorem ; 


(28) If f„{x) exists throughout (a,a-\-h). then 


/(a+A)-2jr/r(«) 

r 0 

for some d in )0, 1(. 


fi^Aa+dh) 

> 


The stipulation that f„(x), g„{x) have no common zero in (a,a+A) is 
now satisfied automatically, since g„(a) is a constant other than zero. 

The series ^ k’'fAa,)jr] associated with a given function f{x) is known 
as a Taylor's series of the function. In certain circumstances, which we 
shall discuss in a later chapter, it can give a representation of /(o-fA). 
It is clear from (28) that, if A is small, the first terms of the series give 
an approximation to/(a+A) correct to A". 
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From this point of view the formula (28) is a formula for the remainder 
after n terms in Taylor’s series. Write RJci, h) for this remainder, i.e. 

B„{a, h) s /(a+fey- 2 
r 0 

Thus (28) gives R„(a,k) = ^fja+eh), (29) 

a form due to Lagrange. 

Again, in the proof of (27), had we written = t, i.e. had we applied 
the linear formula of the meanf to <^(t), we should have obtained 

Rja,h) = m-m = H'm, 

that is to say R,,(a,h) = - — '^^“(n— 
a form due to Cauchy. 

Evidently, with i/t(<) at our disposal, we have endless variety of possible 
forms of R^, so long as we observe the single condition that i/i'(<) do not 
vanish in )0,A(. For otherwise we should have to impose on /(.r) the 
condition that/„(a;) do not vanish in (a,a+A). 

All such expressions are essentially approximations to R^. since their 
virtue lies in the expressed or implied inequality 0 < 0 < 1. It should 
be remembered that the Integral Calculus enables us to state a simple 
and exact form for R„{a,h). 

We may use (28) to give an immediate proof of (7), namely that, in an 
interval throughout which /„(x) vanishes, f{x) is a polynomial of degree 
less than n. For, in (28), the expression on the right now vanishes 
throughout the interval and so exactly 

f(a+h) = 

r=0 

which gives /(o+A) as a polynomial in A of degree less than n. 


6. Taylor’s limit 

It follows at once from (27) and (28) that, if /„(x), ?„(*) are continuous 
at X = a then „_j 

/(«+*)- 2 ?"“' 

lim (31) 




g'(a+A)-^-g» 


t Chapter IV (40). 
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and, in particular, 




f{a+h)- 

r-=0 


lim ■ 

A— >0 


A" 


: M®) 

n! 


(32) 


But it is not necessary to the existence of these limits that/„(a:), gr„(x) 
be continuous at a; = o or even exist near x = a. It is sufficient merely 
that/,j(a), ?„{a) themselves exist. For write 

Then F^{a) ==/r(a) (r = 0, 2) 

and -P,,-i(a:) =/„-i(«)-/„-i(a). 

Thus f(a i-h)- 2 ^fr(a) = F{a+h}- 

r- 0 * r=u * 

With G{x) similarly defined in terms of g{x) we have that 
/(a .j. k) _ 2 Fia+h)- 2 

r 0 r 0 

g(a+h)- 0{a+h)- ^G,{a) 

r u ‘ r 0 * 


F „_^( a + eii ) 

G„.i{a+eh)’ 


by (27) with n— 1 for n, 


/„ i{a+eh)-f„_i{a) 


on substitution for 


G„-i, 


^ {/„-i(®+eA)-L-i(«)}'eA 

-> as A -> 0, since the nth derivatives exist. 

9u{o) 

As always in the fractional form we must exclude the possibility that 
A],_i(.r), G„_j(r) vanish together in (a,a+/i). Since we are concerned 
only with the limit h -> 0, we can choose A small enough to exclude such 
a common zero, unless F„_j(a:), G„_j{x) have common zeros in every 
neighbourhood of x — a. In such a case 


/„-i(-r)-/r.-i(«) 9„-i{j:)-9n-i{a) 

X — a ’ X — o 


both vanish in every neighbourhood of a: = o and therefore their limits, 
2661 , 
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as a: -> a, also vanish. In this exceptional case the stated limit /„(a)/y„(a) 
assumes the meaningless form 0/0 and should therefore in any case be 
excluded. 

If one only of f„{a\ y„{a) vanishes, we must similarly secure that it 
appears in the numerator and not the denominator of the stated limit. 
We may therefore enunciate the theorem in the form ; 


(33) Iff„{a), g„(rt) exist and if gr„(a) ^ 0, then 


lim 

A-.-0 


/(a+h)-2^/r(a) 

r-Q 

g{a+h)-”'^^g,(a) 


In particxilar, if we write 

g{x) = (x-a)", 


/«(») 

ffn(a)' 


so that g^(a} = 0 (r = 1, ...n— 1), 


9nW = w' 0, 

we have similarly 

(34) 

^ r=0 

provided only tfuitf„{a) exists. 

This result may be called the Taylor's limit of order n. It is often 
convenient to write it in the equivalent form 


(35) f{a+h) = 2 + («.*), 

r = 0 

where e{a, A) 0 as A 0. 


7. Deductions from Taylor’s limit 

We may deduce from (35) a formula of rather different character: 

(36) /(«) 

r- 0 * 

where £{a, x) -> 0 as z 0, provided only thatf„{a) exists. 

For using (35) we may write 

(a-x)’'/,(x) (a-x )"/„(g) 

^ t\ u\ 

r=0 

(a-a;)"/„{a) 

v., I ^ ”! 

■ «=0 




nl 
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where t^{a,x),...,€^^x(a,x)-*Q &ax->0. By rearranging the repeated 
summation we may write this as 

^ ^ (_iw 

f{a)+ 2 2 a^). 

J> = 1 « -0^ 

where 

r 0 

and accordingly e(a, a;) ->• 0 as a: ^ 0. Since 

V = 0 

Z q\(p-q)\ p\ 

we have the required formula. 

From (36) we deduce a result which we shall need subsequently: 

(37) // /(a:),..., A-(x) are n functions which vanish at x — a and are n 

times differentiable there, then 

(1,Z),.... /)"->) i/(a-)...A-(x)| (D.l)\...,D”)\f(a)...lc(a)\ 

(a;-«)'^‘- ■ n\ 

For. if in the determinant 

{l.D,...,D‘'-yj(x) .Mx)\ 
we multiply the second, third,..., nth rows by 

a—x (a—xf' (a— ar)’'"^ 

-ff-’ “2!“ (»-l)r 

respectively and add to the first row, we get 

V V (a— 

Z, rl Z. r] 

r 0 r 0 

which, since f{a),..., i(«) all vanish, may be WTitten, in virtue of (36), as 
- f (a, a:)|,..., -{a-x)” + w(a, a:)| , 

where e,..., cu -> 0 as a; -> o. 

In (l,D,...,D'‘--^)\f(x)...kix)\/{x~a)” 

we may therefore divide by {x—a)” and proceed at once to the limit, 
w hich gives 

and the result is established. 
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We may also use (36) to give an alternative proof of Leibniz’s theorem. 
We must first observe that, by chapter IV (15), the product /(a; )^(a;) is 
differentiable, if /(»), ff(x) are themselves differentiable, the derivative 
being f'(x)ff(x)-j-f(x)g'(x). Hence this derivative is also differentiable, if 
/'(x), g'(x) are also differentiable. Thus, inductiv^ely, f(x)g(x) is n times 
differentiable, if J{x), g{x) are themselves n times differentiable. 

Applying (35) to the product /( m+A)j(m+^) and also to the separate 
factors we have 


2 + 
— ft •• 


where e{u, Ji), 
turn by 


^ r^Q ' ^ r~0 ‘ 

€i(a, h), e 2 (u,h) all converge to zero, as h 0. Dividing in 
., h” and taking the limit A ->■ 0, we have, for r = 0, 1 


iy[f(u)g(v)} = rl 


^ s\(r—iiy. ’ 


which is Leibniz's formula. 

More generally wc may obtain in like fashion a formula for the wth 
derivative of a function of a function: 


(38) If, for corresponding values of x and u = u{x), D"u,f,fu) both exist, 
then D^f{u) also exists and is the coefficient of A" in 

Yfrin) 




/|2 /.n 

hDu +^D*m+...+^D"w 
2! n\ 


As in the foregoing proof of Leibniz’s formula, successive differentia- 
tion shows that the existence of f„{u) is sufficient to imply the 
existence of D”f(u). Now write 

” 7 r 

U = u(x+h), H ss 2 

r= 1 


where the parameter h is independent of x. Then by the theorem of 
the mean, chapter IV (48), 

^jiuy-nu+H) 

v-{u+H) 


=/'(“)- 


iorf'(u) is continuous, since /"( m) exists, if we suppose that re > 2. But, 
by Taylor’s limit (34) above, 

k-rti A* 
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But, again by Taylor’s limit, 


lim = 0 


h-*D 




and 


Thus 


/(«+//)- 

lim 

lim = 0. 

A-o A“ 


The numerator is a polynomial in h of degree n?-. The existence of the 
limit requires the absence from this numerator of terms in h whose 
degree dot's not exceed n. In particular the coefficient of A" in the 
numerator must vanish, i.e. we must have 

— coefficient of li" in n* ^ (h Du 

2. ti] y r: 

which establishes the theorem. 

8. ‘Umbral’ derivatives 

As we have just seen, the existence of /„(«) is sufficient to secure the 
existence of the Taylor's limit 


limA- /(«+/,)- yVr(^) 

/i-.d 1 r: ) 


(39) 


But conversely the existence of f„{a) is not necessary to the existence 
of the Taylor’s limit. For example, taking n = 2, write 
f{x) =: sin(x“*) (x ^ 0) 

m = 0. 

Then, except at the origin, 

/'(x) = 3x*8in(x— ®)— 2coa(.r-‘*), 

w hich is discontinuous at x — 0 and so /"(O) certainly does not exist. 
But 

A ^-0 

m-fm-hf’io) 


m = lim^^^::^ =- o. 
h 


= h sin (A“*), 


Hence 
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and this tends to 0 as A 0. Thus the Taylor’s limit of the second order 
exists at a: = 0, although /"(O) does not exist. 

We may go farther and construct a function in which /'(x) exists only 
at a; = 0 and yet the Taylor’s limit- of the second order also exists at 
a: = 0. Write 


f(x) = 0 (x irrational or zero) 

f{x) = plq^'Jq {x rational, in lowest terms piq where q > 0). 
Then, if A is irrational. 


(40) 


M)-m _ 

- V, 


if A = p/q, ^ A numerically. 

A q\q 

Hence /'(O) = 0, and 

A~“[/(A)— /(O)— A /'(O)} = A~*/(A) = 0, if A is irrational; 
and = llp\'q, if A = pjq < V1A|. 

Hence ^■®{/(^)— /(O)— A/'(0)} 0 as A 0. 

But /(a;) is nowhere differentiahle except at the origin. At any otYicr 
rational point pjq it is discontinuous (like all of its type), since if we 
approach pjq by a sequence of always irrational arguments, f{x) is 
always zero and so dot's not converge to pjq^^'q- 

is irrational, suppose it expressed as a simple continued fraction 
and let |+A approach | through the sequence of convcrgents pjq of this 
continued fraction. If p'jq' denote the convergent immediately pre- 
ceding ji/g and a. the complete quotient immediately following, we have, 
by the usual theory, f 


q 3(03 -f? ) 




p(aq+q') 

" A ^ 


3V3 


> l^-t-AlVg, since a > 1 

Thus the incremental ratio diverges for this sequence of approach. If 
f-f A approach | through values always irrational, the incremental ratio 
is always zero. Evidently the derivative exists for no irrational 
argument. 

Hence, in sum, the first derivative nowhere exists except at r = 0, 
and yet the Taylor’s limit of the second order exists at r = 0. We may 
t Cf. Chrystal, Alffebra, 2 (1900), 437. 
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regard this limit as giving a sort of simulacrum of the second-order 
derivative at the point. Assuming the limit to exist I shall write 

and I shall call [/"(«)] the umbral derivative^; of the second order at 
X = a. We may similarly define the umbral derivative of the third 
order as 12 

fia+h)~f(a)—hf'{a) — - [/"(a)] 

15 - i>/3! - ~ 

assuming the limit to exist. 

Proceeding inductively in this waj', we at length define the umbral 
derivative of the «th order at a: = « by the inductive formula 

f{a+h)~f{n)~hf'(a)- ^ ^f/r(“)] 

lim - - r = [/„(«)]. (41) 

fc-*o n /HI 

Of cour.se, if /(a") is differentiable n—m times (in the ordinary sense) at 
X = a, we may replace the umbral derivatives of orders 2 , 3,..., n—m by 
their proper derivatives. 

As an example of an nth umbral derivative, consider the function 
f{x) 5 = exp(-a-2)sin{exp(.r-2)} (.r 0) ) 

/(0) = 0 j- 

We have f'(0) = 0 and, if ar 0 , 

f'(x) = 2 j:-^exp(— a— *)sin{exp(r- 2 ))— 2 r-^cos{exp(.r-*)}. 

Hence, at the origin, /'(r) oscillates infinitely and/’'( 0 ) does not exist. 


(42) 


But 


[rm 


and, proceeding inductively, we find that, for every n, 

Ji^) 


[/„( 0 )] = 


0 . 


We may extend the result of (38) to umbral derivatives as follow’s: 
(43) If for corresponding values of x and u = u(x), the umbral derivatives 
[f„(u)] exist, then ike umbral derivative [D”f{u)] also exists and is 
equal to the coefficient of A'* in 


n\ 


! 2 


'[/r(«)] 

r! ' 

t The point (if any) of the umbral derivative is that it son'cs to romind ua how many 
properties of the nth derivative anso simply from its bt'infi a coefficient in Taylor's series. 
This W’e shall see subsequently. 
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Por, if Z7 = u{x-\-h), then, since [/„{m)] exists, 

r=0 

where tj 0 as U -^u. Again, since [/>"«] exists, 

r=0 

where € -> 0 as 7 a 0. Hence 


m = 2 [hDu +... + ^^[Z)«'>«] + ^”([/)''«]+. 


■[/rW] , 

r! 


+ {iO. + («) 

Adopting an inductive method of proof we suppose the theorem to hold 
for values of the index up to n— 1 inclusive. Then 

f~0 

consists of the terms up to inclusive in the expan-<ion in powers of 

These are equally the terms up to in the similar expansion for J(U) 
in (44), Hence „_i 

(4.'3) 

h"jn\ 

contains no negative powers of h. The only other functions of h which it 
involves are e, rj, which both converge (to zero) as 0. Thus (45) 
converges as A -> 0. Its limit is, by definition, the umbral derivative 
which therefore exists, if the theorem (43) holds for values 
of the index up to w — 1 . To evaluate the limit it is evidently enough to 
retain onlv the coefficient of A” in the numerator of (45). Thus 


[D-M] — n! lim {coefficient of A" in f{U)} 

h~H) 


— n]x coefficient of A" in 2 ’ 


when we take the limits e, rj -> 0. 
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Hence, if (43) is true for indices up to n— 1, it is also true for the index 
n. It is evidently true for n = 1, and is therefore true generally. 


9, An incremental ratio for the second derivative 

Our discussion of the derivative of f{x) has been based throughout on its 
definition as the limit of the incremental ratio 

f(r+h)—f(x) 

h 


and in this chapter the higher derivatives have been defined successively 
as limits of incremental ratios of their predecessors, i.e. by the formula 


n 


which is essentially a recurrence-formula. It is, however, possible to 
construct an appropriate incremental ratio from which w'e can proceed 
directly to the nth derivative Beginning with the second derivative 
as sufficiently typical I write for the basic incremental ratio 


4,{s,h) 

ft 


(40) 


Regarding as a function of x only, form its incremental ratio 

with increment k and wTite 


hk 

VVe can prove that 
(4S) 7/ both the liinits 

hm <!>{$, h), <f>{^,h,k) 

h-'Q A-«K> 

exist, then f"{$) exists and is equal to the repeated limit. Conversely , if 
/"(f) exists, then both the given limits exist and the repeated limit is equal 

The order of taking the limits h -> 0, k ^ 0 is, of course, immaterial, 
since /i(f , /(, k) is symmetrical in h.k. 

Now -^(f,/!.!-) = ^ 

‘'■nd so lim^(f,fe,i") = (-^i(a-,/i)) 

fc-y ydx ^ 

Thus f>{x, h), i.e. /(^)^ jg (jjfferentiable at x = f. 
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li also A) exists, f(x) is differentiable at a; = f , and therefore 

A— 

f{x-{-h) is also differentiable at a: = f . Hence 


]iva <!>($, h,,k) 

fc->0 


h 


Hence further lira lim h, k) = fi^)- 

A— M) A;-*0 

This establishes the direct theorem. 

Conversely, if /"(f) exists and therefore also, by implication, f'{x) 
exists near a: = f , then 

lim , h, k) = <1^ , 

k-^0 h 

and so lim lim h, k) ~ f’ii)- 

A-+0 k-*Q 

It should be remarked that, in the enunciation and proof of (48), it 
has been tacitly assumed that the existence of the limit 

Um lim h, k) 

is not sufficient to secure the existence of the limit 


lim ^(f , h). 

A— K) 

This is equivalent to the assumption that 

(ct) ‘S(x-\-h)—f{x) is differentiable at a: = f for every h' 
does not imply 

(j8) ‘f{x) is differentiable at a: = f’. 

I cannot deduce ()3) from (a): on the other hand, I cannot construct 
a function for which (cx) is true and (P) false. Moreover, the po.sition is the 
same, if, in (a) and ()3), ‘differentiable’ be replaced by ‘continuous’. f 
We may further prove that 


(40) If /"(f) exists, then <f>{$, h, k) is convergent in {h, k) at (0, 0). 

For write 
then 


F(t) = 


H^,h,k) = FJh+k)-FJ,)^F(h^)--F(k) 

iC ft 

— F'{h-\- 6 ik)-\-F'[k-\- 62 h), 


t Prof. P61ya has pointed out to me that a discontinuous function can be constructed 
to satisfy the identity /(*+ 2 /) = /(x) +/(y ), 

if Zctrmelo's hypothesis is assumed. (Hamel, JifoiA. -.4nnaZen, BO (1905), 459 ) For such a 
function,/{®4-^)— /(a?) is constant and so is both continuous and differentiable, although 
f{x) is discontmuous and therefore not differentiable. 
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where 61,62 li® in ) 0 ) for F{t) is differentiable, since f(x) is differ- 
entiable at and near x = $. 

Actually 

t 

as t^o. 

Hence 4>{^, h, k) -*■ /"(f) as h,k-* 0. 

It follows from (48), (49) that 
(50) If both the limits 

lira f){i, h), lini lim <j>(^,h, k), 

A— K) k-*Q 

exist, then <^(f , h, k) is convergent in (h, k) at (0, 0). i.e. the double limit 

lim <j>(^,h,k) 

h,k~*o 


Suppose now that f'{x) exists not only at a: = f but also in its neigh- 
bourliood. We can then raise the question of its continuity and answer 
it in the theorem; 

(51) The continuity of f”{x) at x — ^ implies and is implied by the con~ 
tinuity of f>(r,h.k) in (x.h,k) at (f,0,0). 

For where 0 < < 1, 

and so ri/,. I a l. I I.V i a l. \ 


<f>{x,h,k) — 


f'{x+d^h-\-k)—f'{x+eih) 


~ f"(^+ 6 ih-\- 62 k), where 0 < 0^ < 1. 

Hence ^ is continuous in {x, h , k) at (f, 0, 0), iif"(x) is continuous at x= f . 
Conversely, if ^ is continuous, we have 

\<f)(x,h,k)—<f>{$,h,k}\ < t, 
if la-— f], |(t|, \k\ < some •i?(€,f). 

Since f“{x) and /"(f) exist, we may take the repeated limit A 0, 
k 0 in this inequality. This gives 

|/"(a-)-/"(f)| < e, if |ar-fl< ,(e,f). 
and establishes the continuity of /"(x) at x = f . 

If we had formed the incremental ratio of 

f>(x,h) 

fie 
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with regard to h instead of with regard to x, the increment being k—h, 
we should have got the function 


Mx,h,k) s 
Now we may write 

h, k) 


kf(ac^)—hf(x+k)+J^— k)f{x) 
hk{h—k) 

h{h — k) k{h — k) 


(52) 


Hence lim if; exists, if and only if /'(f) exists, and then we have 

k ■*■0 


lim i/i(f , h, k) 

Jk— *0 




It follows that 


(53) lim lim ^(f, A, I-) = I[/"(f)]. 

/i-»o k-i-o 


if either of the limits exists 


10. The generalized incremental ratio 

Passing now to the Tith derivative we similarly define 

4,{x,hi,...,h ) 

1 

where a, denotes the sum of any r of and the summation ^ is 

taken for every distinct a^. We extend the theorems of § 9 to the nth 
derivative in the forms; 

(54) If, for every r ^ n, the repeated limit 

lim ... lim (^(f,Aj,... ,//,.) 

Ai-^0 At -*0 

exists, thenf„{^) exists and is equal to the limit 
lim ... lim <f,($,h^,...,k„). 

hi—>Q 

(55) If /„(f) exists, then, for r ^n, every repealed limit 

lim ... lim^(f,Ai,...,/ir) 

exists, and moreover ^(f,h^,...,h,f) is convergent in (Aj,...,A„) at the origin, 
having the limit f„{$). 

(56) The continuity off„{x) at x = ^ implies and is implied by the con- 
tinuity of <f>{x,hi,...,h„) in (x,hi,...,h„) at (f,0,...,0). 

The proofs are the natural generalizations of those given for the 
second derivative. The second part of (55) may give difficulty. As an 
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indication of the procedure in the general case, consider m = 3 . Write 


once more 

Then 

’ ^—1 hah, 

1 , 2,3 ^ ■* 

= I F’'{h^+6^h^+e^h^) 

1 , 2,3 

as in the proof of ( 49 ), where lie in )0, 1(, provided that F'’{t) 

exists. 

But by differentiation and rearrangement we have 

F"(t) = 2t-^{M+i)~m-r(i)-\r(i)}- 

since f'{x) exists. 

As ^-1-0, the several terms tend to the respective limits 

Hence, as h^JuJi^ tend simultaneously to 0 in any way, 
<()(^. //j, Aj. ^3) and the convergence is established. 

We generalized <l>(x.h,k) for the «th derivative by forming n — 1 
successive incremental ratios of ^(x, h ), all w'ith regard to the argument x. 
If similarly wc form a - - 1 successii e incremental ratios all v ith regard 
to the argument k we generalize (jt^x, h. /•) in the form 


where A, Aj,. 
relation 


i/r(.r,^i....,//„) — Af{x)+ 2 AJ{x+h,), ( 57 ) 

l 

., are the coefficients of partial fractions defined by the 



1 


It can be proved that 


( 58 ) 7z! lim ... iim </i(|,/ii, ...,/(„) = [/„(^)], 

hi >*0 hn *<> 

if cither limit exists. 

More generally, we might consider a mixed incremental ratio of 
order n, in which the constituent incremental ratios are formed some 
with regard to the a:-argument and some with regard to the A -argu- 
ment. The order in which these are formed is immaterial, but the limit 
(if any) of the function as the increments arc taken successively to zero 
in some order depends, in general, on this order. A variety of possible 
limits is thus obtainable but their discussion here is unprofitable. 
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If /„{^) exists, it will be found that all the wth-order incremental ratios 
are convei^ent as their increments tend to zero in any way, their limit 
being a numerical multiple of 


11. Schwarz’s theorem 

It is evident from the foregoing discussion that we cannot assert the 
existence of/„(^) from the convergence of hi,..., or of Aj,..., A„) 
along some special path to the origin. In particular, for n = 2, we are 
led to consideration of the respective limits 

h^ 

Md to/(f+i5)-Wf+'t)+/(f), (60) 

/,-x) h^ 

if we take <f}{^,h,k) to the origin along the paths h±l' — 0 or take 
ili{i,h,k) to the origin along the paths h ■\-k- — 0, '2h — k. Wo cannot 
therefore expect to deduce the existence of f"{i) from the existence of 
either of these limits alone, or indeed of the single limit of any function 
which does not involve /'(a:). 

Examples readily confirm this belief. For take ^ = 0 and write 

f(x) = xsm(x-^) {xy^O) \ ,gj. 

m = 0 . I 

Then (59) exists, but neither (60) nor/'(0) exists. Again write 

/(X) = la:]. (62) 

Then (60) exists, but neither (59) nor /'(O) exists. Lastly write 
/(x) = xsm{7rlog2(a:*)} (a: ^ 0) | 

/(O) = 0. I 

Then both (59) and (60) exist, but/'(0) does not exist. 

Yet it is not impossible for these limits, if they exist, to assume certain 
of the properties affix) and, of course, we can always use them for the 
direct calculation of/"(x), if we otherwise know that it exists. There is, 
in this connexion, a theorem due to Schwarz, important in the theory of 
trigonometrical series; 

(64) If the limit 


exists and is zero everywhere in an interval throughout which f(x) is con- 
tinuous, thenf(x) is a linear function of x in the interval. 

The conditions of continuity and evanescence of the limit are satisfied 
by any linear function Ax+B and therefore also by any f(x)—Ax—B. 
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We can choose the disposable constants A, B, so that the new function 
vanishes at the end-points a, b of the interval. We have then 

4,{x) 

a — o a — 0 


Write further iji{x) ss <f>{x)-{-k\x—a){x—b), 

where k remains a disposable constant. Then throughout (a, b) 

l^j^4>i ^+h)~2 4,(x) +<l>{ x-h) ^ 2^2 
A— 0 A* 

Hence, for every h less than some rj{x), 

ip{x-\-h) — 2iJi(x)+ifi{x—h) > 0. 

At a maximum x — ^ of iji(x) 

< b, 

for every h less than some -ijjd). Since these inequalities are contra- 
dictory, i/iix) cannot have a maximum in the interval. It is a continuous 
function and has a greatest value in the interval, which therefore must 
be at an end-point. At each of these the function vanishes. Hence 
throughout the interval {a, b) and for every k 

<^{x)-\-k^(x—a)(x—b) < 0. 

Take the limit of this inequality as k 0. Then throughout (o, b) 

<f>{z) < 0. 

But, by similar consideration of the function 
<f>(x)-k^(x-a){x—b), 
we show that throughout (a, b) 


j){x) ^ 0 . 

Hence everywhere in the, interval <}>(x) vanishes and f(x) is the linear 

Thus the theorem is proved. 


WORKED EXAMPLE 

If throughout some interval the ji functions y,(x),..., y„{x) and their first N deri- 
vatives exist and if the Wronsfciaa 

vanishes throughout the interval, prove that every determinant 

(D“, |i/i y„| (0 < 0.6,... < A’) 

vanishes ihroughcnii interval.^ 

t See bIho Chaundy, Jour. London MaOi. S€tc. 8 (1933), 4-9, where the question is 
dealt with a little more fully. 
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If the vanishing of the Wronskian is sufficient to secure the linear dependence 

of yj y„, the vanishing of the other determinants naturally follows at once. 

Now this linear dependence fails to bo secured by the vanishing of the Wronskian 
only in the neighbourhood of points f which are limiting points of zeros of the 
first minors of the W'ronskian 

(l.i> 

I shall therefore consider the rather wider theorem 

(A) If ^ is a limiting point of zeros of the Wronskian of yi,—, Vn artery D^y^ 

exists ai then every determinant 

(D“,D‘....)|yi,...,y^( (0 i a,b,... < N) 

vanishes at ^ itself. 

I shall use the symbol (f)' to denote a set of points that has f as a limiting 
point but does not include ^ itself, so that in the above enuncmtioii we might 
say simplj’ that the Wronskian ‘vanishes tluough (f)' 

I shall prove theorem (A) inductively, showing that it is sucei ssi vely true for 
one, two, three,... functions y. It is an implied condition of the jiroof that we 
rely only on the existence of the tinal derivatives D^'y and do nut presume their 
continuity, still less the existence of any derivatives of higher order. 

For a single function u, the theorem takes the form; 

(1) If u — Q through some (^Y, then at ^ 

every I^-u = 0 (0 < a c, *V). 

Now, since u is differentiable, it i.s continuous, and therefore « 0 at since 

« = 0 through (1)'. Hence u(x)~n(i ) 

■c-i 

vanishes tlirough (^)' and therefore vanishes m the limit at r — i,('. Du -- 0 at f . 

Again, since ti vanishes in every neighboui hood of then, by Rolle's theorem, 
Du also vaninhoK in every neighbourhood off, i.e, Du vanishes through some (f)'. 
Hence, by induction, every' iy‘u vanishes in .some (f)' and also at f up to the 
limits of difforontiability. Thus (1) is established. 

For a pair of functions «, v, theorem (A) lakes the form: 

(2) If (1,D)]«, al = 0 through some (f)', then at f 

every (D’^,D‘')[u,v\ = 0 (0 a, b A’). 

I consider the possibilities: 

(a) One function, say v, vanishes through (f)'. 

Then, by (1), every D^v and therefore also every (i>, vanishes at f. 

(|8) One function, say v, has no zero in some closed interval (f, f d h). 

Then throughout this interval the function y ujv exists and is differentiable 
uptoD^y. But {l,D)\u,v\=v^Dy, 

and so, by the hypothesis of (2), Dy vanishes, through (f)', and therefore, by 
(1), every D^ij (1 < a < N) vanishes at f. If wo expand (i>',£)*’)|yy, e| by 
Leibniz’s formula, the term in y disappears and wo are left with a sum of 
multiples of D^y (r 1) all vanishing at f. Thus again every (D®, jD*)ju, ii( 
vanishes at f . 
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(y ) Both u, V vanish at f but nowhere else in (^,^ + h). 

Evidently every (1 ,D*)|m,«[ vanishes at and there remain to be considered 
only (D^,iy‘)\u,v\ (a,b > 1). 

(yj) Dv, say, vanishes through some (f)'. 

Then, as in (a), every (Z>“, (a,b > 1) vanishes at 
(yj) Dv, say, has no zero in some interval )^,^ + h), open at 
Then, throughout this interval, the function 

_ {\,D)\u,v\ 

Dv 

exists and is differentiable up to Actually we have, on reduction, 

(Dvr ■ 

Now Y, and therefore also DY, vanishes through some (^)'; v does not vanish 
in some )^,$~\-h) open at Thus (D,D^)\u,v\ vanishes through some (f)'. 

We cannot appeal to continuity to show that (D,D‘)\u,v\ vanishes also at f 
itself, since we might have N — 2, and we expressly do not presume the con- 
tinuity of D''u,D‘’v, Consider then the limit, as x — s of 

(1 .D)|m,i>| 

Near x -= f we have, by (3.’)), since u,v vanish at 

u -= (x~^){Du)f4- J(x — ■+ e(x- f)*, 

Du ■- (Du)(-l (r-^)(I>=u){ +e(z— f), 
with similar approximations for v,Dv, and consequently 

{\,D)\u.v\ -= J(.r-am.D'‘)|M.«--|}f + t(i-f)^ 

Thus lim'-it-^^l^-l -- i{(D,i>*)!u.rj)£. 

Since (l,D)j(/,i'| vanishes tliroughout some (f)'. it follows that (X), />*)]«, 7'| 
vanishes at 

We have now proved this much: if (1, 7>)|»i, <'| vanishes through some (f)', then 
either everx' (D‘’,D')\u,v\ (0 a,b c A’) vanishes at or else every (l,D*)|u,i'| 
(1 ■ h ■' N) vanishes at and, in addition, {D,D’‘)\u,r\ vanishes through some 
(f)' imd also at Thus, if =- 2, the theorem is complete. If A' — 3, there are 
still certain (D^,D‘')\u, r| {a,b > 1) outstanding. Write these as 
(D“,D^}lDu,Drl (a,b > 0). 

But ( 1 , /)) |7>«, £> 1 ' I = (D,£)*)|H,r[ 

vanishes in some (^)'. Hence the completion of the proof for A' = 3 follows from 
that for N -- 2. We can proceed inductively in this way to any A’, and the 
theonmi is established. 

Eroin (2) we proceed inductively to tho theorem for thive V'ariables: 

(3) If (l.il, = 0 through some (f)', then at f 

every (D^, D', D)\u,r,u’\ = 0 (0 < a,b,c < A’). 

Tho proof procivds along similar lines to that of (2). It will be sufficient to 
indicate tho modifications duo to the presence of the third function. 

2661 K 
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(a) If one function, say to, vanishes throughout some (f)', the theorem is 
obvious as before. 

(j8) If one function, say to, has no zero in some closed interv'al (f, f + ''ve 
write u =s yto, V s zw. Then (\,D)\Dy,Dz\ vanishes througli some (f)' and wo 
can write (X*“, D*, ZFjlu, t),to| as a sum of multiples of (D^,iy>)\Dy,Dz\. Thus 
(3) follows from (2). 

(y) If u, V, to all vamsh at ^ but nowhere else m some (f, f + ^), wo have at 
once that every (1, I>‘,X)'’)|u, t>, u’| = 0 at 

(yj) If some (D, D®)|i>, to) vanishes through some (|)', then, by (2), every 
(D“, jy’) I?), to I (a, 6 > 1 ) vanishes at f , and therefore also every 
{iy',D^,iy)\u,v,w\ (a,b,c > 1). 

(ys) If {D,D^)\v,w\ has no zero m a half-open intertal )f, f-l h), we consider 
the function 


I’ 


_ (1,D, D*l|«, 1’, t 


which has the derivative 

{lj))\r,w\ r,«'| 

{(D,D^)\v,w\Y 

vanishing through some (^)'. If {l,D)|i’,io| vanishes through (f)', then, by (2), 
everj’ (D®, D*)|ti,io| (a, 6 > 0) vanishes at f, and tlierefore also e\ ery 
(I>',iy>,iy)\u,v,w\ (a,h,c > 0). 

Alternatively (D,D‘,D’)ju,p,wj vanishes through Roms (^)'. To slum Hint 
(D, D’, D*)lu,ii, io| vanishes actually at f we appeal to the limit 


(l,D,jy}lu,v,u'j _ 1 


lim ^ j- 




.W’iJx-f 


The proof of (3) is then completed like the proof of (2). 

The extension of the argument to the case of rt variabich introdiiiis no new 
difficulties and we may therefore regard theorem (A) ns proved and, us n < on- 
sequence, the original theorem which it includes. 


1 . Prove the formulae 
£»”- 


EXAMPLES V 
= ( — )"n!sin’*t'0sin(n-i- 1)6, 


V' = (— )"n! sin"t*6eos(n + 1)6 

•T -f- 1 

where 6 = cot“*j'. 

If 1 / = (x*-| 2.1: cos a 1)“’, prove that 

1 d^y , ... (n -f 1 )n sin 2a 

^1 + + — 2, + •• 


Mri()i-t l)a\ 


2. Obtam formulae for the nth derivatives of 

ll(x^ — ax+a^), x/(.T*— ox f a®), l/(x*4a“)- 

3. Obtam the nth derivative of (px+g')/(ax®4 26r-i- c) in the form 


a*’'(a^®_ 26 p? +-cp®)t | 


__ _ 

(ac — 6® )1 (ox® 26z + * 

where oc— 6® > 0. 


ax \-b 
■<J{ac- 6®) 


1- eot~ 


aq— bp 


]>^l{ac — b^) 


1 

6 ®)/’ 
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(ax^ + 2bx^ c)U„^^-\ 2{n + 2){ar-\ b)U„^i h(n+l)(n ‘ 2)aV„ 0. 

6. Pio\’c that, if k bo any roal number and Wu exist, then 


VW--1) .(ii-ufl) lir‘u\o 

Z — hr) I «' ) 


- n' 

where the nummation ^ taken over all positive mt(*gral or zero values of 
a, 0 winch satisfy the equation a ^ 2^ ^ nd — n, and a is WTittcn for 

a-l-j34 

6. Prove tlmt, granted differentiability, 

/)"</.(«) ~^4,"{u) . . 

wliere is independent of the form of <f) 

Prove tlmt 

(i) A, D^iu') (I ' l)iiD’'(u’-')- (r'2)!<VJ”(M'-2)- .. (-)’-Vu’-'D"(u), 
where (r's) denotes a binomial eoeflieient [Hkrirvnd ] 


(11) 


I "ST ir, 


wheje the summation 2 is taken over all positive integral or zeio values of 
a,j8, ,9 vvliieli satisfv the equations 

a t /3 J ... - tl r, a . 2^ — . -j n9 «. 


7. 11 

show that 

and if 
show that 


A,^'(>') 


A, (r' l)(r-l)" -(r'2Kr -2)"-... (-r-^tV. 

I /I| , />2 


(-«)'■ 


1 K- I (f'-iP 


(t^-1)"'* 


B, - r"- (r- 1 ' l){r- 1)" L(r- 1 ' 2)(r- 2)’’ - ... -l-( - 1 r-’, 
where (r's), etc., denote binomial eoeflieient... 

8. Prove that, subject to considerations of differentiability. 

(1) 


(11) = 2 


the lost term in 2 being giv en by r - l(n— 1 ) or Jii according as n is odd or evmn. 
9. Prove that 
(i) D2’'(l ^ ( t)"!* 

(ii) (a:D*"+*-D*")(l-a;»)"^i - (-)"+>!>. 3” . .(2n-l)*(2n + l)(l-a:*)-<"+*>. 
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10. Prove that, if a: =: cosm, 

(i) I>"(1 -*»)’•+* = 

n-f- 1 
(li) 

smw 

(m) Z)«{x(l-a:2)»-») = (- .3...(2n- 1) 

1 1 . Prove that, if x — smh u, 

Z)»(l+x')"+» ^ 1.3..(2>i+l) ^.^ 
n h 1 

where 17 is sinh(n + l)« or cosh(H-<-I)« according as n is odd or even. 

12. If m, n are positive integers such that m > n, prove, by Tajlor's theorem 
or otherwise, that 

Tym-n jyin+n 

13. If X, y, u, V are functions of t which satisfy tiio relafioru. 


xy = w\ ir,.v, = %!•„ 
prove that, for every n, = "»v„, 

the suffixes denoting differentiation in f and the existence of the derivatii'es being 
presumed. 

14. If X, y, u, r are function.s of t which satisfy the relations 
prove that, for every n. 


1 1*„, 

and more generally, for every r, a. 


where the suffixes denote differentiation in 1 and the existence of the derivatives 
18 presumed. 

15. Show that y = i 

satisfies the differential equation 

(D,\)’‘\(D.l)”y\ = 0 . 

16. If y, yi,..., be any n + 1 differentiable fimctions of x, prove that 

(i) (I,Z))"-'(yyi,...,j/y„( = />)"-' (Vi l/«(- 

(ii) (l,A,)’*-‘|y„...,y„| - (l.JD,)"-'!;/,... ,y„|. 


17. (i) Prove that (l,i7)’'|(l,y)"| = 
where nV. denotes n'(n— 1)!...2!I'. 


(11) If 


(I.D)"|(l,y)"->,x| 
(l,L>)"l(l.y)"| • 


(n+l)M»+i =- 


dy 


show that 
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and prove that, if n > 1, 

d’'x (- I/”-’ I 

18. If V],...,!', denote the minora of in 

A (i.fir-Mi/i y„\, 

prove that (1, y„| -- A"'*, 

and, more generally, that 

(l.CrM^i = (-)'<”->'A-i(l,/))’-^->ly,+. y„l- 

19. If, throughout some interval, i>"2 exists and the Wronskian of yi,...,j/„ 
vanishes, Jirovo tViat the Wronskian of 2,)/,,...,3/„ vanishes throughout the interval. 

20. In the exceptional case where j/, are not linearly cormts ted through- 
out an interval (a, 6), although the Wronskian (1 , i))"*' li/,,..., j/„| vanishes 
throughout (a, 6), .show that the minors 

(i,/jr-*;:i/, j/„ii 

must all have a common zoro in 

21. Provo that 

r u 

where the Inst term on the right is gnen by r = J(n— 1) or \n, according as n is 
odd or e\en. Pro\e more generally that 




2 ,-, 


! n ('tr-Oj - »•-«) 


Oi!(a8+ l)!...(o, • r- l)!...(o, i p- 1) 


j-,, M,|, 


where 2 is taken over all positive integers a,,...,ap such that a, < a, < ... < Op 
and a, 1 ...+ap -■ «, and n is taken over every pair of suffixes r, « such 


that r > s. 



22. If y. = {l,D)-'iy.. 



prove that 



I'rl = (I.-Dr-My.. 

..., y„l.{(l, £»)’•— ‘|</r+.- 


23. (i) If e *- (l,D)»|e.«j «„|, 

^ 2,- (1, /;)"-> pu, I>u„|, 

prov'e that 



= (EDylDe.Du,, 



«»!• 

accents denoting differentiation. 



(ii) If (l,D)"^'|ei,r„«i,...,u„|, 

4, 2(1,D)»-»PX 


prove that 



= (l,Zt*,Z>’ 

«„[.(!, o)’‘-‘|y>uj,... 


/y'iK,. 



(iii) Obtain the corresponding expression for — where 


6 ^ (l,0)"<'->|vj,...,tv,Ui u*|. 

(l,0)"-‘p^«„. 


24. If, for some fixed n and for every r < n. 


dr = (l,ZJ)'‘-'-|0*’^i 
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whore u is a polynomial of degree not exceeding 2n + 1, prove that 

df-l “ ^r+l ~ 

where accents denote differentiation. 

Show that and are each derivatives of rational functions and that 

e;^,e,~ 2 d;^^ei+er^,e; = o. 

26. If u(x), v{x) are functions of r differentiable sufficiently often, show that 
(l.DrKl.x)"!/! --- n!!u“+i, 

(D,D^ D")|(1,.t)"-1u| =. (-)”(n- l)!!u"-'’fJ"(l/«). 

26. If ^j(a'),...,^„(x) arc m linearly independent jwlynomials of order less than 

m and arc n linearly independent pnljuionuals of order less thim ri, 

prove that the ehminant of the polynomials /(x), g(x) of respective orders w, n 
may be wi-itten, .save for a numerical factor, 

(A ■/>„,?! 

-Ani' 

27. With the notation of § 4 prove that the lending coeflicients in /,(x), 

are respectively ^ ^ 

where a„, bg, C, are the leading coefficients respectively inf(x). g{x). I{,{x). 

28. With the notation of § 4 and of the preceding example prove that 

/.(a;)5',+i(x)-/,+,(x)g,(x) -- {-Y‘-'Cl 

29. If f(x) vanishes at in (a, 6) and if /„(x) e.xi.sts throughout the 

inter\’al, prove that, at any point x of the interval, 

fix) --= (x-c,)...(x-c,./"*f^ 


where ^ = ^{x) is some other point of the interval. 

30. If Oin,a,h) is defined by Tajlor's formula 

n- 1 

2 hr 
r '0 

prove that, if /(.r) is (i) c^, (ii) logx, (iii) (k a positivi integer), thou 

&in,a,h) is 


+ 1 ' («-rl)(n4-2) (n+l)(n + 2)(ni 3) 

*(*-1) (hy 


-2)W ^ 

31. Show that, if x is any real nmnb<-r, 

{2x— 21og(l+x)}”*— x~’ 
and {31og(l 4-x) — 3x4 

both lie between 0, 1 . 


-|-... to oc 


. n / 

'/i\ 

1 . 

- 

1 1 n -r 1 ' 

w 


(h\ 

1 1 4 

- 

it n-f 1 

\a' 


^ k'.n\ 

(n + fr)! la/ / 
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32. In the formula of the mean (28), prove that, 

(i) if/»+i(n) exists and is not zero, then, as A— > 0, 

0-^(n + l)-\ 

(ii) if/„+i(a) /n+r-i(“) zero, but/„^r(a) exists and is not zero, then, 

(n+r!r)-‘A. 


33. Ill the fractional formula of the moan (27), prove that, if /n 4 i(a)i 

fn^ i(a)^n(«) fl'«+i(a)/n(a). 

& (n*f I)"*, 


exist, and, if 
then, aa k — >> 0, 


34. If, in the linear formula of the mean (28), 0 is independent of h through- 
out some interval of values of a, show that it is also independent of a and that 
/(.r) is a polynomial in x of degr<.‘o not exceeding n-j- h 

[You may asKum(» the existeTieo of as many derivatives as you please.] 

35. If, m the linear formula of the inean,/(j*) - oxp(~a;~-), a =■ 0, show that 

6 1 us /i - > 0, whatever n. 

36. Show that tho Imear formula of the mean (28) applies to the easo 

f{x) . a"(logx)^ (a =r 0), 

n)/err n ja tJie pfxsitjve integer w of fJ>o formuJa and p is aiiy positii’e number, 
althougli /rt(0) does not exist. Show, liowever, in this case that 

liin^ =- u/”'. 


functions 
for the cu.se a 


37. Disouss the ajiplicaliility of the fractional formula of the mean (27) to the 
fix] 4x®-r 4x'^-5a^ g{x) - Sx^-rl0x*~20x^ 

0, fi ~ I, n - 3, showing that 
/jf-r) - •rilai.c) 

but /(l)-/(0) - 

38. Show that under certain conditions 


i n 1 

/(« - Y 

rr! _ {H-i)![/,(i-er-»/m(u-( eh) 

/,r (w-l)'?,.(a-f^A) 

g{u 1 h)- 2_^--g^u) 

r - 0 


39. Prove that under certain conditions 


eit ) - (/I - 1 )!( i ~e)lfl{a+ eh) 


for some 8 in )0, 1(. 

40. Provo tiio generalized fomiula for the remainder in Taylor's series 

n- I 


/(a 4 /l)- 2^T/r(«) 


( 1 1 -.A(0)’r/n(o + eh) 

(n~i)!ili'(eh) ’ 


whore ip{t) is an\’ function such that exists anil iloos not vanish in )0,h{. 
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Deduce the particular forms of remainder: 

{I ~ 

(') + [Schlomlich-Roche], 

i 1 A" 

(g-V + 

(iv) ^ JA /„(a -} 6h) 

()i 1)’ 


41. If A lb the .Tlgobrnic operator that changes a into a-^ 1, piove that 


A*7(») _Ma~"0) 


1) 


If /'(^). •> /tiI 1") aie all jaisitivc in (ri, a + n), piuv o that A f{u). A-f{fi),..., 

are all positne. 

42. If f{x) and r’‘ f t-"h “JC I"” polynomials which ha\ c all their 

zeios real and distinct, show that the same is true of the jiolj noniial 


/(0 + Oi/V)t — + Uii/nU)- 


43. If /(j), g{x) be polynomials of which g{x) has a r())entcd factor (I'-fi)’', 
show that, when J{x)lg{x) is put into partial fractions, the ujii ateil fiutoi ( c — a)" 
gi\ es rise to the sot of n partial fractions 


2 A, . . ] rd' f{r-„rfix)\ 

T 0 

Show that Ar maj aUo be wiitton in either of the forms 


u 




( 11 ) (r-1)" 


Sii+i(a)/(«+ 1)' 


0 

9,, («)/«' 


f(o) f7ii(")|’' ' 
/,(«) 1' * < 


(« + r)' !7„+,_i(a),(ni »- 1)' . /,(a),r' 

44. If u, V be buffieientl}' differentiable functions of x. pro\ e that 
D”>{ur-") 

~ ^ rn} ^ 


Du 


Dhi 


mv (m-rn~ \)Dv {m-t 2n—2) 


D=.> 

2' 


til' 

l)'"r 


I 


0 (tn—\)v {m-t-n — 2)lJi> 

0 0 (TO— 2)i’ 


7i{ni~ 1) 


( to - 1 )' 
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If u, V bo polynomials having neither common nor repeated faetors, then uv~” 
IS the exact derivative of a rational algebraic function if and only if 

V IS a factor of the polynomial 


u 

Du 

Lfiu 

D"-^u , 

~2<~ 

(■n-I)' 

n— 


TPv 

(3«-3) 

/ 1 

ti(n— 1) — 1 

«' j 

0 

(n~2)lh' 

IPr 

(2«-3)-2r 

n(n~2)p^-i 
{n~ 1,1 

1 

0 

0 

(ii-3)Dv 

I 

1 

! 


45 In the notation of ^ !* (52) prove that exists, if ^(^,h,k) is continuous 
in {h,k) at (0, 0) and i vists ni ar x f 
46. If n, r are positive integers, and if 

/(X) -- a,'‘l'''»siii(x-'-) (x 0) 

/(O) 0 

pro\e that only the first ii dcii\ati\cs of /( j) exist at x 0, but that the umbral 
deri\ati\es [/,hi( 0)], (0)] also exist 

47 If <^(x) - /,„(x), i//(x ) ■ p(x), where /,„(x) exists near x =- f, tmd if the 

uni 1)1 111 diu\ iitiv e exists, jiioie that the unibrul ilei ivatii e exists 


and that 


4S If n IS a (lositii i integer and if 

/(l) t"'>,"l-2)sui(l-l « t'j (X 0) 1 

/((') 0 1’ 

proie that [/„(0)J exists, but that if ^(x) /,(r), then [i^„.,(0)] does not exist 

for r h 2,. . 

49. Ill RciH’ralization of Scfiwarz'o thcorom pro\e that, 

(i) if, at o\i‘ry point of an inter\ul,/(j') w continuous and 


h >0 * 

where everj is poMti\e and 2 /^ 0 ^ ^ 0, then J(x) m a linear function of x in 
ttie intt r\ til. 

(ii) if the unihral second ilen\ati\e [/"(x)] vanishes throughout an interval, 
thoT]f{a ) IS a lirirai function of j m the interval 
50. (i) If, at eveij point an interval. 


/(. 4 2/1) 2/(xl/0i/(x) 

A-O “ * 

show that the continuity or/{x) is insufficient but the diflerent lability of/(x) is 
sufficient to secure that /(j) be linear m tli<> iiitenal. 

(ii) More giiieriillj show that, if, at e\erj point of an inteixal, 

,1,1 ?/(•*• ‘ 1 <lh) 1 (p-?)/(x) _ 

1,-so ~ ’ 
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where p, q have the same sign, then the continuity of f{x) is insufficient but the 
differentiability is sufficient to secure that f{x) bo linear in tho interval. 

61. If, at every point of an interval, 

show that continuity is insufficient to secure that f(x) be a quadratic function 
throughout tho interval. 

If f'{x) exists throughout the interval, show that the above condition is equi- 
valent to the condition 

^^J_(^ + h)~f(x-h)-2hr(x) ^ 

' ' > 1 ^ 

throughout tho interval. 

If, in addition, /'(r) is continuous throughout the interval, show that the above 
condition secures that f{x) be a quadratic function throughout the interval. 

62. If, at every point of an interval, 

^^^/{x + 2h)-4f(x+h) + (if(xl--Jf(x-)i)->/ix-2/i) ^ 


show that tho existence and continuity of/'(j) is not enough to secure Uiat/(r) 
bo a cubic function of x throughout the interval. 

If/"(a:) exists throughout the intertal, show that the aboce condition is equi- 
valent to the condition 

linj/(-^ \-h)+f(x-h}--2J{x)-h'‘J-(x) p 
t— li* 


throughout tho interval. 

If, in addition, /"(a-) is continuous throughout the interi nl, show that the above 
condition secures that f{x) bo a cubic function throughout the infenal. 



VI 

PARTIAL DIFFERENTIATION 


1 . The nature of partial differentiation 

We have so far restricted the notion of differentiability and the pro- 
cesses of differentiation to functions of a single variable. We proceed 
to extend them to functions of many variables. 

Consider first a function of two variables, say f(x.y). By fixing a 
value 7) of y wo reduce it tof(x, rj}, a function of one variable x only. We 
can then discu.ss its differentiability at a; = ^ by studying the limit 


On the other hand, we can similarly fix x at the value $ and discuss the 
differentiability at y = t; of a function of y only, by studying the 

k -0 


( 2 ) 


We can satisfy ourselves that these limits are independent by con- 
sidering such a function as 

/(x,y) _ 4>(x)-^ili(y). 

We may, therefore, speak of the differentiability of f(x. y) in x or in y 
indej)endently, just as we speak of its continuity in r or in y indepen- 
dently. 

The limits (1) and (2), when they exist, are known as the partial 
derivalire^s of f{x, y) in x and in y resiK‘Ctively,f and the process of 
obtaining them is kjiown as partial differeniiatioa. For partial deriva- 
tives we introduce a distinguishing form of the notation for ordinary 
derivatives and write 


In analogy with the notation /'(a ) for the derivative of f{x) we may write 


fM,y) 

for the partial derivatives of f(x.y), and 


*!■ ‘With reHp(‘ct to x' is, of course, the oilliodox wording. 
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for the partial derivatives of or more generally for the partial 

derivatives of /in its first and its second argument, respectively. 

The operation of partial differentiation .is represented by the partial 
differential operators 


— 1 - 
dx' dy 


or 


The essential principle of partial differentiation is that, in turn, all but 
one of the arguments of the function are ignored, i.e. are treated as 
constants. There is, of course, no novelty in tliis, for we have already 
been accustomed to differentiate specific functions, e.g. (x+a)''. which 
involve constants. The interest of the present chapter lies in the explora- 
tion of the theoretical consequences of this principle. 


2. Differentiability of /(x,?/) 

If we take the geometric point of view, as we did in di.seussing tlie con- 
tinuity of /(x, y). and regard f(x,y) as a function of position in the plane 
of (x, y), we find that the mere existence, at some point, of /^.(x, y),f^(x, y) 
does not carry us vei^’ far. By chapter JV (5), it secures the continuity 
of f{x,y) in x and in y respectively. But that, by chapter 111 § 10, 
is insufficient to secure continuity in (x, y) at the point. We can go 
farther and show by an example that 

(3) The existence o/ /^.(x, y), /j,(x, y) at a point does not secure the con- 
tinuity off(x, y) there. 

For write f(x,y) ^ , /{0,0)--0. (4) 

x2-f-y2 

Then /(x, 0) = 0 = /{O, y) 

and so/^(0, 0), /j,(0, 0) both exist (being zero). But this function (4) is 
the function (23) of chapter III, which is discontinuous at (0, 0). It con- 
verges in fact to any limit ^/(l -f A;^) in the interval (— |, |), if we travel 
to the origin along the appropriate path y = fcx. 

An adequate condition of differentiability at a point ought not merely 
to secure continuity at the point. It ought, from our geometric point 
of view, to secure differentiability along every curve through the point, 
and it ought to survive a change of coordinates. In analytical terms, our 
generalized definition of differentiability must be consistent with the 
simple definition for a substitution x = x{f), y — y(t), and must bo 
self-consistent for the wider substitution x = x(m, x), y — y(u, v), the 
substituted functions x{t), y(t), x{u, v), y{u, v) being, of course, them- 
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selves differentiable. Our requirements, in precise language, are re- 
spectively : 

(5) If f{x,y) is differentiable at and x{t), y(t) are differ- 

entiable at < 0 , then f[x{t), y(t)} is differentiable at tg-, 
and 

(0) If f{x, y) is differentiable at {x(ug, Vg), y{ug, I'o)} and x{u, v), y{u, v) are 
differentiable at {Ug,Vg), then f{x(u,v), y(u,v)] is differentiable at {Ug,Vg). 

As an indication of the sort of condition to be looked for, ■write the 
condition of simple differentiability in the linear form of chapter IV (7): 

(7) f(x) is differentiable at Xg, if, throughout some neighbourhood 

18 x 1 < ri(Xg), 

^f ^ f(Xo+bx)-f{xo) = ,4(xo,Sx) Sx, 
where A(xg, Sx) converges as S.r ->■ 0. 

The definition of differentiability’ which we adopt generalizes (7) in 
the form 

(8) f{x,y) is different iable‘\ at {Xg,yg). if. throughout some neighbourhood 

|8x|.]8y; < g(Xg.yg), 

5 / f(Xo + SX. yo-i-Sy)-f(Xg. tjg) 

A{Xg.yg.h.r:.hj) Sx -'rB{Xg.yg,bx,hy)by, 
where A, B converge as Sx.Sy 0. 

Since A, B converge, they are bounded near Sx — 0 = by, i.e. we have 
1^1, jffi < some M(Xg.yf), 
if ;5x;, iS.vl < some gixg.yg), 

and .so |5/j < (|Sx|i-|5// )M 

< e, if :5x!. |5y| < U>M. 

Thus 

(9) f{x, y) is continuous at (x^. yg). if it is differentiable there. 

To prove (fi), we have, if iS?< [, |Si’| < some gi{Ug. f(,), 

Sx “ .4 j 8w -j- Si’, By = ^42 8u -^-B^ Sr, 
where A^, B^.A^, B„ are functions of Ug,r„.Su,Sv which converge as 
Bu.Sv -> 0. Hence, by substitution in (8), if 18x|, jSi/j < some g(Xg,yg), 
Bf=- (AiA-fAsB)Bu+{BiA-\-B,B)Bv, (10) 

where A, B are functions of x, y, x,, yg, and therefore of u, v, Su, Sr, which 
converge as Sx, By -> 0. But, by (9), since x{u,v), y{u.r) are differentiable, 
Sx, Sy -> 0 as Sa, S?- ->• 0, 

t We ttiorefore distinguish between ‘differentiahic in (x, y)' and 'partially differentiable 
in X and in y\ 
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and ISzl, |Sy| < i?(;Ko.yo). if !S«I. |Sv| < some -q^iug, v„). 

Hence (10) holds, if |8it|, |8v| < both tjj, 
and AiA-j-A 2 B, 

being sums of products of convergent functions, converge as Sn,Sv -^0. 
Thus (10) is exactly the condition of differentiability of the function 
/(x(u,v),y(v,,v)}, and (6) is established. 

The simple condition of differentiability (7) comes from the general- 
ized condition (8) by mere suppression of the variation 8y, and therefore 
(6) appears as a particular case of (6). 

3. Conditions sufficient for differentiability 

It should be remarked that the condition of differentiability along every 
curve through a point is less .stringent than the condition of differen- 
tiability (8). For consider the function 

/(x.y) = (11) 

at the origin. If x(t}, y{t) are differentiable at corresponding to 
X = 0 — y, we have near this point 

Sx = A(lf,,St) Bt, By -- B{t^. Bt) Bl, 
where A, B converge as Bt -> 0. Hence 

8/= 18x8y|‘ = Bt, 

where \AB\^ converges as Sf -> 0. Thus f\x{f), ?/(t)} is differentiable at 
But the formula (8) requires a relation 

|8x8?/|l = ^(8 j", 8y) Bx-{-B{Bx,By) By, 
w'here A,B converge, say to A^.Bq. as 8x, 8y->0. If wc pass to the 
origin successively along the lines 8x = 0, By =■ 0, Sx = By, wc are led 
respectively to the three incompatible relations 

Bq = 0 , Aq = 0 , Ag-j-Bg = 1 . 

More generally, it can be seen that (5) is sufficiently secured, if 8/ is 
expressible as a homogeneous function (not necessarily either rational 
or integralf ) in Sx, By of the first degree, with coefficients, also involving 
Sx, By, which converge as Sx, By -> 0. Since homogeneous functions of 
the first degree of homogeneous functions of the first degree are them- 
selves homogeneous of the first degree, it is clear that such a form for 
8/ also secures (6). 

The condition given in (8) goes further in requiring the homogeneous 

t But, if 8/ is fractional in 8y, tho denominator must not vanish near Sx = o = Si/ 
(though of course it vanishes at the point). 
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function to be rational and integral (i.e. linear). It has, however, the 
merit of greater simplicity and is generally satisfied by the elementary 
functions. This follows sufficiently from the theorem : 

(12) f(x,y) is differentiable at a point at which both fj.(x, y) ,fy(x, y) exist 
and one of them is continuous. 

For near such a point we may write 

S/ = [I{x+bx,y+hy)—f{x,y+hj)}+{f{x,y+by)—f{x,y)) 

= fxi^+^ Sa-, y+Sy) bx+ B(x,y,bjj) by, 
by the formula of the mean and by (7), respectively. Hence, if /, (x, y) is 
continuous at the point, the conditions of (8) arc secured. 

The conditions of (12) are of course not necessary to secure (8), as is 
seen by considering a function of the form 

/{T,y) 4,(x) + 4s(y). 

For then differentiability is secured by mere existence of the derivatives 
f)'{x), 4>'(y) without reference to their continuity. 

Since the partial derivatives of a polj’nomial are themselves Jioly- 
nomials, tliey are everywhere continuous, and so, by (12), the conditions 
of (8) everywhere apply. Moreover, the elementary functions are, in 
general, ditferentiablc and their derived functions continuous, save at 
zeros and infinities. Thus the condition (8) holds at most points for most 
functions which occur naturally in analysis. 

4. Differentiability of f{x^,...,x„) 

The foregoing princijileg are extended without difficulty io j(x^,...,x„), 
a function of n arguments. The partial derivative in Xj, written, as we 
may prefer, cfjcx, or/j(Xj,...,x„), is obtained by keeping x^....,x,^ constant 
and measures variation in alone. 

For /(xj,...,x,|) the corresponding definition of differentiability is: 

(13) /(Xi,...,x„) is differentiable at (.t^ x„). if, iri the neighbourhood of 

that point, we can write 

8/ = rij8xj+...+*4„8x„, 

where Ai,...,An are functions of Xj,...,x„, 8xi,...,8x„ ^chich converge as 

We can now state (6) in the more general form: 

(14) If the n arguments of a differentiable function are replaced by 
differentiable functions of other p arguments {p = n), the transformed 
function is differentiable.'^ 

t I.e. briefly: differentiable functions of differentiable functions are themselves 
difierontiablo. 
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The proof follows the proof of (6). We can similarly prove, in exten- 
sion of (9), that 

(15) A function differentiable at a point is continuous there. 

Finally, we can prove that 

(16) A function is differentiable at a point at which all the partial 
derivatives exist and all but one are continuous. 


For we WTite, as in the proof of (12), 

S/(a-i,...,ar„) = f(Xl+Bx^,x2-^Bx,,...,x„+Bx„)-fix^, x^+8x2...,x„-j-8xj + 
+f(Xj, a-2+8a;j x„+Bxf)~f{x^, x.^ r„-f 8rJ + 

+f(ri,x,....,x„_j,x„+Bx„)~f(Xj.x,....,x„^j.xJ 
= fl(^l+d^Sx^,X 2 i-Sx 2 ,...,x„-j- 8 xJ Sx^ + 

+f2(Xi,X2 + d.SXo....,X„+SxJ Sx^ + 

+...+ 


-f4(ri,a-2,...,a-,„Sr„)8.T„, 

where A converges as Bx^ 0. Thus the clifTerentiability of / is secured 
by the continuity of alone. More exact!}', we can see that t])i.s 

differentiability is sufficiently secured, if /, is continuous in (x^ x„), 

/j continuous in (Xj, and /„_i continuous in (x„_j,x„}. 

The form of the proof suggests that, if w'e are to rely on the continuity 
of the partial derivatives, the above conditions are the fewest possible, 
and this is confirmed by examples. Thus, to see that at least one partial 
derivative must be fully continuous, consider the exanijile 


x^yH^, 


2 * 


/( 0 , 0 , 0 ) = 0 . 


(17) 


f{x, y,z) 

Then we find that 

/,(0, y, z) = 0, fffx, 0. z) = 0, fAx, y, 0) = 0, 
so that /j, is continuous at the origin in (y,2), in (2, x), and in (x,y). By 
symmetry are similarly continuous at the origin. 

But ii f{x,y,z) were differentiable at the origin, then, taking incre- 
ments X, y, z, we should have a relation 
aAy^z^ 


x®-t-y*+2* 


= Ax-\-Jiy-\'Cz, 


where, as (x, y, z) (0, 0, 0), the three functions A,B,C converge, say 
to AQ,BQ,Cf,. Successive passage to the origin along the four paths 
y = z — 0 , 2 — x = 0, x = y = 0, X — y — z leads to the incom- 
patible results, 

.do — 0, Bq = 0, Cq = 0, .do-)-B(,-f Co = J. 
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Again, if /,. is a partial derivative which is fully continuous, then, further, 
one of the remaining partial derivatives must be continuous in the 
remaining variables {y,z,...). For, ii f{x,y,z,...) is differentiable, so too 
is f{^,y,z,...) where x has been made constant. Hence, by the above 
argument, if we are to rely on continuity of partial derivatives, one at 
least of /j,, /j,... must be fully continuous in (y, z,...); and so forth. 


5. The formula of the total differential 

The condition of differentiability (13) leads at once to the fundamental 
formula of the total differential: 

(18) If the arguments of a differentiable function f{x^....,x„) are differ- 
entiable functions of a parameter t, then 

It ct (T.r,, it 

For, from (13), we have, on division by hi. 

The limit 3/ 0 carries with it the limit Srj,..., Sr,, -s 0, since rj,...,ar„, 

are differentiable and therefore continuous functions of t. 

Taking this limit we have 

7i~ ' "'‘TT’ ^ ^ 

where Am A„a are the limits to which Ai,....A„ converge as 

hz„ -> 0. But, since there is convergence, we may evaluate Ajo by pro- 
ceeding to tlie limit in any manner we please. In particular, if we 
travel along the path =-= 0 = ... = 8r„, we have in (13) 

8/ — AjS-i'i (a’ 2 ,...,x„ constant), 


and similarly for every Am- Substitution of these values in (19) gives 
the desired formula. 

The arguments Xj,..., .r„ may, of course, involve other parameters than 
t and the .symboLs of differentiation in t are therefore rightly written as 
symbols of partial differentiation. 

The formula of the total differential can be written in two special 
ways which are significant. We may suppress / and obtain the identity 
of partial differential operators 

^ = ( 20 ) 
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This is a fundamental formula in the theory of the transformation of 
partial differential operators. Again we may suppress t and write 

+ ( 21 ) 

where D denotes differentiation in an unspecified parameter. 

In the formula (13) 

S/ = Aj Sj",,, 

the coefficients are essentially convergent, as 8 ^ 1 ..., 8 .r„ -> 0 , 

and so, to a prescribed standard of accuracy, may bo replaced by their 
limiting values Pfjdxi,..., SfjdXj^, if are suitably small. We are 

thus led to the approximate formula 

dx^ dx^ 

where Sarj,..., Sa-,, arc small. Evidently, to this degree of ap[)roxijnation, 
the arguments of / may receive their increments independently and in 
any order. This corresponds analytically to the principle of Mathe- 
matical Physics known as the independence of small increments. Thus 
functions which are differentiable in the extended sense conform to 
this principle, which, in general, characterizes the functions of Mathe- 
matical Physics. 

In somewhat similar fashion, in the formula of the total ditferential 
we may suppose each argument in turn to become the a])])ropriate 
function of t, differentiate it and add the n'sults in anj’ order. In this 
form the principle becomes that of tJie independence of differentiations, 
and is exact. We have already met an instance of this in the formula 
for the ordinary differentiation of a product 

It is, in fact, merely the formula of the total differential apjdied to the 
particular function W]...m,^. 

The following converse of (18) is often needed: 

(22) Jf, for all functions xfit),...,xfit) differentiable at the formula 

holds at <u, then necessarily 

j _ A - 

xl — --•> 9n ■— 7 — • 


If we consider the set of functions 
Xi = f, Xj = constant. 


x„ == constant, 
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the given formula at once reduces to 


and similarly for 

It is often convenient to use the notation of (21) and to say that, if 
identically 


then <l>i — df/dx^, etc. 


6. Higher partial derivatives 

If the partial derivatives of a function/(3;i,..., x„) exist throughout some 
region of values of (x^,...,xj, the aggregates of their values define n new 
functions which can become, in their turn, 

subject-matter for partial differentiation. We are led in this way to 
the partial derivatives of the second order and ultimately to those of 
any order. 

For simplicity consider f{x,y) a function of two variables. From the 
partial derivatives of the first order 

fM-y) 

we obtain the four partial derivatives of the second order 






wliich we write as 




CX 


, 2 ’ 


<^y 
'c^f 

(•yi'x 


cx 
cxdy' 




cy^’ 


oraa /„, 4^, 

Tlie differentiations tliein.sclvcs are denoted by the symbols of operation 



In these symbols, it should bo noted, it is always the operation on the 
right which is first ])erformed. In the case of this violates the 

usual convention that that oiieration is first performed whose symbol 
comes nearest to the symbol of the operand. Some such violation is 
necessary, if f^y and i\ are to mean the same thing. Happily no con- 
fusion is likely to arise in practice, since under certain wide conditions, 
as we shall presently see, the two operations equivalent. 

The second derivatives are mendy the second derivatives of 

/(x, Tj), /(f , y), functions of one variable, and so bring in no new principle. 
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Of the third order there will evidently be eight possible derivatives 

fxjcx> fxxyi fxj/x* fxyyy fyxx> fyxy* fvyx> fyyy^ 

and generally of order r the number of possible derivatives will be 2', the 
number of arrangements of r letters which can be formed out of x,y 
and their repetitions. So, more generally, in a field of n variables there 
are n’^ possible derivatives of order r. 

If, however, the conditions are satisfied under which the operations 
dx, dy are interchangeable, these numbers are appreciably reduced. The 
order of the letters x, y is immaterial, and thus a typical derivative of 
order r may be UTitten 

dx^dif~‘ 

The number of derivatives of order r is now r+l and the number of 
order not exceeding r is ^r(r-)-3). 

Similarly, in tlie field of n variables, the typical derivative of order r is 

a7 

where = r. 

The number of derivatives of order r is the number of distinct homo- 
geneous polynomials of order r which can be formed from n letters, 

{«— 1)!H 

while the total number of derivatives of order not exceeding r is 

(n+r)!_ 

7i!r! ’ 

or, if for convenience we include the function itself, we may say that 
the number of such derivatives is 

(n+ry 

nlrl 


7. Conditions for the equivalence of 


dxby dybx 


We suppose that both y) and y) exist, and therefore that 
/x(^> y)i fyi^t y) exist throughout a neighbourhood of (f , y). Write 


4>{Kic) 




hk 


-Kty+lc)+f{i,y) 


(23) 


If we write also i/<(x) s 

k 


(24) 
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= (25) 

h 

Hence lim 4,{h, k) = 0'{f) = l"?) , 

ft-vo k 

and therefore also lim lim <^(7t, k) = tj). 

k-»0 A-»0 

It follows that 

(26) The partial derivatives fyj. 

are equivalent, if and only if the repeated limits 

lim lim <f){h,k), lim lim <j>{h , k) 

0 A - r01-->0 

are the same. 

The equivalence of the repeated limits is thus sufficiently secured by 
the continuity of tj>{h,k) at (0,0). We can accordingly show that 

(27) The partial deri vatires fj.y,fyj. arc equal at (f, y), if one of them exists 
near (f, rj) and is continuous there. 

For, applying the formula of the mean to (25). we have 

f>{h,k) -- 4i'(^+eh) (0 < 0 < 1 ) 

= fyJi^Gh.r, + e'k) (0 <(?'<!), 

by a second application of tlic formula of the mean, on the supposition 
that /j,j(.r. y) exists near (^, rj). Hence, if fyj.ix, y) is also continuous at 
(I, rj). then <fi(h,k) is continuous at (0,0) and/j.j,(f.T 2 )/„j.(^^.’j) are the same. 

The conditions of (27) evidently cover the case of polynomials and, 
in general, of elementary functions at most points. Thus we expect that 
for operation on the elementary functions the operators c^, dy are, in 
general, commutative cxeejrt possibly at isolated points. 

Conditions sufficient for the equivalence of fj-y.fyj. can also be given 
in terms of the differentiability of fA‘^,y),fy{x, y). We have the theorem 
due to Young: 

(29) If f^{x,y), fi,(x,y) are both differentiable at (^, tj), thenffy{$,q), 
7j) both exist and are equal. 

For suppose that, in some neighbourhood of (|, rj), 

L(?+A. ■>?4-A)— (30) 
where A , B converge as h, k -> 0. By consideration of the special paths 
A 0, A = 0 we know that they must converge respectively tof^(^, ij), 
fyxi^, rj) and that accordingly these partial derivatives must exist. 
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putting k = hin (28) we have 

-- ‘ri+h)—f^{i+9h, 1 ?) 

’ h 

= e{A(^, -q, dh, h)-~A(i, -q, efl, 0 )}+B{i, q, eh, h), 

on substitution from (30). As h-^0, the difference of the .d’s vanishes, 
since A is convergent, and B converges to/j,j.(f, q). 

Hence, if y) is differentiable at 13 ), 

]im^(A,A) =fuAt v)- 
*->0 

lify{x,y) is also differentiable at (^,q), the limit of <^(h,h) is similarly 
equal to/j.y(|, q) and the existence and equality of /j,„(f, q). q) are 
therefore established. 

We may observe that of the two conditions (27), (29), which inde- 
pendently secure the equality of ■> 3 ), /jyj.(f, 73 ), neither includes the 
other. Decisive examples are given by 

f(x,y) - Fix)+G(y), (31) 

f(x,y) = F(x+y). (32) 

In (31),/j.„(a',2/) is everywhere zero and so everywhere continuous, so 
long as F'(x), 0'{y) exist. But fx{x,y),fy{x,y) are differentiable, only if 
F'{x), 0'(y) are also differentiable. In (32), /^.(r, y), /^(j;,!/) are differ- 
entiable at (^, 73 ), if i’"(a--t-y) exists at ^-f 73 . But/,„(r,i/), f^^(x. y) are 
continuous at (^, 73 ), only if F’^x+y) is continuous at ^+q. 

8. Generalization of the formula of the mean 

We have already, in chajiter V, obtained Taylor’s formula as a generaliza- 
tion of the formula of the mean to the case of n differentiations. We 
now generalize it for the field of n variables. 

Suppose in the field of n variables (a:!,...,^,,) that there is an interval 
a, < X, < a,.-f A,. (r=l,...,n) 

throughout which /(Xj,...,x„) is differentiable. Write 
F(t) =/(ai-t-Ai <,..., a„-fA„f), 

so that f’(l)-f’( 0 ) =/(ai-fAi,...,a„-fAJ-/(ai,.. .,«„). 

Then F(t) is differentiable throughout the interval ( 0 , 1 ) and so, by the 
theorem of the mean, 

J'(l)-/’( 0 ) = F'{0) (0<e < 1). 

By the formula of the total differential, 

F'{t) — Ai/i(aj -(-Ait,...,a„-1-A„ <)-!-. ..-fA„/„(Oi-f-Aj <,..., a„-fA„<). 
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Hence we have the generalized linear formula of the mean. 

(33) /(fli+Zii,.. . ,a„) 

— + >«n + ^^n)+ + 

for some 0 in )0, 1( 

Given a second function gix^, a:„) differentiable throughout the same 
interval we similarly define 

G{1) giai+h^t, ,a„+h„t), 

and so from the fractional formula of the mean obtain the generalized 
fractional formula of the mean 

(34) 

,a„) 

/'I'/ii'G+^/'i .«„-|-^*«) + . +/i„</„(«i-L0/ij, ,a,~0h,y 

for some 6 in )0, 1 (. provided of course, that the second fraction cannot take 
the form 0 0 in the viteriaJ considered 
On the other hand we may write 

^(1) ~ i ■ >t<na-h„)-^f(ai,a,-^h,t .a,^-^h„)-r 

wheie the arguinents of /on its rth apjiearancc are 
fij n, 1 n, T «r^i+^'r‘i 

We still ha\ e 

F{\)-F((i) ^ f{a^~h^. ,n,.-t-/'„)-/("i «„). 

but now 

-^'(0 = ^ i / il ^ i +^' i ^ « 2+*2 

and the eorresponding generah/.ed linear formula of the mean is 
(3.-.) /(Ui-t-Aj, ,o„+/( „)-/(«!, ,a„) 

“ f>Ji{ai+0fh,a, f/(2, ,a„-rh„)+hj,{ai a^-^dh^, . ,a„^h„)+ 

+ •+*«/„(»i.«2- 

for some 0 in )0, 1( 

There is, of course, a corresponding generalized fractional formula. 

We may e^ idently devise other forms for F(t), in a sense intermediate 
between those already given, which preserve the identity 

F{l)-F(0)^fia^+hi, ,«„+/iJ-/(«j, ,a„) 

We have essentially to distribute the n arguments a^-\-h^t over the sum 
of not more than n forms/, filling up the remaining arguments with a, or 
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by a rule which is easier to see than to state. Thus, for instance, 
we may write 


or 

F{t) ~ f{a^+h^t, a2+h^t,a^,...,aj+f{ai+hi, a^+h^, fla+^n «»+ ^J)- 
Each such F(t) evidently gives rise to a distinct generalization of the 
linear formula of the mean. In the fractional formula, for even greater 
generality, we may associate one form for F{t) with another form 
for G(t). 


9 . Generalization of Taylor ’s formula 

We may similarly generalize Taylor’s formula for the field of n variables. 
For suppose that/(a:j,...,.r„) and its partial derivatives of the first p — 1 
orders are differentiable throughout the ‘interval’ 
n, < 2-, < «,+*r ('■ = 

As before, we write 

P{t) + 

It follows that F(t) has derivatives of the first 2> orders throughout 
(0, 1). Precisely, bj^ the formula of the total differential, 

F'{t) = t,...,a„+^„/) 

= (^ 1 ^ + + 0 
= say. 

Since the first derivatives of f{xi,...,x„) are all differentiable throughout 
the stated interval, ^(a;j,...,x„) is likewise differentiable throughout the 
interval and therefore, by a second appheation of the formula of the 
total differential, 

F"{i) = -f- ... + A.,, o„+^„ t) 

\ caj 

which we may conveniently write 

^"(t) = (^1^ + ••• aT') ®n+^bl 0- 

Proceeding in this way we have at length for every r ^ p and every 
t in (0, 1) 

F^{t) = — /(aj^+Ajt,...,a„-l-A„<). 
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If we write the Taylor’s series for F{t) with Lagrange’s form of the 
remainder,! we have 

i’(l)- y ^ (0 <9 < 1). 

^ r! p\ 

On substitution for F this gives 

(36) + + ^ •■• ~i~ 

r = 0 * ' ^ 

= ■■■ 

/or .sojHe 6 in )0, 1(. 

We may evidently derive corresponding generahzations from other 
forins of tlie remainder in Taylor’s series. Similarly from the fractional 
form! obtain 

(37) i-f-J -i Ijl 

,7(Oi+/(i,...,cr„-J /(„)- y g{a^ aj 

^^r\\ ca^ caj 

(fij — + .■■ + h„ — /(ai+0fti,...,a -L-M ) 

^ \ f('i [jjjJ 

(^<1- — I" ••• ff(^i-l-9/ij,...,a -i-Bk ) 

for some 9 in )0, 1(. 


We may, of course, obtain other formulae analogous to (36) and (37) 
by adopting some of the alternative forms that liave been indicated for 
F{t). In point of actual jiraetice such other forms are more curious than 
u.seful, and (36) remains the standard expression of Taylor’s formula in 
a field of n variables. Differential operators of the form 


1 9 d t i. 9 


Vj-. 


“dx. 


in which the coefficients h of the individual operators djex are unaffected 
by these differentiations are of frequent occurrence in analj'sis and may 
be called Taylor’s operators. 

We can generalize for functions of many variables the theorem of 


t Chopter V (28), (29). 


f Chapter V (27). 
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It is sufficient to give the theorem for two variables 


(38) If f{x,y) has 'partial derivatives of order n~l near (a,h) and if at 
(o, 6) these derivatives are themselves differentiable, then near (a,b) we 
may write 


f{a+h,b+lc) - 2 1 fia,h)+ 2 

r=- o'^ ' s-=o' 


where every is a function of a, b, h, k which converges to zero as 
h, k~>0. 


In the proof take « = 2 for brevity. Write 


F{h,k) h: f{a+h, 6+I-) -ip/iiK b)+2hkf,,{a, by^k^Ufa, b)}, (39) 


so that F{h,k) is differentiable near h,k = 0. Then, bj the formula of 
the mean, (33) above, we may wTito 

F(h,k) == F{0,0)+hFj,(eh,ek) + kF2{eh.ek). (40) 

But, from (39), 

Fi(h,k) ^ fi(a+h,b-\-k)-hfii(a,b)-kf^^{a,b) 

— /i(^) 

where ei,i 7 i ->0 as h,k-y0, since /j is differentiable near (njj). Sub- 
stituting this and the corresponding exi)ression for F.^{h,k) in (40), we 
have 


F{h, k) — F{0, 0)-yhfi{a,b)-\-kf^(a,b)-l-h^de^-j-hkd(rj^-J-€.^)-\-kWTj„, 
i.e., on substitution for F, 

f(a+h,b+k) = f(a,b)+hfi{a,b)+kf 2 {a, b) + 

+ b)A-2hkfi2(a, b)+k^fii(a, b)} f 


-f h'^Qe^ + Ai- ^(tji -f eg) + 

where ^(Tj^+ej), dy^-^O as h,k-c0. This proves the theorem for 
the case n = 2. The proof for the general case proceeds along similar 
lines. 

We can also generalize for functions of- many variables the theorems 
(38), (43) of chapter V, which express the nth derivative of a function 


t Chapter V (32). 
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of a function in terms of the derivatives of the component functions. 
The theorems, given for brevity for functions of two variables only, are 

(41) If f{x,y) is 7> times differentiable and if Z)”x, D^y exist, then also 
D”f(x, y) exists and is the coefficient of A” in 

where the operators dj8x, djty operate only on f(x, y ) ; 
and the similar theorem for umbral derivatives; 

(42) If f(x,y) is n tirne^ differentiable and if the umbral derivatives 
\P^x\ [f3"2/] ejcist at some point, then the umbral derivative [Z)'*/(a;, y)] 
also exists at the point and is the coefficient of in 


where the operators CjCix, c'j^y operate only on f{x,y). 

In (41) the existence of the derivative can be shown without difficulty 
by repeated use of the formula of the total differential; the formula for 
the derivative is sufficiently covered by theorem (42), since, if the full 
derivative of any order exists, the corresponding umbral derivative also 
exists and is identical with it. It is therefore sufficient to give a proof 
of (42) only. This will follow the lines of chapter V (43), the analogous 
theorem for the single variable. 

Let X, y become A', when the fundamental parameter increases by 
h. Then, since [D^y] exist, 

A-.r = h Dx +|-'[Zl*r]+... + f e). 

Y-y --- h I)y ^ ([/>"y]+E'), 

where e, t' -> 0 as h -> 0. 

By (38), since /is n times differentiable, 

/(A, 7) .^2 + 

where the operators dlc'x, P, Py o^H^rute only on / and where every 0 
as X—x, Y —y 0. Thus 

+{h Dy ( 43 ^ 
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Now assume the theorem (42) to be true for values of the index up to 
n— 1 inclusive. Then we have that 

r-=0 

consists of the terms up to and including in the expan.sion, in 
powers of h, of 


'h' 


Hence, by (43), 


f(X, Y)- 


h"ln\ 


(44) 


contains no negative powers of h. Also «, e, (s = 0,...,m) all converge 
to zero as h-^Q. Thus, if the theorem holds for indices up to n— 1 
inclusive, [^D"/] exists, and, moreover, to evaluate [Z>"/J it is enough to 
retain the coefficient of h”n\ in the numerator of (44), i.e. m f{X,Y). 

In other words, [H’7] is the coefficient of 7i'‘ in 




hDx +... + ^}^[D'<xi^ + {hDy 

n! cx V nl 






<'y 


r: 


Thus the theorem, if true for indices up to and including n- 1, is true 
also for the index n. It is evidently true for =- 1, and the induction 
is therefore established. 

In (41) write for clearness 

irx ITy 

H' 'li tr- '' 


and, regarding all the variables x,y, as independent, 

differentiate partially in Xj, where p sC w. Then we have that 

C) fJJ’Y(x^y)) 
dXj, \ n! j 

is the coefficient of in 


i.e. 


2 ((fiXi+...-hh'^xJ^ + ihyi+...+h’‘yJ^j 

r=»l ' 

is the coefficient of in 


/(jc, 

(r-l)! 
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where s — r— 1. But, by (41), this coefficient of is exactly 

D”-Pfj.{x,y)l{n—p)\. We therefore have the following corollary, of 
which we shall make much use in discussing certain problems of maxima 
and minima: 


(46) If 'Jc„y, ^ and if f(.r,y) be n times differentiable, so that 

we can write D^f{x,y) as a function of x,y, x^.y^,..., x„.y,„ then 


and so for y. 


^jD>‘f(x,y)\ ^ /J"-'/^(x, y) 
bXf{ n\ j (n~r)! 


A similar corollary for umbral derivatives is evidently to bo obtained 
from (42). 


10. Euler’s theorem on homogeneous functions 

By a homogeneous function we mean, of course, not merely a polynomial 
in which the sum of the indices of every term is the same, but more 
generally any function f{x^,....x„) which satisfies an identity 

f{x,f,...,x„t) -/"/(.ri,. ,.rj, (46) 

where p is some constant, most frecpiently a positive integer. The 
function f{x^,...,x„) is tlicn .said to b(> iioinogeneou.s of degree p in 
x^,...,xf . For such a function we can prove Euler's theorem: 


(47) A function f(xj^,...,x„) homogeneous of degree p in x^....,x„ satisfies 
the relation ,, 

•*1; 


Cx, 


+-r„^ --- Pf- 


(48) 


Write Xi ~ Xj /,..., X„ — x^t 

so that the defining identity (46) may be written 

/{A'l X„) = /"/(x, xj. (4!)) 

For differentiation in t, regard Xj....,x„ as constants. For operation on 
/(A\,..., Z„), we then have the identity of operators 

d d ( 

» ct dX^ cA„ 




i.e. 


- 7 , “ -^1 -.Y ■■■ tV • 

c't f'Ai c'A„ 


(60) 
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On (49) this gives 

(x.A+.„+x.4J/(X JT., 

= ptPf{xi,...,Xn), since the x's are constants as regards t, 

= pS(X,,...,x„). 

This is exactly Euler’s formula stated in terms of arguments X^. We 
may equally well replace them by arguments x^ and so (47) is established. 
Conversely, we can prove that 

(51) Every function f{xi,...,Xi^) which satisfies the relation 


8f 


+— +ar„T 




dx^ ' ' "c>x„ 


Pf 


is a hornogenexms function of degree p. 

For, with the same substitution (48), we have the same identity of 
operators (50), and so f(Xi,...,X„), since it satisfies the rtdation 

+...+xJ'( =j>f, 

oAi c'A,, 

satisfies also the relation 
which we may equally well write 


t- = Pfi 
ct 


4-vL 

dt 


since only one independent variable t is involved. Tlie solution of this 
is known to be f(Xi,..., X„) = Ct^, (52) 

where C is a constant as regards t: that is to say, we may give t any 
value without altering the value of C. In particular put 1=1. Then 
every X, becomes x^ and (52) becomes 

f{x^,...,x„) ^ C. 

Elimination of C gives 

f(x^t,...,x„t) = t»f{Xi,...,XJ, 

the defining equation of a function homogeneous of order p. 

The relation (47) satisfied by the homogeneous function, since it is 
stated in terms of first-order partial derivatives, is known as a ‘partial 
differential equation of the first order’ : in particular, it is often known 
as ‘Euler’s differential equation for homogeneous functions’. 
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We may generalize the idea of homogeneous function into that of 
isobaric function. Every argument has now its assigned dimension or 
weight Pr. The defining equation of the isobaric function /( 2 : 1 ,..., of 
weight is now f[x^tP.,...,x„P>-)=i»‘f(x„...,x^). (53) 


Such an isobaric function arises naturally, if in a set of arguments 
Ml,..., M,„ we have the n functions f^{ui,...,u„J homogeneous of respective 
degrees p^. For then a function V{fi,...,f„) which is homogeneous in 
is necessarily isobaric in /j,. 

It is often sufficient to suppose that the argument x^ is of the weight 
r indicated by its suffix. We can then prove that 

(5-t) 7'he isobaric function f{x^,x^,X 2 ....,x^) of weight p satisfies the 
partial differential equation 


2-1 ^ + 22-, ^ = p/. 

C 2^1 C>X.^ C'X„ 

Conversely, every solution of the differential equation is such an isobaric 
function. 

We now employ the substitution 


Xf — x^t' (r = 0, 1. 2 n). 


(55) 


Again, regarding the x^ as constants for differentiation in t, we have the 
identity of operators 


- = y rx,r-^ , 


i.e. 

t- = y r 
It z, 

r -0 

X ^ . 

'cX, 

(56) 

Ojicration on 

the isobaric identity 




f(Xo,X,....,X„) = 



(37) 

at once giv^es 

that 




Y 4- ‘2 Y 4- 

+ =T/. 

(58) 


which is the differential equation required. 

Conversely, if we retain the substitution (55). we retain also the 
identity of operators (56) and we can therefore deduce (57) from (58). 
In other words, every solution of the differential equation is an isobaric 
* function of weight p. 

More generally, whenever a substitution involving a disposable para- 
meter leaves a function ‘invariant’, i.e. at most affected by a multiplier. 
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we may expect to be able to determine a partial differential equation 
Batisfied by the function, by similarly differentiating the identity which 
states the invariance. This is certainly the case, for example, in the 
theory of the Invariants of Algebraic Forms. - 

As a simpler example consider the differential equation satisfied by 
a function of differences. We say that /(a-^,..., x„) is a function of dif- 
ferences of its arguments, if we can write identically 

f{xi,...,x„) = ,f>{xi~x 2 ,...,x,-x,,...) (59) 

for some More simply, such a function is defined by the identity 

f(x^+t,...,x,^+t) = f{xi,...,xj. (60) 

Evidently (60) is a consequence of (59) and we recover (59) at once by 
writing t — — x,. This is legitimate, since ^ is a disposable parameter. 
Such a function of differences is thus invariant under tlie substitution 


Aj == Xj-j-f,..., A„ — 

The appropriate identity of differential operators is 


ct cXi 


( 01 ) 

( 02 ) 


AppHed to (60) this gives at once 


— 0 . 


Thus the differential equation characteristic of functions of differences is 






0 . 


(03) 


The converse follows at once as in the jweceding examples. 


11. Interchange of dependent and independent variable 

We have so far applied partial differentiation to prescribed functions 
of independent arguments. Dejiendent and independent variables have 
thus been assigned without liberty of choice. Consider now the case of 
n variables Xj,...,x„ connected by a single relation 

/(Xi,...,xJ = 0. (04) 

In general, we may suppose that this equation can be solved-)- for any 
argument x, in the form 

= a;r(x,,...,x,_i,x,+i,...,x„). ( 66 ) 


t The limitations under which this is possible are discussed later m chapter XI. 



PARTIAL DIFFERENTIATION 


181 


visiij 

If we further suppose that these new functions (65) are all differentiable, 
it becomes legitimate to speak of the n(n—l) partial derivatives 


bx. 


(r ^ 8). 


Similarly, if further differentiations are permissible, we may pass on to 
consider the \n^{n—\) derivatives of the second order 


bx^ bXi 

where s, t moy be the same but must differ from r, and so on. 

These partial derivatives, as we should expect, are not all indepen- 
dent. Formulae may be obtained connecting them with one another 
and also with the partial derivatives of / in it.s n arguments. 

If we ajiply the formula of the total differential to the defining 
equation (64), we have 

0= + 

bxi cx„ 

We form bxjbx^ by keeping con.stant every argument except x,, x,, i.e. 
by equating to zero every Dx except Dx,, Dx^. This gives 


^Dx,- 

bx. 


Jt 

bx. 


Dx. 


and so 


Dx, 

Dx. 


.^1^. 

bxj bx' 


In proper notation we therefore have 
bx, bxJ bx. 


(r «). 


In particular we deduce that 


aijd generally 


= 1 

bx.^ bx^ 

bXi bx^ bx^ _ ^ 

bx^ bx^ bx^ 

bXj" bx, bXi 


(66) 


(67) 


These results are in sharp contrast to those which we obtain, if there 
is only one degree of freedom in the field {Xi,...,x,X i.e. if the n variables 

266X M 
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are connected not by one but by n — 1 independent relations. The dif- 
ferentiations are then total instead of partial and we have the formulae 

dx^ dxy 

dx^ dx^ dx^ j 
datj (fxj dxi 

and generally d^ dx^_^ d^ _ ^ 

djc^ dXy, dx^ 

in which the alteration of sign on the right is significant. 

To obtain the second derivative d^xjdx^dxi we have to differentiate 
(66) partially in Xi on the supposition that, on the right, the dependent 
variable x, has already been replaced in terms of arj,. .,x^^i,x^^i...,x„ by 
its equivalent expression (65). In other words, on the right of (66) we 
suppose Xf to enter not only explicitly but also through x^. We there- 


fore have 


ev, 

8x, dx, 


^Xt {cxt dx, c'xj \ 


where dx^jdxt means the appropriate derivative of (65) and so is given 
by the formula corresponding to (66). 

Hence, performing the differentiations and substituting for (ix^jPXj. 
we have at length 

_ -frrfJt+fr{frJl+fM-Prf,> 


Bx. Px, 


n 


( 66 ) 


It is evidently immaterial to the argument whetlier a;.,, a, are the same 
or different. The formula for B^xjdxl is therefore sufficiently covered 
by (69). 

In similar fashion we may obtain the tyjiical formula for derivatives 
of the third order 

= Ufrn-mf.fJu+^frfrrlUlL- 


-n I {frrJl+^Un+frrDL^-f? I ifrJu+Utu)-PPMr^ (70) 

where the summations ^ extend over the suffixes s, t, u. It is clear that 
these formulae soon become unmanageable. 

Suitable algebraic elimination of the partial derivatives of / between 
these formulae will evidently give the various relations that connect the 
partial derivatives of with those of another variable a-j. But in 
practice we most simply express the derivatives of x, in terms of those 
of Xj by supposing the relation (64) to be written in the special form 

x3(xi,...,x,_i,x,^.i,...,x„)-x, = 0. 
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Then /, = — 1 and all the derivatives of /, vanish, while the derivatives 
of / in the other arguments become the derivatives of in those 
arguments. As an illustration consider a set of three variables x, y, z 
connected by a single relation, expressing the second derivatives of y 
in terms of the derivatives of z. From (69) we derive at once the three 
formulae 

f’x^ [c'x^ \Syj dxby fix Sy fii/^ \6xj | / \dyj 

. ( 71 ) 

fixfis \dxry cy cy‘-ox)l\dy] 

(fiy _ fi^z j/tzy 

dz^ ty-j [dyj 

12. Inadequacy of the notation 

If we go farther and seek to consider the mutual partial derivatives of 
variables connected by two relations 

M ■»•„) = 0, y(xi,...,.rj - 0, (72) 

we are met by difficulties. Let u.s suppose that we wish to form the 
partial deriv^ative of x, with respect to x,. Wo cannot, as we have 
hitherto done, retain .r,., x, alone as variables and regard every other 
X as a constant For then x^, x„ are defined in terms of constants by 
the two relations (72) and so are themselves constants. We must 
accordingly retain as a variable at least one other x, say x,. 

In the total differentials of (72) 

/i /-fxj Dx„ ~ 0, 

OiDx^ +...+g„Dx„ = 0 

we now put every D.r zero except Dx^, DXg, DXf and so get 
fr 1^3-, +/, Z>x. +f, Dx, = 0, 
ffr +9, +g, Dxt =-- 0. 

Elimination of the irrelevant />X( gives 

{fr9t~fi9r) +(/,! 7 (-/(! 7 ,) Dx, = 0 , 

i g f£r ^ _L9l~fl9<, 

fr9i—fl9r' 

The value of PxJ8x, in these circumstances thus depends on our choice 
of subsidiary variable .r,. We could indicate this in the notation, if we 
wished, by introducing some such symbol as 

lex,\ 
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These difficulties evidently increase with derivatives of higher order, 
for we have a free choice of subsidiary variable at each differentiation. 
They increase too with increase in the number of relations connecting 
the n variables x^. If there are m such relations, then to be able to 
form a derivative, say of x, with respect to x„, we must regard n—m— 1 
of the other variables as constants. But still more generally, we could 
reduce the degrees of freedom to one (to form a derivative), if we super- 
imposed on the given m relations any re — m—l other relations, or pre- 
scribed that any n—m— I other functions should remain constant. At 
this stage the notion of ‘partial’ differentiation has become so diffuse 
as scarcely to be of value. 

In practice, partial differentiation is most usefully retained for a func- 
tion of independent arguments and may best be regarded, not par- 
ticularly as determining rates of change, but as defining auxiliary 
functions intimately associated with the given function Ordinary or 
total differentiation, on the other hand, is precisely concerned with 
measuring relative rates of change when, in a particular jiroblcm, the 
available degrees of freedom have been reduced to one 

Moreover, for a function / of re arguments, the associated functions, 
namely the partial derivatives /j./j,. are best spoken of as the partial 

derivatives in the first, second nth argument. We can then assign to 

these re arguments any special values we wish, in particular values not 
necessarily independent, and so speak without confusion of such partial 


derivatives as 


fi{x,z,x), f 3 {y—z,z~x,x-y). 


WORKED EXAMPLE 
If for every (x, y) in some interval 

lun /(-g-t h ,y + k )- f(rV h,y)-f(r.y l k)^J(r.y) ^ ^ 

then, throughout the interval, f(x,y) is of the form f>(x)-‘r\ji(y). 

We have \f{.x±h,y±k)—f(x±h,y)—f(x,yfrh)rf(x,y)\ < hke, 

if 0 h,k < BOmo y(<,x. </). 

Hence, if h', k' are also po-sitive and less than this y, wo shall have simultaneously 
\f(x-h',y-\-k)—f{x-h',y)-f(x,y->rk)-\f(x,y)\< h'ke, 
\ftx^h,y-k')-f(xf-h,y)-f(x,y—k')-^f(x,y)\ < hk'e, 
\f(x—h',y-k')-f[x—h',y) -f(x,y ~k')-‘rf{x,y)\^ h'k'e. 

By combining these four inequalities wo liavo 

\f(x + h,y-\-k)-f{x + h,y~k’)-f{x—h',yl-k) ^f{x—h',y-k’)\ < (h + h')(k+k')e. 
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In other words, if (i-j, «/, ), (a:,, y^) are any two points within the square (a-J; rj, i;), 
wheio 1 J ~ rj{€,x, y), the inequality 

|/(*i.3^i)-/('*i.?y2)-y(-^2.yi)-l/(*2.2/a)l < |-ti-3-j|. (1) 

IS satisfied. 

Fix X, y, e and consider the set of numbers {tj} that secure this inequality The 
set IS bounded, because we ha\e restricted ourselves to jioints of an interval. 
Thus the set will have a greatest number or an upper bound 7)„(e,r, i/), which, 
for n fixed e, defines 7)„(r, y) a function of (x, y). We proceed to show that it is 
a continuous function. 

If now, h, k being of either sign, )/i|, |t| < ri^[x,y) and rj' is the smaller of 
Vo~ |^|> Vo~ l^i’ then the square 

(r4 * + !}', 1 /^ k 1 t;') 

lies wholly within the square (r-j rj„,y ‘ jj„) and hence the inequality (1) holds 
throughout the smaller square Thus, by the definition of ri„(x,y), 

V' ' •>)o(r4 A,y-f ^). 

1 e. Vo(-^<y)-Vo(-^' i~f',y- k) mux(|;i|. \k\) 

Similarly, by interchanging: ( r,y) and (j A) we can prove' that 

7)„(3 k)-rj„{j.y) ' max{|Al, j/. ;). 

Hence >1 < , i/)l ^ c. if - c. 

Accordingly, r]„(x,y) is i ontiiiuous in the interyal luid has therefore in the 
interval a least value, which, being its value at some point of tho mterval, is 
greater than rcro. (.’all this hast value 8(<), it is independent of x,y. hut pre- 
sutnahlv di'pcnds on c Tims (I) is sieiind, if 'ti — Cj'. jiyi — yjl < 8(e), or, m 
other notation, 

1/(1 li,y k)-f(i hli.y) fix,)/ ^ k) ^/{i.y)i |/il jl'lc, (2) 

if 1/1 , |A U 8(e). 

Change tin' signs of li, k indepenih iif Ij and add the four resulting inequalities -f 
We git that 

\fiJ h.y /)-/(j i-/i, !/ - I) -/(i -/i.y- I) */(i -A. 1 / -I)| j2A| |2A-|e, 
if |/il, |A|' 8(e) 

oi, if wi write .1 A,y rk for \,y, 

1/(1 -L 2/1,1 / 1 2A)-/{r- 2/1.1/) -/(j.yJ 2i) /(r.i/) -- 2/i ' |2t,e. 
if |2/il.i2A-l s' 28(e). 

Tins, m effect, is (2) with 28 replacing 8. A second application of the process 
enables us to replace 28 bv 48 and ho oii. Mi' riiuv thus at length remove the 
restiietion on |/|I, |A'| and so have for ii’cri/ /i, k 

|/(Ts h.y^ >^)~f{x ^h,y)—f{r,>/x k)4 J(r,y)\-' |/i| |Ale. 

Since h, k are now independent of e, we may take the liniit e — >- 0 and get. for 
every (x,y), (t+/i,i/-t A) of the given inteivul, 

/(rf/i,y-fA) fu h,y) - k) /(r,i/) 0. 

If (n,6) IS a fixed point of the interval, write h - a -a, k l>-y and we have 
throughout the interval 

/(■r.y) ^f(a,y) T/{3,b)-fia,b), 
i.e. /(.T. y) IS of the stated form ^(r) i i/iiy). 

t Ab in tlio first section of this proof 



166 


THE DIFFERENTIAL CALCULUS 


[VI Exs. 


EXAMPLES VI 

1. Discuss, at tho origin, the existence of the partial derivatives fx,fy and the 
continuity and differentiability of f(x,y) itself, when /(a:, y) has the following 
forms: 

a-Vifi 


(i) V(^* + 2/=). 

(ill) arysin — , 
xy 

(v) (a:=+y’‘)sin~ 


(••) 




(p,g.r,s 0). 


x‘+y^’ 
(vii) xylog{T‘+y^), 


(IV) a-j/sin— 

(\i) a;Vlog(a:“ r 2/”). 


(viii) xyl(r)l{y), 
where J{x) denotes the greatest integer in x 

[In every case wo suppose at the origin that /(0, 0) = 0 and in (in ) we extend 
the definition by/(a',0) = 0 — f(0,y) ] 

2. Show that the function 

/(O.O)-O 

IS differentiable at the origm along cierj direction y — kx, but is not continuous 
there. 

3. Show that, it fj^x,y), Jy(x,y) are diffcrontiablo at a point, then/(x, y) itself 
IS differentiable at the point 

4. Prove that, if /i(x, y), /,(a;, y) are differentiable at a point, then near that 
pomt 

/(.r+SiX^ 8jT,y+8iy-t 8jy)-/(rd SiX,y-r8,y)-/(x+Sjr,yH f(r.y) 

— .48JxS2X^ /tSjxSjy-r f'SiySjX-* DS^yS^y, 
where A, B, C, D are functions of x, y, Sja, S,v, BgX, S^y vhicli cuiiierge us 
SiX, Sjy, SjX, Sji/— > 0. 

Prove, conversely, that, if near a point the double diflirmce is cxjirchhibUi in 
this form, then /j, /, exist near the point and are both diffiTcntuible the re. 

5. (i) If X, y, z be tlirce angles connected by the relation 

1 — cos^a; — cos*y — cos^z b 2 cos x cO', y cos z 
sin‘x i>ia‘y sin^z 

prove that 


constant. 


sin y sin z eir 


sinzsinxdy 


sin a sin y dz 


0 


cos X — cos y cos z cos y — cos z cos x cos z — cos x cos y 
(ii) If the sides and angles of a spherical triangle \ary subject to the condition 
sm A sin B am C 


sin o sin 6 sin c 


constant. 


prove that 


6. If 


Vz = 


sec A da + sec B db sec C dc — 0, 
sec a dA b sec 6 dB + see c dC — 0 
VWl i «v)(l+6v)}+v%(l f oa;)(l 7 6x)} 

1— abaiy 

and if x, y, z vary, while o, b remain constant, prove that 

dx _ dy dz 

V{x(lbax;)(l + 6x)}^V{2t(I+“'/)(l-r6i/)} ^{z(i+az)(l tbz)) 


0. 
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7. Discuss the existence and equivalence at the origin of fxy,fyx for the following 
functions: 


I'l ■' ' 

(ax^-\-2bxy-\-cy^Y , (a3’* + 26ri/-f ri/*)l 

:rn> ' ■ 

x* + (py+p'y'^^-...)x‘ + {qy^-rq'y^+ ...)x^ + (ry^+r'y^+...)x~>r(sy* ^s'y’’ )-...) 

i"') ' ■ i </* 

where in each case we define /{0, 0) as the limd of f(x,y) at the origin. 

Di.scuh.s also the satisfaction of the conditions (27), (29) of § 7. 


8. If 


fi-i.y) 


x^y - x^y^ 
x*-rx‘‘y-iry^’ 


/(O.O) - 0, 


show that at the origin hut that /, is differentiable and /„ continuous 

at the origin. Discuss the applicability of the (onditions (29) of § 7. 

9. By considering the function 


show , in the notation of § 7, that the e<)uivalence of f^y. /„ i' insuttieient to secure 
the continuity of 

Bj ennsidiTing a function of the torni 

J(x,y) yFU), 


show that the continuity of 4i{h. k) at (0,0) is insiiflii lent to secure the continuity 
offxy at (f t;). 

10. Show that 


<j>{li,k,x,y) 


J(x + h, v^I)-/(cJ h,y)~J(x,y-\-lc)~f(x,y) 
hk 


Is continuous in (/i, k,x. y) at (0. 0, rj). if tithcr of f^y./yx exists and i.s continuous 
at (f, 7)); and conversely that, if (ft is continuous at the point stated, then both 
fxyfyx exist, if fx.fy exist at (f, ij) and are continuous at (f, ij), if fxyjyx exist 
near (f -y). 

II. Show that 6{a,h) defined by Taylor’s reinainder forinula 

W- 1 

/(nd/i) Qh) 

r-0 


satisfies the partial differential equation 




n/i \- n 

ca 


/((i4-/,)_ 2^/,(a) 

r«>0 
n- 1 ^ 

f'{a+h)~ ^~i/r+i(it) 
r~U 


aupposing that f„^i(x) exists at and near x — a. 

1 2. Show that the function 8{a,b, h, k) defined by the generalized formula of 
the mean 

f{a + h,b + k) ^f{a,b)+hft{a + eh,b-\ 9k) + kf,{a + eh,b+ek) 
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satisfies the partial differential equation 

^ _ Mij^+^,l^k)+Jrfj{a+h,b+k)—f(a+h,b + k)-{ f(a,b) 

da bb 

where the suffixes indieate differentiation of / in its first and second argument 
respectively, and wherB/i(x, y)sj^(3‘,y) are supposed differentiable in the interval 
(o, ft* 6~f- fc). 

13. Show that, granted differentiability, the fimction z(X,y) defined by the 
formula of the mean , ,, , 

f{x)-f{y) = {x-y)f'{z) 

satisfies the partial differential equation 

{x—yY{z^ Zv(z„ Zjjn,— 2j. A—~n 4)} — 

-(^-2/){2xx4-Z,,Z,2„(2^+2„)f2»2^) f 2^ Z^lrJ- ij) - 0. 

Obtain the general solution of this differential equation. 

® polyuiomial, show that the necessary and sufficienl condition 
that it be symmetrical in r, y is that 





15. If/ be a function of two arguments such that , at (a, are dillerentiablo 

®^d/ii /28 > /?s. prove that, as h, I- -> 0, 


b)~h/j(a, b) — kf^{a, b) , 

M7„ + 2/il/„ + i!r»/„ ■ -‘i- 

18. The number 0 (0 < 0 < 1) is defined by the Taylor’s formula 

f{ai-h,b + k) =J(a,b) + hf^(a-^eh.b-\-Bk) + kUa + eh,b i-Bk). 

Prove that, if/,, /, are differentiablo at (a,6) and if b, k -* 0 no that 
+ k^)[{k>fn{a,b) + 2hkf^^(a,b) i k^f^tla,b)', 

is bounded, then 0 -> 

If/ii./is./jj are differentiable at (a,6) and if fc,fc-s0 so that h/k converge, s 
to a root of the equation 


fVii(<t.h) + 2f/,2(o,6)4/jj(o, 6) — 0 
which is not also a root of the equation 

^ /iii(®"0)+3t*/jj}(a, 6)-t-3</j22(a, 5)-(-/jjj(a, ii) =- 0, 

while ^ /iiC*^’ ^1 + 2Afc/i,(a,6)-l-fcVaa( a, fe) 

iii(“. 6) + 3A*fc/„,(a, 6)+3/iI:»/,„(o, bY+ k^Jt^^ioJi) 
prove tliat 0 +V(«*+c+ i)-c, if c> 

~V(r’+c+ J) — 0 , if c < — 

show th^t function, not necessarily algebraic, of degree n, 

(1) is homogeneous of degi’ee n — 1; 

(ii) if the equation /{a-, y.z) = 0 defines an implicit function z{x, y), this func- 
tion. IS of degree unity; 
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(iii) if z) can be expressed as a function of /i./,,/., it is of degree nl(n—l) 
m these new arguments ; 

(iv) jf X, y, z are themselves homogeneous functions of m, v, w of dogioe p, 
then / is homogeneous of degri'C np ni u, v, w. 

18. ltf(x,y) la homogeneous of degr<-e ii, show that 

flTIlf 

(i) i)J, 


771 

(11) ' 


> (nt2)(n ^3)..(n + m+l)/, 


t)io symbols {m ! r) denoting binomial co(‘f!ici<*nts. 

19. If is bomogi 'noons of d(‘grc*e n, show that 


n— 1 


(') Jn Jx 

Jxv fvv fvx fv 
fxi fyz fzz fz 
fx fy fz 0 
(« - I Kfifzz -Vvfzfyz -fUyy)-nf(fyyfzx-ftz) 


j fxx fxy fxz ' 
ifxy fyy f yz 
I fxz fvz fzz 


/. 


is symmetrical in j, y. z. 

20, Show that the algchrau funelion r„) deiined bj tlie miplieit relation 


I. 


r«r 


- 1 . 


where the u’s aie constants, satislics thi' dillereiitial equations 

2©’- 4 -a- 

r- l r- 1 r I I 

21. If tlu' n \armblos .rj, .Tj,. , are cunn< ctod by a siuglo rt'lalion, .M'low that 


c -J’ 


■i * 


^ _i 13 

(jI c.r-; f rJ CJ 

22. If r. u bo functions of x, y such that the equation 


p 

1 


(/J '■ r)u 


p-r 


<‘'Z 


c'xV- 


zz 0 




is true for p - n - 1, », then it is tine for ~ n f 1, n -(-2, 

23. If .r, y, z are connected by a .single relation, show that 


ilogp/“)-ill„gf.^/-). 

cy \cxl <y' cy V'zicy’ 


where c !< y ia properly intcTjnx'ti'd on the two side's of the liquation. 

24. If X, y, 2 are cemneeh’d b\ a singh* n'lation, pro\t‘ that any determinant 
of the H<*t /, \-fl ^ 1 r- _ n- - 

® ‘•XX -y-'tj ^ l~x ^ "v'^xv 

^2 L 1 2- t- — 11 

if^X r * *“’X ■*/ -y i 

is unaltered by interchange of x and 2 . 
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25. lif(oc,y,z) = 0, show that the minors of/jj,, m 
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Stv 

fim 

u 


/« 

Jvz 

fxz 

/. 


Jx 

Sv 

0 


are respectively 
Show tliat 


2 rs rs 2 rs 


-xuJ 

(Zgp Zy)t 


la sjTiimetrical m 2 . 

26. If X, y are connected by the implied relation f{x,y) 


0, show that 


\dx^ cy^ \cx/ <^y exey^ dx\c'yJ dx^dy 

-©‘(3<-»g£('-«S)l 


(-) 

\cy) 

« H 

1 ± 
dx 

l^l 

\dx, 

)— -1 
ldx> ' 

(d.) 

\dx^ 

1-1 
’ dy' 

(I) 

1 d^3 

'd? 

( 

m 

.cyl 

c>x’ ' 

1-1 

\cxt 

' Sy* 


27 


If X, y, z are connected by a single relation, show that the expre^’sions 
l?x£^x g c^x\jUc‘x\‘ /cx\ 

\ou cz^ oyczcz-H Wdzl \czl 


^/dxy ^b^xc^xSx ^dx/ d^x c)x t®x\ j 

cz^\&y) dydzdz^cy cz\cycz^c)y cy^ cz^l \( zl 

are unaltered by interchange of x and z 

2S If X, y, z, u are connected by two relations, and if the notation 

(-) 

Vex/, 

means that z is kept constant in forming the partial derivative, show that 

l^y\ fduj /ez\ _ j 
\ox'u^dy'^\Sz’^\ou'y 
{dy\ /dx\ tdz\ (dx\ 

\&u/_\£z/„ Vfw/.xrz/v \czli\cui, \czK\cul ~ 


29. 


If /{x, y), g(x, y) are each differentiable in (a, y), show that, asM.e- 
j/(x-ru, 3 /+e) g{x+u,y-\-v) 1 

\f{x-v,y-\-u) g{x—v,y h") 1' 

I f(^,y) 9(x,y) ll 


0 , 




8{f,g) 

-t’*) — — — • 

o{x,y) 



VII 

INDETERMINATE FORMS. APPROXIMATIONS 


1 . Indeterminate forms 

It frequently happens in Analysis that the definition of a function breaks 
down at an isolated point, although the function is still convergent at 
the point. In such a case we may conveniently annex the point to the 
domain of the function by assigning the limit at the point as the value 
there, and the function then becomes continuous at the point. But, 
even if we do not wish to enlarge the domain in this wa 3 % it is generally 
desirable to establish the fact of convergence and to evaluate the 
limit. 

Such a state of affairs arises most simplj’ in the ease of a function 
defined in the form f{x);g{x), where f(x), g(x) have a common (Vmt 
isolated) zero at some point | of their common domain, which we may 
suppose to be a comxjlcte interval. Direct substitution, x — then 
gives the meaningless form 0/0, although the function is defined everj'- 
where near x = ^. The form or value of such a function at such a point 
is said to be indeterminate, and the discussion of the limit 

XirnfixYig^x) 

becomes of interest. 

The most elementar}' example of such an indeterminate form is given 
by the ratio of two poljmomials such as 

( 1 ) 

If x we maj' cancel the factor x — | and reduce the function to 
the form ^2) 

Thus everyu'here save at x = ^ the functions (1), (2) are identical. At 
X = ^ itself the first function is undefined, but the second function is 
still defined and is continuous. As we pass to the limit x the 
identity of the two functions persists, since the point x — | is expressly 
excluded from consideration in forming the limit. Thus the continuity 
of (2) at X = ^ secures the, convergence of (1) at that point. Precisely, 
we have 

lim ^ = lim (x-f = 2f. (3) 

f X — f 2 ^ 

This algebraic reduction of an indeterminate form by cancellation of 
common factors does not take us very far with transcendental functions 
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and we must supplement it by other methods. If the functions are 
differentiable, the Differential Calculus contributes a very convenient 
procedure, which we now consider. 

2. L’Hospital’s rule 

Since by hypothesis /(^) = 0 = g(f), we may write 

/MM.) 

Passage to the limit a: ^ on the right, gives 

lim f{x)lg{r) = (4) 

This is the characteristic result bearing the name of I’Hospital. It pre- 
supposes not only the existence of /'(f), g'(i) but also the non-vanishing 

of g'{i)- 

If S'’(f) = 0 but /'(f) ^ 0, we invert the fractions and obtain the 
corresponding limit 

lim g(x)jf(x) = fir'(f ) /'(f). ( 5) 

I 

In this case it makes for conciseness to retain the limit (4) writing 
conventionally \imf{x)lg(x) =f'(i)ig'{$) = so. 

If /'(f), <;'(f) both vanish, the formula (4) fails, for it replaces one 
indeterminate form 0/0 by another. Let us suppose more generally that 
possibly further derivatives of /(t), g(x) vanish at f. We then emj)loy 
the following generalization of (4); 

(6) ///'(f), g''(f),...,/„-i(f), 9n-i(f) (‘'■nd vanitih and/„(f), (/„(f) exist 

but do not both vanish, then 

lim/(x)/( 7 (.r) =/„(f)/!7„(f) 

For, since the derivatives /'(f), g'(f),.. ,/„-i(f), !/„ i(f) all vanish, we 
can write „ _ , 

j{x) 

g{x)- 2 (*-f)’'?r(f)/! 

T- 0 

As a;->f, the limit on the right, by chapter V (33), is /„(f)/Sf„(f), if 
9'ft(f) ^ 0- If ffnCf) = 0, /„(f) # 0, we may write conventionally, as 
before, /„(f )/?„(f) = oo. Hence under the conditions of (0) we have the 
required result ^ ^ /„(f )/?„(f ). 

In practice, we state the result of (6) in the form of a rule: to deter- 
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mine the limit of an expression f(x)jg(x) at a point at which it assumes 
the indeterminate form 0/0, replace both numerator and denominator 
by their derivatives; if the new fraction /'(a:)/^'(x) still has the form 0/0 
at the point, again apjily the rule, replacing the new fraetion by 
f"{x)jg"(x), and so on. 

The rule fails, if, uj) to the limits of differentiability, all the derivatives 
vanish at the point. Thus, if we write 


f(x) ^ x^ sin(loga;'') 
g{x) - xi 


then/'(0) = 0 = ^'(0), but /"(O). g"(0) do not exist. Actually 
/(■rh'fjM sin(log x^), 


which does not converge at .r = 0. 

Eut, if we write /(x) j-^sinllogT^) i 
g(.r) - x^ I' 

then again /'(()) = 0 =- g'(0)< and /"(O), g''(0) do not exist. In this case, 
howevvr, f(x)/g(x) = r* sin(!og x^) * 0 at x -- 0. 

The rule similarly fails. if/(.r), g(x} arc differentiable to any order but 
every derivative vanishes at x - f. Such a pair of functions is 

f(x) e.xp{-(x-^)-^} I 

< 7 (x) — exp{-cosec2(x— ^)} ) 

Actually the limit is ^V. 

In |)ractice, these eases of failure are exceptional and for most pur- 
poses the rule embodied in (0) is exact and sufficient. 


3. Alternative form of the rule 

In actual working, however, the repeated differentiations easily become 
laboriou.s and it is more convenient to be able to intersperse differential 
with algebraic methods. For this purpose w'e restate and elaborate the 
rule in the following form : 

(10) If f(^), g($) vanish^ and if f’(x), g'(x) do not vanish simultaneously 
in every neighbourhood of then 

limf(x)jg{x) = lim/'(x),g'(x), 

Jr~^( JT- 

if the second limit exists. More generally, 

H > f{x)jg{x) > K near 
if H >f’(x)jg'{x) > K near 

t It is, of cotirse, sufficient, if /(a*), 0 as j; -> We aro not, in point of fact, 

really concerned with values at 
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For, by the fractional formula of the mean, chapter IV (48), 

fix) ^ fix)-M) ^ fir,) 
g{x) g{x)-g($) g'(Xi)’ 

where * < 5 unless /'{x), g'{x) vanish simultaneously within the 

interval {x, f). Now if there is a neighbourhood of f in which /'(x), g'ix) 
have no common zero, we may proceed to the limit a: ^ through values 
of X lying entirely within this neighbourhood. Hence also f 
through values confined to this neighbomhood. The conditions of 
chapter IV (48) are satisfied and we have 

^n\f{x)!g{x) = limf’(x)lg'{x), 

if the latter limit exists. The second part of (10) follows in an exactly 
similar fashion. 

As an example of the exceptional case write 

/(a:) = a:2sin(2Ioga;)+x2cos(21oga:) 1 , ^ ,,,, 

i (a: 0). (1 1 1 

g(a') = a:sin(loga-) ) 

Then f'{x) — 4xcos(2iogx), 

g'{x) = cos(logx)+sin(logx) 

Hence, cancelling the common factor co8(logx)-rsin(log.r), we have 
/'(^)/?'(-c) = 4x(co3(iogx)-sin(logx)}, 
which converges to zero at the origin. Now 

f(x)jg{x) = 2x{cos(logx)— Rin(Iogx)}4-a:cosec(logx). 

At the origin, in the expression on the right, xcosec(logx) oscillates 
infinitely w'hUe the remainder of the cxpre.s8ion converges to zero. 
Hence f{x)jg{x) oscillates infinitely at the origin, although /'(z)/ 7 '(x) con- 
verges there. This discrepancy is, of course, accounted for by the can- 
cellation of the factor cos(log x)+sin(log x), which vanishes in every 
neighbourhood of the origin. 

It is hardly necessary to point out that we cannot use (10) in the 
reverse direction to determine the limit of f'{x)lg'{x) from that of 
f(x)[g{x). For the theorem of the mean on which we rely enables us to 
equate /(x)/{ 7 (x) and/'(xi)/g'(Xi) for every x but not for every Xj. This is 
confirmed by an example; 

f{x) ~ x%in(x“^) ) 

g{x) = X I 


( 12 ) 
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Here \im f{x)lg{x) = lima:sin(a;-i) = 0, 

J- ->0 

but ~ 2a:sin(a;'‘’)— C 08 (a;“i), 

which oscillates finitelji' at the origin. The condition of (10), that/'(a:), 
g'(x) have no common zeros infinitely near the origin, is satisfied, since 
g'{x) = 1. 

The formula of the mean does, however, enable us to assert that, if 
the condition about common zeros is satisfied, does converge 
to the limit of f{x)/g{x) along some sequence of approach For, if we let 
X tend to f along some arbitrary sequence, the sequence of correspond- 
ing values of x^ is such a sequence of approach. Thus, in (12), f'{z) I g'{x) 
converges to the limit ol f(x)'g(x), namely zero, along the sequence of 
approach .r,, ^ 2/(2»i-f l) 7 r. 

4. Comparison of the two rules. Indeterminacy at infinity 

It is worth while to compare the two methods of evaluating a limit given 
in §§ 2, 3, respectively. In using the method of § 2 we are free from the 
vexatious condition regarding a succession of simultaneous zeros, but 
we are possibly committed to repeated differentiations. With the method 
of § 3 we are not concerned with the value oif'(x)(g'(x) actually at x = f . 
It may itself be indeterminate, or fii), g'{i) may not even exist. It is 
sufficient that Nve sliould be able to evaluate the limit of f'(x)!g'(x) at 
X ^ by any available method. Of course, if the conditions of (10) 
apply to the new fonn J'(x)’g'(x), we may exidently set out to evaluate 
bv a .second differentiation and so on until we reach a determmate form 
/n(^) >^0 applied, the method of § 3 has no advantage over that 

of § 2. Its utility lies in the fact that the limit of f'(x)ig'{x) may be 
obtained bg any available method. We can thus employ algebraic devices 
at any stage, cancelling a factor common to numerator and denominator 
or, more genera lly% evaluating the limit as a product of limits. 

Now, if a function (f(x) vanishes in every neighbourhood of so too 
does 4>'{x), if it exists, for, by Rolle’s theorem, it vanishes betw'een every 
two zeros of f>(x). Hence, by induction, a similar result holds for every 
existing derived function of 4>(x). Again, if <t>{x) is convergent at f, it 
must vanish there, since it vanishes in every^ neighbourhood of Since, 
then, <l>(x) — <f(^) vanishes in every neighbourhood of we see that 
, f>'(^) and hence, by induction, every derivative <^„(f), is zero at f. 

Thus, if/'(x), g'(x) v'unish simultaneously in every neighbourhood of 
then also every e.xisting /„(.c), g„{x) vanishes, though not necessarily 
simultaneously, in every neighbourhood of f, and any existing /,.(^)/g,.(f) 
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must necessarily be of the form 0/0. The only possibility of securing 
a determinate limit ioTf,^(x)jg„(x) is accordingly by the cancellation of a 
common factor that vanishes in every neighbourhood of f . If we forbid 
such a cancellation, we are safely within the provisions of (10). Hence 
(13) In evaluating ar> ineieterminate form 0/0 xve may intermix the differ- 
ential method of differentiating simultanemisly numerator and denominator 
with the algebraic method of cancelling common factors, provided only that 
such factors do not vanish in every neighbourhood of the j)oint of inde- 
terminacy. 


Some authorities would take exception to extending the term ‘con- 
vergent’ to a function which was indeterminate at points infinitelj' near 
the point of convergence. The narrower interpretation, of course, re- 
moves all difficulties of sequences of simultaneous zeros. I have, how- 
ever, preferred to adopt the wider view, as set out in chapter II § 1, 
that /(j-) 4 at f, if |/(x)— < c at all points within the domain of 
definition at which jj;— < some e). Moreover, in such an example 
as (11), the points of indeterminacy (other than ^) of f'{r)lg'(r) are 
isolated points and/'(x)/^'(x) is convergent there. Accordingly, in the 
spirit of the opening paragraph of this chapter we could reasonably 
extend the domain of definition oi f'{x)lg'{x) to include these points. 

We can extend the method of § 3 to reduce a similar indeterminacy 
at infinity. 

Suppose that lim/(a:) = 0 = \\mg(x). 

»0D 

Write X — 2-’, 


then 


\im f{x)jg{x) = lim/(z-i)/gr(2-i). 


if the second limit exists. 

Under the restrictions of (10) or (13) we may replace the latter 


limit by 


lim 2 -*/'(z-i)/ 2-Y(2 -i) 

z — >^0 


lim/'(z-i)/g'(2 >) 

►O 


= ]imf'(x)!g'{z), 

if this last limit exists. 

Thus we have, in analogy with (10), 


( 14 ) If 


lira f{x) = 0 = lim g{x), 

J"— ►ao O’— *-00 


then lim f(x)jg(x) = limf’{x)/g'{x), 

y— ►00 X— ►<» 

if the second limit exists, unless f'{x), g'{x) have an unbounded set of 
common zeros. 
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5. The indeterminate form oo/oo 
We now consider the case in which 

lim/(a:) = oo = lim g{x). 

Then, at a; == f , {f(x)]~^l{g(x)}-^ 

has the indeterminate form 0/0 and hence under the usual conditions 
lim {f(x)}-^l{g[x)y^ = ]imf'{x){f(x)}-^lg'(x){g(x)}-^, 

I— ^ 

if the second limit exists. 

This tells us that, if both the limits 


lim /(•*•)/?(*). 


iin\f'{x)[g'{x) 


exist, they are equal, and suggests the possibility of applying to the 
form co/oo the results obtained for the form 0/0. 

We must observe that by chapter IV (04), it f{x) have an infinity at 
so also has f'(x). Thus the analogy of the first rule (6) is inapplicable, 
since every /„(^)/! 7 ,i(f) is also indeterminate of the form oo/oo. Moreover, 
even if the second rule (10) is applicable, the differentiations do nothing 
to remove the infinities. Their purpose is to simplify the functions in the 
hoj)e that it may be possible to take out the infinity by algebraic methods. 

The fundamental proi)osition for the form co/oo is the following; 

(15) If lim /(a:) — oo =- lim 5 f(.T) 

and if f'{x), g'(x) do not vanish simulta7i€ouslg in every neighbourhood 


of then 


limf(x)lg{x) = lim/'(r);p’(r) 

a-— ^ 


if the latter limit exists. More generally 

H > i{x)lg{^) > K near 
if U > f'{x)lg'(x) > K near ^ 

The enunciation presupposes that f'{x), g'{x) both exist throughout 
some open neighbourhood of $, so that f is an isolated infinity of 
/(»•). 9i^)- 

Suppose now that f'(x)lg'{x) -> ..4 as r -> f , so that 

|/'(.c)/3'(a:)-x41 < y, if [r— < some rj{e). (16) 

By hypothesis there is a neighbourhood of say j*— < S, in which 
9'{x) have no simultaneous zeros. Take two points y, z in. the 
region |x— f 1 < S, tj. Then by the fractional formula of the mean 

/(y)-/(2) _ 


3661 
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for some x in )y, z(, the condition about simultaneous zeros o{f'{x), g'(x) 
being satisfied. 


Hence by (16) 


/(y )-/(z) 

9iy)-9(^) 


-A 


<ie. 


This we may write in the form 

fjy) fi2)-Ag(z)\ ^ 

g{y) 9{y) I ^ 9{y) 


(17) 


We may suppose y nearer than z to f and consider the limit y 
keeping z fixed. Then g(y) oo and so 


Hence 


f{ 2 )-Ag(z) 

9iy) 

f(z)-Ag{z)\ 


0 , 


Sf(2) 

9(y) 


0 . 


9(y) 


< 


1- 


ff(2) 

9(y) 


< 


it ly—^l < some T}’(e,z). 

Thus from (17), (18) we have 


(18) 


l/(2/)/S'(y)-*4 1 < €, 

if ly— I” other words, 


limf{y)lg(y) = A 

and the first part of the theorem is proved. The second follows by 
a similar argument. 

As in the case of the form 0/0, we can discuss an indeterminate form 
co/oo arising at infinity by making the change of arguments x = 2 “^. 
We find at once that 


(19) If lim/(a:) = co = lim gr(x), 

J-— ►TO 

then lim f(x)lg{x) = lim f'{x)lg'{x), 

X—*-eO X—^cc 

if the latter limit exists, unless f'{x), g'(x) have an unbounded set of common 
zeros. 


It is evident that we can also extend the principle of (13) to the 
indeterminate form oo/oo and so assert that 

(20) In evaluating an indeterminate form cojco we may intermix the 
differeniial method of differentiating simultaneously numerator and de- 
nominator with the algebraic method of cancelling common factors, provided 
only that such factors do not vanish in every neighbourhood of the point 
of indeterminacy. 
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6. Pathological phenomena 

In (16) it is, of course, essential that both /(a;), g(x) definitely diverge 
to infinity at a mere infinity, i.e. a point of infinite oscillation, is not 
enough. As an example write 

i[x) rs ) 

. ( 21 ) 

g{x) — x-^ta.n(x~^) I 


so that at the origin f(x) actually diverges, but g(x) only oscillates 
infinitely. 

Now f'(x} =- — 

g'(x) = ~x-^ta,n(x~’^)—x~^Bec^(x~^), 


and so 


/'(x) XCOFI^(x~^) 
!/'(-r) ~ 1-f JxBin{2a;-i)’ 


wliich converges to zero at the origin. 

The condition about common zeros is .satinfied, since f'(x) does not 
vanish at any finite x. Nevertheless 

-=r- cot(x- '). 

which oscillates infinitely at the origin. 

The failure of (1.5) through violation of the condition regarding 
common zeros is shown by an example -f 


/(x) 2,x+sin(2 x) 

g[x) {2/.T+sin(2/x)}e'’'"'i'-^' 
Here/(x), 5r(x) both diverge at the origin, but 
/(x),g(x) = 


(22) 


w'hich oscillates between e and e"' at the origin. Now' 

/'(x) — — 2x-2{14-cos(2/x)}, 

y'lx) — — 2x-^{l +cos(2/x)+J[2/x+sin(2,.r)]cos(l,.r)}e'’"‘<''j>, 

so that, on reduction and cancellation of the factor cos(l'x) which 
vanishes in every neighbourhood of the origin, 

/'(x) _ 2xcos(l/x)c-‘’“‘W'’' 

Sr'(x) “ l+xc08(I/x)[2-}-sin(l/x)]’ 
which converges to zero at the origin. 

As in the case of the form 0/0, the convergence oi f{x]lg(x) does not 
imply the convergence of J'{x)jg'(x). It does, however, imply, if the 


I Bromwich, Theory of Infinite Ser%e$ (190d), 381, Ex. 0 (b). 
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condition about common zeros is satisfied, that along some sequence 
{*»} of approach to f 

As an example write 

S[x) ~ a:-i+cos(x-i) 1 

g{^)^x-^ r 

Here /(x), g{x) divei^e at the origin and 

f{x)lg{x) = l+2:cos(x-i), 
which converges to 1 at the origin. But 

f(x) = — a:-*+a;-2sin(x-’), 
g'{x) = —a:-*, 

so that f(x)jg'(x) = 1— sin(a:-i), 

which oscillates finitely at the origin. But 

f'i^n)ig'i^n)^ if 

The condition about common zeros is satisfied, since g'(.c) does not 
vanish at any finite x. 

If the condition about common zeros is not satisfied, it is possible, 
with either of the forms 0/0, oo/oo, for f(x)ig{x), J'{x)!g'(x) both to con- 
verge but to different limits. An example can be constructed (with 
some difficulty) to show this. 

Choose any sequence converging monotonically to f and, when 
X lies in any define 

Whether be regarded as a point of either of the intervals 
i^n’ in+i)’ definition gives consistently 

f(U = ««. giL) = 

The functions are therefore continuous at the points and so also 
everywhere near |. Within an interval (ln>fii+i) "'a have 

^n)(* frm) 

Again, consistently, = 0 = g’{^J. 
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The functions are therefore differentiable at the points and, in fact, 
everjrvrhere near f . 

In (in’^n+i) function f{x) has neither maximum nor minimum, 
since the derivative v’anishes only at the end-points. The values 

f(^n) ' 

are thus the extreme values in the interval; so for g{x). Hence 
f{x), -> 0 at 

if 0. Moreover, in provided that have the 

same sign, f{x)lg(x) lies between the extremes of 


®Ti+l 

hj b„ ’ 


(25) 


Finally, in 


(26) 


''w+1 ^n+1 

g'(x) 6„-6„4i' 

Now write jn 

ft,, — l/\'ra-l-( — !)"/» 
so that ft,, is positive, if n '> 1. Then, as n->o:, each of the fractions 
(25) converges to 1. Hence 

lim/(.r)/(,(.r) = 1. 

n ' (-)«(2«-fl)r 


But 


{\n+^l(n+l)}sl[n(n + \)} 7i(n-fl) 




1 


{\n-i-^/(r! + l)}V{n(»+l)}'^ ?i(n-fl) 

(«„ — a„ 4j), (ft,, ft„i.i) I ■ 


(-)"(2n-fl) 


and so 
Thus 


lim/'(x-)/9''(^) -= 

r--f 

7. Other indeterminate forms 


Certain other indet^-rminate forms can be reduced to one or other of 
the foregoing forms 0,0, cejoe, and so evaluated by the methods we 
have been considering. They are 

00 — oc, I’', 0®, 00 ®. 

The three exi)onential forms 

1®, 0^"“, 00+“ 

are, of course, not indeterminate but converge to the respective limits 

1 , 0 , 00 . 

The indeterminate form oo— oo occurs when we seek the limit 
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given that lim/(x) = 00 = lim ff(z). 

We may reduce such a form to the form 0/0 either by writing it as 

or else by taking exponentials and writing 

gKx)-B<x) _ g-iKx)jg-HT)^ 

as appears most suitable algebraically. Each of these forms may, of 
course, be expressed in the form oo/oo and so dealt with, if that be 
more convenient. 

In the other three indeterminate forms it is sufficient if we take 
logarithms. We may write symbolically 

log(l®) = 00 .log 1 = QC . 0, 
log(0°) = O.logO = — O.oo, 
log(oo®) = O.logoo = O.oo. 

In each of these the O.oo may be written in either of the forms 0/0, 
00/00 as is found convenient. 

As elementary examples of the foregoing indeterminate forms we 
may consider the limits at the origin of the following functions, for 
convenience restricting x to be positive: 


cosec X — x“^ 

( 00 — 00 ), 

(27) 

x"*+logx 

( 00 — co), 

(28) 

(1 +*)'“«•' 


(29) 

jJogU+x) 

(0“), 

(30) 

(x-1)^ 

(ooO). 

(31) 


We may write (27) in the form 0/0 as 

{x— sin x)jxsinx, 

or sufficiently, since {smx)jx-> 1, as 

(x — sinx)/x^. 

Two differentiations replace this by 

(sinx)/2, 

which converges to the limit zero. 

In (28) take exponentials and consider 

gCi/i+ioei) — gi;xya;-i_ 

Since x > 0, this has the form oo/oo. One differentiation gives 
— x“V/-'/( — x"*) = + 00 . 

hm (x”’+logx) = +CX). 


Hence 
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In (29) we have, on taking logarithms, 

log(l-l-a')loga;. 

Since -> 1, we may write this 

\ogx/x-^, 

which is of the form co/co. One differentiation gives 

— x~'^jx~^ = — X ->■ 0 . 

Hence lim = 1. 

In (30), again taking logarithms, we have the same function 

log(l+a:)loga;. 

Hence lim = 1. 

J'-'O't 

Finally, in (31) we have, on taking logarithms, 

— a" log a;. 

This, as we have already seen, converges to zero. Hence 

lim (x-’)* = 1. 

^->•01 

8. Orders of zeros and infinities 

If/(x), g{x) have a common zero at $ (or at infinity) and, if, as 
(or ->oc), the ratio \f{z)!g(x)\ 

(i) -> 0; (ii) has positive bounds;! {iii)->oo; 
we say that the zero of f{x) is of 

(i) higher order-, (ii) eqwtl order-, (in) lower order 
than the zero of g{x). 

If, less stringently, the ratio |/(.r)'!7(-*’)l 

(iv) is bounded above; (v) has a positive lower bound, 
so that it can oscillate to zero or to infinity respectively, we may say 
similarly that the zero of f{x) is of order 

(iv) not higher, (v) not lower 

than the zero of g(x). Finally, if the ratio can oscillate to both zero and 
infinity, we must say that the zeros of f(x), g(x) are not comparable. 

In similar fashion, if f[x), g(x) simultaneously diverge at ^ (or at 
infinity), we can attribute relative orders to these infinities (or declare 
them incomparable). Most simply, we can take over the previous defini- 
tions by declaring that the relative order of the infinities is to be defined 
as the relative order of the zeros of l//(x), ljg(x) at the same point. 

t 1 . 0 . A > ■> > 0, BO that /(j) ij{x) does not OBcillat^ either to zero or 

to infinity. 
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It follows from the two fundamental theorems of this chapter that 
in seeking to compare the orders of f{x), g{x) at a common pole we may, 
in general, replace them by their derivatives /'(x), g'(x)\ so too at a 
common zero of /(x), g(x) that is also a zero ef /'(x), g'{x). It is sufficient, 
however, to restrict our attention to the single case of functions which 
diverge at infinity, since the other cases of poles or zeros can be reduced 
to this by taking the reciprocals of arguments or functions. 

Now the successive integral powers of a variable x 

x,x2,...,x",x“+*,... (32) 

taken at infinity, form a natural and convenient ‘scale’ of infinities of 
ascending order. The interstitial spaces of the scale will, of course, be 
occupied by fractional powers and, if we are still more microscopic, by 
irrational powers. Where in this scale shall we place the infinity log x ? 
Now the corresponding scale of derivatives is 

l,2x,...,wx"-\(n+l)x",... . (33) 

The derivative of logx is x“*, which precedes every member of the scale. 
Moreover, it precedes «x‘~', the derivative of x', if e is any positive 
number no matter how small. Hence, by (15), 

(34) logx diverges with x more slowly than any positive power of x. 

More generally, (logx)" diverges more slowly than any x"^, i.e. than any 
X*'. Thus the scale of infinities 

logx, (logx)*,..., (logx)" (35) 

precedes the scale .x, x*, . . . , x" 

and is, in its turn, preceded by the still more delicate scale 

loglogx, (loglogx)*,..., (loglogx)",... (30) 

and so on endlessly. 

Moreover, at any point x" of the scale of powers (32) we may insert 
logarithmic scales either beyond the point 

x“(logx)", x“(loglogx)",... 

or before the point 

x“(logx)-", x“(loglogx)-'*,... . 

These, of course, aU lie between x®-‘, x“+* where e is positive however 
small. 

We may similarly at any point of a logarithmic scale insert logarith - 
mic scales of greater delicacy and insert this extended logarithmic scale 
in the original scale of powers. 
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The typical member of such an extended scale is of the form 
j;“(log a:)'’(logloga:)‘^..., 

where the indices a, b, c,... may be any real numl)er8 positive, negative, 
or zero, so long as the first non-mnishing index be positive. 

Since x diverges more rapidly than any (]oga:)“, it follows, if we 
replace the divergent argument x by the divergent argument e^, that 

(37) diverges icith x more rapidly than any potcer of x. 

The scale of powers of x is thus followed by the scale of powers of e^ 

c^e^i. _ (3g) 

We may replace this by Ihc more rapidly divergent scale 

(39) 

Still more rapidly divergent is the scale 

o.\p(f^),exp(e-^‘),...,exp(e^")..., (40) 

and so on endlessly. 

Wc maj' also WTitc the simple scale of powers (32) in the form 

It is then seen that every scale 

giiUvsf (41) 

follow.s the scale of powens but ])recedcs the exponential scales, if a > 1 , 
and precedes the scale of powers but follows the logarithmic scales, if 
0 a < 1. 

In geiierul, exponentials jirovide scale.s of increasing and unlimited 
power, logarithms scales oi increasing and nnliniited delicacy. The 
underlying iirincijilo is clear though a eomprehensive statement is 
difficult. 

9. The ‘order’ symbols. Successive approximation 

If, at the origin or infinity, the functions /(x). g(x) have zeros or infinities 
of the same order, we write in a convenient notation 

f(->)^Og(x). (42) 

On the other hand, if/(j') has a zero of higher order or an infinit}- of 
low'er order than g{x), so that f(x)ig{x) 0 as x-^0 or ^oo (as the 
case may be), T shall WTitet 

f{x) = (g{x). (43) 

Wc may call thc.se symbols 0, e order .symbols. 

Though w(' have defined, not the isolated order symbols 0, e them- 

t I piofor tbih lo tho orthodox bjinhol o 
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selves, but the assertions fi ) = 0( ), f( ) = e( ), and though these 
assertions are assertions not of equality but of inequality, yet it is still 
possible to establish certain laws of combination of the isolated symbols, 
as if they were symbols of specific functional form. 

Thus, if m, n are any positive integers, it is clear that, whether x 0 
or ^ CO, we may write ^ 


(Ox”')x{Ox”) = Oa:’"-*", 
(Ox”') X (ex”) = ex”'+”, 
(Ox)”' = Ox”', 


(ex)”' = ex’”. 

The cliief use of these order symbols O, e is to give an indication of 
the closeness of an approximation in terms of a ‘small number’ or ‘large 
number’ x. Thus we may write Taylor’s theorem in the form 


f(a+h) = ^^Ma)i-Oh”^\ 

r-0 


(44) 


if we know that f„+i(x) exists; or, more exactly, in the form 

f(a-\-h) = '^^f,(a) + eh”. (45) 

r- 0 

whether fn+i(x) exists or not. Here h is the ‘small number’ of the 
approximation. 

If a function y(x) is given implicitly by an equation of the form 

y = a-\-x4,(y), (46) 

we are accustomed, as an elementary practice, to determine an approxi- 
mate solution, correct to some integral power of x, by the method of 
‘successive approximations’. It is worth while to consider this method 
here and show that it does in fact give a solution to the approximation 
it professes. 

In this method of ‘succes.sive approximation’ we take a first approxi- 
mation corresponding to ar = 0, i.e. we take 

3^1 = «■ 

As a second approximation we substitute the first approximation for 
y on the right, getting _ a+x^(y,). 

So generally, if is the nth approximation, we define the (n-f l)th by 
the recurrence-formula _ a+x<l>(yj. (47) 

In practice we are often able, by expansion or other algebraic device. 
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to reject from <f>{y„) terms of order «»’*. We thus write our recurrence- 
formula (47) in the more general form 

2/fl+i o+x{4>{y^) + €X”]. (48) 

Now the method of successive approximation claims that the -nth 
approximation j/„ gives an expression for y correct to x", i.e. that 

y = ( 49 ) 

This we can prove by induction, provided that the function 4> satisfies 
certain conditions. For, by (46), (48), we have 

Hence 2/ = 

if <f>(y)-<f>(yn) = 

Since y—Vn — 

by the inductive hypothesis, it is sufficient to prove that 

{<f>{y)-<f>(y„)};(y- y„) 

is bounded as x -> 0. 

If </> is differentiable, we may wTite this fraction as where ij lies 
in the interval )y,y„)- It is therefore sufficient for the induction that 
4>'{y) be bounded near x — 0. 

If <f>'(y) be bounded near x — 0, then, by chapter IV (64), (f>(y) is also 
bounded near x — 0. Hence, from (46), 

y — a -> 0, as x -> 0, 

This wc may write as , , 

•' y — a-fel, 

which provides the first stejt of the induction. We may sum up the 
foregoing in the theorem 

(50) Ij the implicit relation 

y =- «-l-.r^()/) 

defines a function y{x) such that 4>'{y) exists and is hounded near x — 0, 
then the formula of successire approximalion 

?/«+! ^ «+-*-{^( 2 /„)+«''} 

defines y„(x) as an approximation to y(x) correct to x". i.e. such that 

y = .Vn+f-r"- 

This theorem so stated is not completely satisfactorj^ since we are 
silent about the kind of function defined by the implicit relation. This 
point we shall be able to take up m chapter XI. 
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10. Lagrange’s series 

It is possible, following Lagrange, to give an explicit form for the nth 
approximation which arises from the method of successive approxi- 
mation discussed in the previous section. Lagrange’s formula actually 
goes farther and gives an expression for the wth approximation to f{y) 
where /( ) is a function subject to certain restrictions. 

We continue to take the implicit relation in the form 

y = a+x<l>{y), (61) 

and it is convenient to anticipate the theory of chapter XI so far as to 
assume that 

(52) ‘If (f>'{y) is bounded near y = a, then the imj)licit relation (51) 
defines a function y(x, a) which is differentiable in {x, a) near a; = 0 and 
has the value a at a; = 0.’ 

We may state the theorem in the form; 

(53) If, for n > l,f„(y), <f>n{y) near y = a, then the imj)Ucit relation 

y = a+x<f>{,y) 

defines a function y(x, a) such that 

fiy) =/(«)+ 2 ^ 

r-I 

Since n > 1 and 4>niy) (“xists near y = a, then 4>'(y) being differen- 
tiable is continuous and so bounded near y — a. Hence, by the assump- 
tion (52), the function y(x,a) is differentiable near a. In particular we 
find for the partial derivatives 

f^^4.{y)l{l-x4.'(y)}, ^^ll{l-x^'{y)]. (54) 

It follows that l—x<li'{y) cannot vanish near x = 0, ?/ = a, as is other- 
wise obvious, since <f>'{y) is bounded near y =- a; and therefore that 
dyjdx, dyjda, being differentiable functions of differentiable functions, 
are themselves differentiable near y — a. Arguing inductively in this 
way we can at length show that all the derivatives of y exist up to the 
mth order and that all the partial derivatives up to the (to— l)th order 
are differentiable. Hence, by chapter VI (29), the partial differential 
operators BjBx, djda are commutative up to order to. 

Since /„(?/) exists near y = a, it follows that f(y) exists near x = 0, 
and therefore, by Taylor’s formula (45), we may write 
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To evaluate the coefficients of on the right observe that we have 
from (64) 


i)x 


(56) 


and that, if g{y) be any differentiable function of y, then 
0 

0a: 1 


g(y)^ 

oa 


oxM dx da 




if the operators bjdx, Pjda are commutative. Hence near a; = 0 we have 

= by (55), 


and so 


0 0 ^ 


Now, initially, by (55) 


da cx 


Hence, by induction. 




r 

Since x, a hav^e been treated as independent variables, we may put 
a- =r 0 on the right without affecting tlie i)artial differentiations in a. 
This substitution gives 


y = a, 


'da 


--= 1, 


and so 

and the theorem is established. 

It remains to show that Lagrange’s formula of approximation agrees 
with that given by the method of successive approximation. Suppose 
then that the two formulae are respectively 

y(x) = ao+aiX+...+o„x"+ex" 
y{x) = 6o+6jX+.,.+&„x’’+tx’‘. 
(ao-^’o)+K-^)-*;+-+K— 


and 

Then 
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i.e. lim + 0, 

x ->0 

which is only possible if 

®0 ~ ^0> ®1 ~ •••> ®n ~ 

The two formulae are therefore identical. 


II. Newton’s method of approximation 

We conclude with a method, derived from the generalized linear formula 
of the mean, chapter V (28), and due to Newton, for approximating to 
a root of an equation f(z) = 0. We use the particular formula corre- 
sponding to n = 2 

f{a+h) =f(a)+hf'(a)+W-r(a+Bh). (56) 

Here a-f-A. wdll be taken a,s the root we are seeking and a os some con- 
venient first approximation to it. The formula jmesupposes that /"(.r) 
exists throughout (a,a-\-li) and hence that/'(x) exists and is continuous 
throughout the same interval. More precisely, we stipulate that 

(i) f{a+h) = 0, 

(ii) f(x),f'{x) do not vanish in {a,a+h{, so that f{x) has an invariable 
sign in the interval, 

(iii) f"{x) has throughout (a,a+A( this sign of f(x). 

Thus from (56), by (i), 

0 =/(«)+V(a)+2^T(«+^^0. 

i.e. —hf(a)if(a) ^ l + ihY{a+Gh)lf(a) 

> 1, by (iii). 

Hence hes between 0,A and so a—f{a)lf'{a) lies in )a,a-f //(. 

Thus a—f{a)lf'{a) 

is a better approximation than a to «-j-A. The stipulations (i), (ii), (iii) 
apply to Oj and Aj (s a-)-A— Uj) just as much as to a and A. Hence, 
by a repetition of the argument, we see that 


«* = Oi-/(ai)/f (fli) 

is a better approximation than to a-|-A. Thus generally the recur- 
rence-formula , 

= (57) 

/ (On) 


defines a monotonic sequence lying always in the interval (a,a-fA). It 
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is therefore bounded and so convergent. Suppose it converges to a. 
Proceeding to the limitf we have 

which gives f{a) = 0, since f'{x) is continuous and therefore bounded 
in {a,a-{-h). But in (i), (ii) we have stipulated that a+h be the only 
zero of /(x) in (a,a-]-h). Hence we must have a = a+h, i.c. «„ a+A. 
Thus 


(58) If (i) /(^) = 0, (ii) /(x),/'(x) do not vanish in the interval {a, f (, and 
(iii) f"(x) exists and ha^ the invariable sign of f{x) throughout (a, f(, then the 


recurrence-formula 


/'(«„) 


defines a sequence {o,,} which converges steadily to f. 


If y = f{r) can be rejjreHented graphically, the result of (58) is evident 
from a figure. For, if the curve cross the x-axis at A and X is the foot 
of the ordinate from B on the curve, then (58) asserts that, if the arc 
AB \a convex to the x-axis, then the tangent at B crosses the x-axis 
at a point nearer than X to A. If A B i.s concave to the x-axis, it is 
similarly to be seen that the tangent at B cro.s.ses the x-axis outside AX. 

Suj)pose more generally that we are given that/"(x) exists throughout 
(a, 6) and has only a finite numlier of zeros (if any) in (a, 6), and that 
/(x) vanishes at not a zero of /"(.r), in the int(>rval. Then, since the 
zeros of /"(x) separate those of /'(x) which again separate those of/(x), 
the zeros of /(x), /'(x), /"(.r) in {a,b) arc all isolated, and we can therefore 
choose a sub-interval (Oj, iij) in w hich/(,r),/'(x),/'’(x) have no zeros apart 
from z 

Since a derived function can change sign only by passing through 
zero, /"(x) has a constant sign throughout (a^.bj). and/'(x) has a con- 
stant sign in {a^, $( and in )$. bj). 

Suppose firstly that f{aff, ffbf) have ojiposite signs. Then, if f(aj} is 
that one of them which has the constont sign of /"(x), the interval (Oj, ^) 
satisfies the conditions of (58) and Newton's method is applicable. 

On the other hand, supjiose that/(ai), f(bi) have the same sign. For 
simplicity take /(Uj), f(bf) positive and f < b^. Then f'(x) must 
vanish in (a^, bf), for otherwise /(x) would be monotonic in (Uj, bj) and 
/(f) would lie between fiafj.fibf). We have excluded from (a^, hj) every 
possible zero of /'(x) except f . Hence /'(f) = 0, and /'(x) is negative 


t Since J'{x) exists and/'(x) does not vcuiisb in tlie interval, S(x)jj'(x) is diSerentiable 
and therefore continuous m the mtervai. 
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throughout (Oi,^( and positive throughout )f, 6i). Thus /'(a:) increases 
in and the constant sign of f''(x) is tJierefore positive, i.e. f"{x) 

has the sign of both/(fli), /(ftj). In this case each of the intervals (a^, f), 
satisfies the conditions of (58) and Newton’s method gives a pair 
of monotonic sequences converging to ^ from opposite sides. 

Thus, granted the existence of f"(x) and the isolation of its zeros, we 
can approximate by Newton’s method to every zero of f{x) that is not 
also a zero off"(x). 

We may include (58) under the following more general proposition: 

(59) If (i) i^{x) is continuous and steadily increasing in («j, ^), (u) <f>[x)—x 
vanishes at x = $ but not elsewhere in (a^,^), (iii) has the sign of 

f — Uj, then the recurrence-formula 

»«+i = <!>{««) 

defines a monotonic sequence converging to i 


For simplicitj^ suppose that then, by (in). Uj < <^(Oj), 

i.e. Uj < Oj. 

Again, by (i), </.(«i) < since rtj < 
i.e. <12 < 


Lastly, by (i), <j>{aj) < since a^ < a„. 
i.e. <i 2 < <f>{ai). 


Thus a^ lies in (Uj, f) and the conditions (i), (li), (iii) of (59) are still 
satisfied, if we replace a^ by a^. Hence, by induction, tliey are .satisfied, 
if we replace a^ by any of tlie sequence In otlier word.s. 

««< a«+i<^ 


for every n. The sequence {a„} is therefore monotonic and bounded by 
f . It thus converges to some limit a in (Oj, ^). 

Since f>{x) is continuous, we may proceed to tlic limit in the recur- 
rence-formula, getting at = 4>{a.). By (ii) this gives a = | and the proof 
of (59) is complete. 

To bring (58) under (59) write 


<l>{x) ^ X — 


/(£) 

m 


4,'{x) = 


f{x)f"{x) 

[/'(*)]* 


and therefore 
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Thus, if f{x), /"(*) have the same sign, <l>(x) is monotonic. To secure 
(iii) of (69) write 

0 = f(a-\-h) = f(a)-\-hf'(a-{-6h). 

Now/'(a+^^) has the sign of /'(a), and so h has the sign of —/(»)//'{«), 
i.e., in the notation of (59), f has the sign of <j>(a^)—ai. 


WORKED EXAMPLE 


The functions f{x), g{x) arc defined by the power-series 

g(x) =- x-i bif‘+' + Bx^*'+Ox’‘^K 


F(x), Q(x) are the corresponding inverse functions or, if nmny-volued, the continuous 
branches of such funriions for which t'(0) = 0 = <?(0). Show that 


(i) lim 


f9(x) — gf{x) 


= L, 


(ii) lim 

X— *^0 


, /g(.T)+ Fg(x)- g f{x)-gF(x) 


2(2w-f l)ai, 


(hi) lim fl^0{^)^J(j(^)-rfO(x)-gf{x)- gF(x)-Qf{x)-OF{x) 

' x-^O jSm+l 

-- 2(10m*-r 1 l?« + 2)abi, 


where L -•= m{Ab—Tia)— ^m(/n- l)ab(a — b) and fg(x) is vrittcn m j/lacc of the more 
elaborate symbol f\g(x)]. 

The power-Korieij lire to he .supposed eonvergeiit in .some interval containing 
the origin. Within this inten'ul they are differentiable and by Taylor’s formula 
wo havo 


M^)-f(x)- Cj{x)^x 

( 62 -’"+i + 7?j-2"'H)[(m-i-l)aj-"'- (270-s 1 h-lx*”']-!- 

-r i(6x”*s‘)“7n(m 1 )ax’"“* -f 

(m + llahr®"' [(2»i + l).46-;-(m-r 1 )nR-!- l)a6=]j™** + cx’"’'’'*. 
We intereluingo /, g and take the difference, gettmg 
f'j{x) — gf(x) =- 

and (i) follows. 

Write <l>(x) - fg(x) -gf(x). 

Since f(x), g(x) —> 0 as x — > 0, wo can choose x so .small that t — g(x), t = f(x) 
lie within the respeetii’o intervals of convergence of/(t), gtt) and therefore f>(x) 
converges in some interval and is differentiable therein. In particular, 

<^'(x) = (3ni + l)£x»"-i-«»’”, (1) 

and generally <i’Ax) = (r < 3»i-rl). 

The functions f, F are connected by tho relations 

y =/(x). F{y) = X, 

and henco /T'(() = t — Ff(t). 
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Thus X = J’(a)+a{F’(a:)}™+»+£{J’(a!)}’»+», 

i.e. xlF(x) — l+o{J’(a;)}'» + f{ii'(i)}”‘. 

But F(x) is continuous and Ftfi) = 0, and we therefore have 

lim xjF(x) ~ ll (2) 

*—►0 

It follows too that ii'(x) = aj:”*+i+e3;™+i. (3) 


Again, F'(x) 


i.e. F'{x) - 

Hence F'(x) exists 
exists. Now, if m 


V— KB y ^ 

hm , 

r{v)->-P(x)JF{y) —JF(x) ' 

1 


since F{x) is continuous, 


Again 

gF(x)~Fg(x) 


Hence 

Sg(x) + Fg(x)- 


since 
Now 
and so 

Hence, by (4), 
and BO 

We thus have 


}'F(xY 

and in particular F'(<i) ~ 1. .Similarly exists, since f"(x) 
(i) we put F{x) for x, wo have 
fgF(x)-g(x) L{F(a-))>”*+i + £{F(j:))»'»^i 
= i/r:*’»+‘+£x»"‘+‘, by (2). 

= FfgF(x)-Fg(x) 

= UgFix) - g(x)]F'g(x) + 0[fgF{x) -g(x)f, 

by Taylor’s theorem, 

= U 9 F{x)—g(x)\F'g(x)-JrOx*”'^^, by (i), 

= <f>F{x)F'g(x)-\- Ox*’"'*'*. 

afM-gF{x) 

= <l>{^x)~^F{x)F'g{x) + Ox*’"*^* 

- <f>{x)—^F(x)+<l>F{x){l — F'g{x)]+Ox*’'‘-** (5) 

= {x-F{x)}<f,'{x)+4>F{x){l ~ F'g(x))-r OxF"* \ 

X- F{x) = ax’"**, <l>Y,x) ^ Ox*’"-’*\ 

fix) = l+(7n + l)aa-"' + £x’”, 

J'F{x) — l + (m4-l)ax”-l-ea;'". 

F'{x) = 1 — (TO+l)ax’"+£x”’, 

F'gl,x) = I — (m+ l)aX"-t£x’". 


fg{x) + Fg{x)-gf{x)-gF{x) 

= ax’"'*H3m+ l)Lx*’"+ Lx*’"**(m+ l)ax’"+fx*’"*-* 
= 2(2m+l)<iix«”*-ti+£x<’”H, 

which gives (ii). 


Write now - fO{x)—Of{x). 

Then, if we interchange f, g in (ii), we have 

(^(x)+(^(*) = (4m+2)frLx*’’'+* + ex*™+’, 

and consequently 


ij>'{x)F'p'(x) = (4OT-(-2X4i?z+l)6Xx*”'+ex*”*, 
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and generally (r < 4 to + 1). 

Now, aa m (5), 

/?(*) - af (^) + ) +/G(a:) - af{x) + FG{x) -GF(x) 

= ^{x)+4i{x) - fl>F{x) - <j,F{x)+^F{x){ 1 - F’g{x))+<fsF{x){ 1 - F'G{x)) + Ox»«+> 
=- [x-F(,x)]l,f'{x)+4,-{x)] + Ox*'^--‘+[4F{x)+,j,F{x)}{l-F'G[x)} + 

-f <ftF{x){F'0(x)— F'g(x)], by Taylor’s theorem. 
But x~F{x) — ax^+' + cx^+h 

=- (4m4 2)(4m+ l)6Lx*'’*-r€X^''‘, 

4>F(x)^<l,F(x) (4m -i 

I— F’0(x) (»«+ l)ax’"-i-ex'", 

4 iF { x ) - z:x“'»+'-€x>”‘+'. 

Again C'(x) - X 6x’“'* .(-€x’’‘+’, 

and so 6(x) — g(x) — 26x”*<*. 

Hence F'0(x)- F'g(i ) - - 26x“- 'F''(x) + Ox^’"-' » 

— 2abm(m ( Ijx*"*-! 

Thus (^F(x)[F'Q{x) — F'g{x)} ^ 2»i(j«-l- 
and .so flnallj 

/?(•'■) Fg(x)-gF(x) >-fa{x)~ Gf{x) ‘-FG{x)-OF{x) 

{(4mJ 2)(l>n 1) * (4m •- 2Km-r l)4-2m(m+l))afeijx*"*+' • ex*"*^* 

2(1 lm° •; Win - 2)abLx^’”''~ex’’'““, 
which gi' c's (ill). 


KXAMPLK.S VII 


1. Provo that Theorem (6) ri'innins tnic when all the deneatives which occur 
aie only iirnbral demntncs. 

2. If the conditions of Theorem ((>) njijily, namely that 

/r(^) <7r(|) (r -0.. ,n-l). g„(^) AO, 

and if, in additioii,/„,i(^)- ffuriii) cx-ist. pro\e that 


^ -jo 


/sif-M 

StnU) 


I- C 


If /n+8(^)" .9n+j(f) cxKst, obtain the ( oircsponding expression for i)*[/(i-)/S'(x)] 
at X - f . 

3. Evaluate the limits 


liin 

ab-vl 


log{x 

V(x«-1) 


iim 


6 ft’ 


lini log(l — a;)cot jTrx, lmilog(l — x)cot Jttx, 

x ~ *0 a— *■! 


Iiin C** 

jc-K) 



lim (1 — logjj-l)'. 
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4. Show that, as a; — *■ 0, 


r ^ ^ I g V = ( 

(wt)* j^(n-\-r)\{n—r}\ 

r-l 

" Z.(n+r)!(n-7-)! 


o V _ 


/ f (n+r)l{n— r)! 
r-l 

and obtain the limits, as a: — >- 0, of 

CJx^, S„/x»"-‘, 

5. Show that 


j. 1 — sin{j7rsm[i7Tsin ...sinllircosiTrx)]} 




where ‘sin’ occurs n times in the functional sj-mbol and N rs 2"’'. 

6. Obtain the limit lim ^ )1>, 

log{log[...logxJ} 

where ‘log’ occurs n times m each fiuietiona} symbol. 

7. (i) If t(i(x) :3 X, Mj(x) - « 3 (J') . x**, and gcn('raliy w„+i(x) - show 

that,asx^0 + . tWx)-*0. 

(li) If La e-*, f,(x) - cxp( — xc-^'), and generally x„^j(x) exp[ — xi'„(x)], 
show that, as X — * + ct', 

1-ini^) 1, t’M+j(a') 0. 

8. Determine the limits, as x— »■ oc, of 

9. If/(x) — s- 0 and /(x)g(x) -> 1 as x — > 0, show that 

hin{l+/(x)}»<*> _ e‘. 
x-*o 

If/(x) -s- 0 and g(x)J(x) — 1 as x— > 0, show that 

lim|/(x)|<’<*> — 1. 


Show that 

according as < > 0, = 0, <0. 

10. Obtain the limits 


lim|xp+‘ = 0. l.cc 
ar— Kl 


( 7T 

sin* rr 1 

2 — ox/ 


11. If /(x) -> 0, g{x) ->• 0, j>'{x) — »■ J as X -> 0, prove that 

/(x)-g(x) 

{l+/(x)}V^»>-{lH-g(x)}V<'W _ 

J(x)—g{x) 

/{x)-g(x) * ’ 
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and evaluate the Imut 

j5_vo *{sin{J/a:) -cos(l/x)J 

12. Evaluate the limita 

lira {(cot a:)*sin(cot a:) — (cosec 3-)lsm(cosoc a:)}, 

(©-►o 

sin(lof;a:) — siri{log(sina;)} 
a:sina:l<)g(xsinj:) ' 

, ain^a- f»in(x st-e x)— cosV sin(x cosec a ) 

X''(nlllX— COSX) 

13 Obtain the hunts, as x v 0 ( , of the f xpressions 

X*— (sinx)^ (sinT;’ (siri~’x)* 2x^ 


hrn - 

ae— >0 


1 

30’ 


^alnx (sina)'f 3»lia;_(.,l„ j-)sina 

(sina X*’ (feina)* (siiia)'<*"='' 

(tan a )«!'>* I (tan-’x)^-*""'*— (sinx)'-'"^ (siii"'r)'l“ 
a^logx 

14 Provo that 

hO< (cosh I 1)- toshlsK r— l)-t-sef X — coshx 1 

x” “ l440’ 

15 Pro\e that, as x -<■ 0, 

tan(sin x) — i5in((an x) 

-7 

tan(sinx)s tan'’(sinx) -sin(tiinx) — sin(tan“’x) 1 

x» 9’ 

tan(sinx) — tan“*(siu~‘x)- sin(tana)T sin“Htan“’r) 1 
- -- 

x“*’[tan(siux) rtaJi“'(sina ) tan(sin~*) )-r tau“*(sm~’7 ) — 

— hin(tana ) — sin(tan"’r) -sin~*(tanx) — sin~*(tan“’a)] -> 
It) PioNi. that, ius X -> 0, 

1^(J^ rx)Iop(l— x) - lo e(l— a-) _1 


32 

f35 


17 


x-'( 

2 iop(l ^ x) 

loe^ — 

1 * 

2(,x- 

3 ( X) 

T 

~ ^ ~ c 

r-x\ _ 23 

(l 

-llogU+Tij^ 



(X 

) 


J 12 

If (h<' 

‘ not t Hsrti j d« I 

i\ ativt s 

exist* j)io\ 

o that 

a*? j —> a, 


/■( 

» 

1 f {") 


lf(<) 

A(")| 

2 1 

^ l/a(«) 

m- 

-f(a) 1 a 

“ -7 (") 


'd/(a)- 


( a)- 

^ 0/ (a)’ 


// 

3/ (k* 


r 

I 

1 /.i(") 



1 

1 

,)- 4/(« 

) i 

1 (1- 

~a)“ 

72/0')’ 



4/ (A . ja) rf (0 )1* 1 ^ l_f W 

I G/(x) - ()/(a) / (t- a)* 720 /■(«)’ 


7'( r)f3/'(^ x+ \aU 3/(i a i ga) -r /■(«)>* _ 1 1 /.(°) 

H/(x)-S/(a) / (x-o)* lb20/'(o)‘ 
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18. If F(x) = 

and if /n+i(<») exists, show that 


x—a 


n+i 


= F„{a). 


If 


F{x,y) ^ 


f(x)-f{y) 


x-y 


and if/„4^i(a’) ->/„+i(a) as a- -> a, show that 


lim 


d«F(T,y) f„^,{a) 


19. If 


show that (i) F(x, y, a 


F{x,y,z) ^lf(x) f{y) f(z) 

|?(i) g(y) g(~) 

\ri{x) h{y) h(z) 

1 


w-f-l 

~(x—y)(x—z){y — z). 


2 ! 


{D,l)^\f{a) g{a) h{a)l 


as x,y -> a, if /"(o), g"(a), h’'(a} exist; 

(ii) F{x,y,z] l)^(/(a) 3(0) /i(a)(, 

as x,y,z a, if f"[x), g'{x), h’(x) are continuous at .c — a. 
20. If/(.T) ->■ 00 as a: ->• oc, sliow that 

hm /'(x) ^ I 


secures 

which again secures 


lim {/(a;+l)-/(a;)} = I, 

r— 

lim /(i)/i = I, 


but that we cannot argize in the reverse direction, even if f(x) be inonotonic. 

21. If, as x~f X, /'(a') — (i) Ox', (li) ea:’’ (r ^ ()), 

show that respectively /(x) = (i) Ox'+‘, (11) 

If /(O) = 0 and if, as x ^ 0, 

/'(x) == (i) Ox', (ii) ex' (r ^ 0), 
show that respectively f(x) ^ (1) Ox''", (ii) ex'*'. 

Show, however, that we cannot argue conversely from /(a ) to /'(.r). 

22. If 9(a, h) be defined by the formula of the mean 

f(afh) ^f(a)f hf'iai 9h), 
show that, if ft(a) exists and/,(a) 9^; 0, then 

a- , A Vt(a)/4(o) -/?(«) 

23. If near x = 0, 3/ = 0, we have 

y(x) =1 x+a,x+...4- + 
and, for the corresponding inverse function, 

x(y) : j'+6jy-l--+*«a^+cy", 

show tliat, for r n, 

6 , =r (-)'-'{D\D* iy)\y,y\...,y’-%.e< 

the constituents of the «th row being the coefficients of .r**' in 3/, j/® y'^'. 


■ + ehK 
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24. Ify = a+X(^(y) and 

Y ■€<!>{») ^^(a) 

’ l~x<l>'{a)’ ‘ l — x4>'(y)' 

show that, granted differentiability, 

y— a— X, ^"{a) ,__y— a— A'j 

X? 2^(a) 

2(/— 2a— X, — A'2 


Inn- 


lim : 

aj— >0 


x> 


Imi- 

{r->0 


X{Xl 


(itfla) ■ 


26. Ify - o,-\- X show that the oyxrator-^ 

^ _ S 

dx’ \-x<l>{y)oy’ 

operating on any y), are comniutiitivi . Show ako tlmt 


dx" 


[, 


\_ O" * [f (y)\4 >^y)\’' \ 

1 X(f>{y)Y 


('/)"/] \ 


20 Obtain tho Lagrange’s o\punsion-> of 

(1) e"'‘cohby in powers of yaw^ 

(ii) log{av ^’) in powers of y(ay-^ hf, 

(ill) y III powers of y~‘ logy 

27 Apply I^agrange’s method to obtam 

(I) tho expansion of log{l+^/(l— J-)} in ascending powers of x, 

(II) a senes for y—a m fractional de.scendirig powers of a— b, where 

{y-«ny-b)o - 1. 

28 If, under the conditions of I.agrange’s tlu-orem. 

y =- a ~xj,(y). 


show that 


r-O 


(»: 


(v 




Show that (l-2ai , ir“) * - ^,.,^-,1 “2~j 

r-O 

29. If z — a4-x^(i)-j-y^(i). show that, granted diHirentiability, 


c>’+ '>f(z) 

cx^dyo 




■r 4>'(z)-yili'(z) 


rj 


1-.I ^'{z)-yip'{zy 
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where, on the nght, x, y ore to be» regarded us constants during the differentiations 
in z 

Show also that z satisfies the jiartial diffemitial equation 
\dyi f’x* dxeyexey \<x/ cy^ 

Generalize these results for an unphcit funutioii of n mdependent variables. 
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30. If z = show that, granted differentiability, 

j> «-i 

where co c„ 0 as i, i/ -> 0. 

31. Obtain the sequences given by Newton’s method for approximatmg to 
zeros of the functions 

and determine the necessary relations between the constants in ortler that the 
conditions of the method may be satisfied. 

32. Tlie sequences jarn], {cc^,} are obtamod by applying Newton's method of 
approximation to determine Va as a zero of the respective functions x* — a, x—ajx. 
Prove that, if XjxJ = a, then, for o\ery n, 

^ “• 

33. Discuss the convergence of the sequences defined by the following recur- 
rence-formulae : 


(•) 

•^n+i 

= log(l+o,.). 

Kl 

<" 

1 , 

(>>) 

^M+l 

= sin j7ro„. 




(in) 

^n-hi 

— aj+c'’-!-!. 




(>') 

2^rt+l 

= 61 ?, -cM 1, 

Oo '' 

1 


(') 

2a«+i 

= al-c‘+l. 

l^o- 

ll 

< !<■ 


34. If Newton’s method of approximation bo applied to a function /(r) in 
which f{x),f’{x) are always positive (and nev'cr zero) for real value- of a, show 
that the sequence ,, , 

diverges to infinity, if /'(a) has no real zero, or oscillates, if f'{ 2 ) hos a real zc ro, 
unless, exceptionally, some o„ actually attains to this zeio. 

Discuss the examples 

(l) /(x) _ x'‘-x+l, 


(11) /(X) €=■. 



VIII 

ANALYTIC FUNCTIONS 
1. Expansion In power-series 

In our original definition of functional dependence we were careful to 
distinguish the form of the functional relation from the analytical 
expressions (if any) which might be used to represent it. From the 
theoretical point of view the fact of functional dependence and the form 
of the functional relation are chiefly important, but it is clear that we 
shall bo handicapped for practical purposes, if we cannot find con- 
venient anal3dical rejiresentation of the functional relation. 

By ‘analytical expression’ we think more particularly of functions 
expressed as the result of algebraic operations combined, if necessary, 
with passage to the limit. The typical such expression is the limit- 
function of a sequence of clemcntarj' functions. More precisely, it is as 
the sum-function of a series of elementary functions that we find our 
most fertile mode of analytical expression. Simplest among such series 
of elementary functions is the power-series, wluch we discuss in this 
chapter. 

The form of Taylor’s series suggests tliat representation by power- 
series is peeuliai'ly relevant to the methods and ideas of the UifTerential 
Calculus, and in the preceding chapter we have aheady seen the possi- 
bility of apjjioximating to a function by a terminated series in powers 
of .T, the approximation being correct to some specified power of x. 
We have now, however, to consider the more exacting problem of 
representing a given function, not approximately but precisely, by a 
pow'er-series, the representation being vahd over some prescribed 
domain. 

We shall first show that certain conditions must be satisfied by a 
function /(x), if it can be represented by a power-series, and then pass 
on to prove that these conditions are also sufficient to ensure the 
representation. 

In general terms we may describe the class of functions which can 
be represented by power-series as the class of analytic functions. We 
shall convert this loose description into a precise definition at a later 
stage. Meanwhile we pre])are the way for the discussion of this wider 
class of functions by considering the conditions W'hich characterize a 
subdivision of this class, namely the class of sum-functions of power- 
series. 
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2. Properties of the sum -function of a power-series 

The properties of a series of powers of x+a will clearly not differ 
essentially from those of a series of powers of x, and it is therefore 
sufficient to consider only series of the latter type. Write 

r^O 

The series has an interval of convergence [—p,p), where 

p = (2) 

If p = 0,f{x) is defined only at the point x = 0 and not over an interval. 
Hence we suppose p > 0 (3) 

The interval of convergence may be open, half-open, or closed. Within 
this interval, by chapter IV (69), the sum-function is differentiable and 
its derivative is represented by the differentiated series, thus 


/'(*) = 


(4) 


We may apply chapter IV (69) to this new series and so on, until at 
length, for any Ji, « 


r =0 


r! 


Thus 

(6) The sum-function of a power-series has derivatives of every order 
throughout the open interval of convergence. 

We are required to say ‘open’ interval, since the theorem may or 
may not extend to the end-points of convergence. Thus 


x^-\-x' 


/(») - 2 


2r+l 


r(r+l) 


(7) 


has the closed interval of convei^ence (—1,1). The first derivative 
exists at —1, but not at +1; the second derivative exists at neither 
end-point. These facts become evident, if we sum the series and write 

( 1 — x)( 1 -l-x)* log( 1 — x^) 


/(X) = 

On the other hand writef 


-(1+x). 


/(x) = 2 e-''’’3f. 

r^l 


(8) 


Then 


t I owe the example to Professor G. H. Hardy. 
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and BO the interval of convergence is ( — 1, 1). Again by the ‘logarithmic’ 
tests for convergence! it is seen that, for any n, 

1 

converges. Hence derivatives of every order exist throughout the closed 
interval of convergence. 

Now (5) holds throughout the interval )—p.p( and therefore in parti- 
cular at a: = 0. Substitution gives 

= /«(<>)/«'-, ( 9 ) 

and we may therefore rewrite (1) in the fonn 

( 10 ) 

r- 0 

which is exactly the Taylor’s serie.s for /(x) with r = 0 as ‘point of 
origin’.! Thus 

(11) A pover-series is a Taylor's series of Us own swn-f unction, the 
point of origin being the mid-point of the interval of convergence. 

PTom (2), (9) we hav(“ 

p --- lim;/„(0)/w!i-l'^ 

and hence .su])iiosing, as we do, that p > 0 we must have that the 
sequence |/„(0)/niP'''‘ 

is bounded. Wo can go farther and prove that 

(12) ///(•*■) is the sum-function of a power-series convergent in (— p,p), 

then l/„(-r)'w'i'''‘ 

is bounded, when n is a positive integer and x lies in (~a.a) where a <. p. 
(’boose any Iwtween cr, p, so that 

<7 < CTj < p, 

and, in virtue of (2), 

|a„ > CTj, if n > some A^((Tj), 

i.e. 

I rf. lirtmiwich, Theory of Infinite Series (1908), § 11. 

GO 

t The Tajlor'e serioij f(x) = friu) 

r-u 

la, of course, a function of a ns well as of /(j-). luid it is convoiuent to bring a into the 
title of tho senes under some such phiuso as ‘the point of origin’. The particular series 
(8) formed witVi r — 0 as point of ongm is sometunos distinguished as ‘Maclaurin's 
senes’. There soeras, however, no real need for the different name, especially since it 
does not appear that Maclaiinn uuaginetl his series to be anything more than a particular 
case of Taylor’s senes. 
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Hence, from (6), 


l/„(x)/rill < 2 

r =>-0 


(w+r)l 

n\r\ 




i.e. 


Thus we have 


< CTj ”{1— |a:[crj since la:| o- < 


which we shall need subsequently. 

Widening the inequality we may wTitef 
\L{x)ln\\ < 

i.e. \fnix)in\\^’^ < CTi(ori-la-|)-2 < 

and so is bounded, ii n > N. But each of the functions 


(13) 


|/„(a:)/w!p'» (w = 1,2,...,A") 

is continuous and so bounded in {—a, a). Thus we may remove the 
restriction n > N, and (12) is therefore established. 


3. Behaviour at the boundary of convergence 

If the interval of convergence is open it is not to be expected that 
in general F{n,x) ~ \f„{x)ln\\^l- (14) 

will be bounded in the full open inter^'al of convergence. This can be 
confirmed by an example. For write 

fix) = i 

r 0 

Then = (1— 

which is unbounded in the interval of convergence )— 1, 1(. 

Suppose now that the interval of convergence is closed, at any rate 
at one end, say x — p. Then there are three alternative possibilities: 

(i) every differentiated series also converges at p and therefore defines 
at p the corresponding derivative /„(/>); 

(ii) the differentiated series do not all converge at p, but nevertheless 
every derivative /„(x) exists at x = p; 

(iii) the derivatives of /(x) do not all exist at x = p. Since the 
existence of /„(p) implies the existence of every preceding derivative at 
and near p, this means in effect that f^ip) does not exist after some 
specifiable value of n. 

In cases (i), (ii) it may or it may not happen that F(‘n,x) is boundtni 
in the closed interval (0, p). In case (iii) the question does not properly 
arise, since F{n,p) ceases to exist after some definite value of n. 
t Since oj'* > (ffj— 1*1)"“*. 
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We justify these assertions in case (i) by referring to the worked 
example at the end of this chapter.f There we define a function f{x) 
such that every fni^) exists throughout the closed interval of con- 
vergence (—1,1); such that F{n,x) is bounded in any interval (— 1 ,<t) 
where 0 < a < 1 ; and such that F{n, x) is unbounded in the full interval 
of convergence ( — 1,1). Hence, in particular f(x) itself is a function such 
that F(n,x) is unbounded in (0, 1), while /(—r) is a function such that 
F{n,x) is bounded in (0, 1), both the functions belonging to case (i). 

For case (ii) consider the function 
J{x) -= a:— 

Here p “ 1 and none of the differentiated series converge at a; — p. 
Nevertheless, every/, dp) exists and in fact, if 0 <_ r 1, 

/.(■K) -(-)'->(«- l)'(l+ar)-". 

Thus F(n,T) is bounded in (0, 1) 

For an example to the contrary we define the function f{x)-}-f{x), 
where f{x), /(r) are the fuiu-tions just considered, by adding together 
the corresponding j)o\\ er-sei les Tlie combined power-senes has the 
same p of convergence The differentiated series do not converge at p, 
since those for/(r) do but those for /(») do not But every derivative 
of the combined function exists at p, since every /dp). /„(p) separately 
exist. Thus the example falls under case (ii). and we have 
Fiv.x) I/da) iri-r/dJ) 

' /dar) /,.W 

This IS the difference of two exj)n-.Mons the tiist of which is unbounded, 
the second bounded in (0, 1 ) Hence- F(n a ) itself is unbounded in (0, 1). 

If we wish to consider the full interial of convergence (— p,p), 
we observe firstly that, as a jiarticular case of (30) jiroved below-, 
|7.>"/(x^)/?i'|b'' IS bounded in (—1, 1), if j„{x) ii'j' " bounded m (0, 1); 
and secondly, that if [nj is a jiositive sequence and 


then 


f(x) _ 

r ’0 


"■/M- 2 


2 { '^T I ' • • 

bv omission of positive terms, 

(2r — «)! 
r! 

(r—ny 


J2r-n) 
Z, (r-«)t 


t p 222. 
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r—n 

Thus, at a; = 1, D”f(x^)ln\ >/„(a:)/w!, 

i.e. the first is unbounded, if the second is. 

Then, under case (i), if f{x) once more denotes the special series of the 
worked example, we have that F(n,x) is bounded 

for the function /(—a:^), in the full interval of convergence (—1, 1); 
for the function /(a:), only in (— l,a), where 0 < tr < 1; 
for the function /(a;*), only in {—a, a), where 0 < <t, cr' < 1. 

Under case (ii) we make use of the series for log(l+a;^) and we have 
that F{n, x) is bounded 

for the function log(l-|-a;^), in the full interval of convergence (—1,1); 
for the function log(l-f a:^)+/(a;), only in ( — l,cr), where 0 < u < 1; 
for the function log(l+a;^)+/(a;^),onlyin{—CT',a), where 0 < cr,^' < 1. 

4. The converse theorem 

Conversely, we can prove that the necessary conditions (6), (12) are 
also sufficient to secure that, throughout some interval. /(a;) is expressible 
as the sum-function of a power-series. 

In the first place we have already seen that this power-series, if it 
exists, must be a Taylor’s series 

S (10) 

r = 0 

of the function. Thus, as preliminary conditions, we require that every 
/,(«) exist, which is covered by (6), and that the series have an interval 
of convergence (—p,p), i.e. that 

!/„(«)/«' I*"- 

be bounded, which is covered by (12). The region of validity of the 
series is also restricted by the condition of convergence |x| < p. 

But, if the Taylor’s series converges, it still remains to show that it 
converges to the desired sum-function /(x), and for this we require the 
full condition (12), which, of course, includes (6) by presumption. 

I shall first prove a lemma to the effect that (13) is a consequence 
of (12), i.e. in precise terms that 
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(10) If, in some interval I, 

is bounded and if, for some a in I, 

Pa = liml/„(o)/m!|-i'’>, 

then, for every positive < p^, every n > some N{a) independent of x, 
and every x in /„ the region common to the intervals I and )a— o-^, a+o'a(> 
we have |/„(a;)/n!| < |a:-a [)-<-+»). 

I establish this lemma by induction. Suppose that for every a; in 7 
and every w l/n(*)/«'.*'" p-‘- (17) 

For a given a in /, a given < />„, every n > iV'(a) and some x in 
suppose that l/Ja:)/n'l < cT„(o„-la:-ai)-('^+i). (18) 

Now by Lagrange’s formula, chapter V (29), 


r ««0 

Rp ^ y^fn+p{^+^y)lp'- 


where 

Choose y with the same sign as ar— a and such tliat x+y, and therefore 
also x-i-dy, hos in 7. Then, by (17), 

Hence, under the further restriction iy| < p. -> 0 as p-*X), i.e., if 
.r+y lies in I and lyi < p, then 

L{x+y) = 

r»=0 

If now wc introduce the hypothesis (18), we have, so long as n > X{a), 

l/„(-r+y)l < y ylV„(a„-|j;-ol)-(''*'-+i), 


Z. r' 

r“0 


I.e. 


I2/I 


< w'0„(c7„-ia:-a!)-<''+» 1- 

[ o-u— !■*— a 




if |y| < a„-|a— o'. 

Since y was chosen with the sign of x—a, we may write this in the form 
l/«(-»'-+,v)| < r('a„(<7„-lj-+y-ai)-<''+i>, 
the restrictions on y being that 

\r+y—a\ < a„, x+y lies in 7, y\ < p. 

The restriction on n is still that w > N(a), independent of y. Hence 
the hypothesis (18), if true for some x in 7„, is also true for any x+y 
in7o, if |y| < p. 
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Now at a itself the hjfpothesis becomes 
|/„(a)/«!l < a-". 

But, since o-a < = liml/„(a)/n!|-i'’*, 

we have |/„(a)/n!|-y'‘ > a„, if w > some iV(rt), 

i.e. the hypothesis is true at a itself. Hence, by induction, we can extend 
it (in a finite number of steps) to any x in and the lemma is there- 
fore proved. 

We can now establish conditions sufficient for the expansibility of 
/(a;), in the form: 

(19) If, in some interval I, 

l/„(x)/n!|*'’‘ 

is bounded and if, for some a in I, 

0 < < ^|/Ja)/»!l-i/«, 

then throughout the common part of the intervals I and {a—(j^,a-\-af) we 
can expand f(x) in the Taylor's series 

f(^) = 1 (x-a)%{a)lr\. 

f“0 

For we have f{x) = ^ (*— ®)''/r(®)/>'! + -Sn 

r-O 

where = (x—a)"(l—0)’*-*/„{a-t-^(x— «)}/(«— 1)!, 

using Cauchy’s form of the remainder. 

With the data of (19) we may choose such that 

0 < <T„ < a; < lim|/„(a)/m!|-‘'". 

Then, applying the lemma with o'^ in place of a^, we have, if n > N(a), 
|i?„| < ra[a:— a("(l— ^)"-»<7 ;{<t;— 0{a:— a|}-(«+J), 

^ nv'|x— a! l\x-~a\ — d\z—a\\^~^ 

{a',-e\x-a\r ) 

< «l— 

(<^0— '^o)M v;— ~(?|x— a] I 

Since 0 < \x—a\—9\x—a\ < o',,—d\x—a\, 

E„-rO &s n-^cc, and so precisely 

= f (*-»)’/,(«)/»■!. 

r«0 

and the theorem is established. 
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5. Analytic functions 

What we have proved in the preceding section is briefly that, within 
an interval in which \f^{x)ln \ is bounded, every Taylor’s series of f(x) 
whose point of origin lies in the interval converges to f(x) in its open 
interval of convergence. If a particular Taylor’s series converges at either 
end-point of convergence, we can extend the property to that point, 
for then /(a:) and the Taylor’s series are both continuous at the point and 
the equality, holding in every neighbourhood of the point, extends to 
the point itself. Hence, more fully, we may say that 

(20) In an interval in which \f„{x)jn\ is bounded every Taylor’s series 
of f(x) converges tof{x) whenever it converges at all. 

Suppose that we have actually 

|/(a;)/»!|*^“ < 31 

in the interval {a,b). The Taylor’s series whose point of origin is the 
point I of this interval has the radius of convergence 

p = lini|/„(^)/w!|-^^'», 
i.e. p 5* 3I~^. 

Thus every Taylor’s series has an interval of convergence whose breadth 
is at least 21/-’^. We may therefore divide up the interval [a,b) into 
a finite number {m say) of intervals (a, a{}, (Oj, af),..., (a,„. j, 6), of breadth 
not exceeding such that throughout the interval (a„ a,^^) we can 

represent f(x) by the Taylor's series with point of origin ^aj-raj+i). In 
other words, /(.r) is com[)letely represented in the interval (a, 6) by a 
finite number m of power-series. 

We are reminded of the distinction between a function and its ana- 
lytical representation, already emphasized in chapter I § 7. Here the 
function retains its individuality, although needing to be represented 
in different sections of its domain by different power-series. 

A function which (i) is completely defined in an interval by & finite 
number of its Taylor's series,! and (ii) can be represented in the interval 
by any of its Taylor's series with jmints of origin in the interval is said 
to be analytic in the interval. It follows at once from (20) that 

(21) A sufficient condition that f{x) be analytic in an interval is that 

be bounded in the interval. 

t It is to be understood that each of these Taylor's senes* in defining the function* is 
to be allowed to range over its whole interval of convergence. Moreover, these intervals 
of convergence should overlap to avoid ciny difficulties at their end>points. 

2661 
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Conversely, if f(x) be analytic in an interval, then, by virtue of the 
property (i) in its definition, it is the sum-function of a power-series in 
each of a finite number of (overlapping) sub-intervals, and so, by (12), 
F{n,x) is bounded in each of these sub-intervals and consequently in 
the complete interval. In other words, 

(22) A necessary condition that f{x) be analytic in an interval is that 
\f„(x)ln\\^l" be bounded in the interval. 

The condition is therefore both necessary and sufficient, or, as we 
may shortly put it, ‘/(r) analytic’ is exactly equivalent to ‘F{n,x) 
bounded’. 

6. Prolongation of analytic functions 

It will have been observed that the property (i) of the analytic function 
has been found sufficient to prove F(n,x) bounded and therefore /(.r) 
analjdic. In other words, (i) entails (ii) and the two jiroperties assigned 
to the analytic function arc thus consequential and not cumulative. 

It is a notable corollary of this fact that an analytic function can, in 
general, be defined throughout the interval in which it is analytic by 
a representation in power-series extending over only part of that inter- 
val. Suppose that the function is defined to be analytic in {A , B) and 
that it is represented by a solitary power-series whose interval of con- 
vergence is (a, b) lying within (A, B). Form all the Taylor’s series of tlie 
function with points of origin in this interval. In general, the aggregate 
of their intervals of convergence is an interval (o', b'), extending beyond 
{a,b), but, let us suppose, lying within (A,B). Since the function is 
defined to be analytic in (A, B), it is rcpre.sented by any of these Taylor’s 
series. We may now form the Taylor’s series ■ndth jioints of origin in 
(o', b'). Between them they will, in general, extend the representation 
of the function to some wider interval (o", f;"), and so on. Since the 
function is analytic in (A, B), the radii of convergence of all its Taylor’s 
series formed with points of origin in (A, B) are bounded below by some 
positive number. We are therefore certain of filling up the analytic 
interval (A, B) in a finite number of steps. As an example consider the 
function defined by the logarithmic series 

/(x) = X— Jx*-f ... . 

Its interval of convergence is )— 1, 1). The Taylor’s series formed with 
the end-point -f 1 as point of origin is 
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This series has the wider interval of convergence ) — 1, 3). The Taylor’s 
series formed with th(i end-point 3 as point of origin is 


2 log 2 


X — 3 




'x~3V 

4 


having the interval of convergence )— 1,7). After n such steps the 
analytical representation of the function will have been extended over 
the interval )— 1,2"— 1). Thus a finite number of steps suffices to 
extend the representation of the function to any finite interval which 
lies to the right of the point — 1 . 

The representation, it is to be remarked, nc%'cr extends across the 
point — 1, as is to be expected, since the ijoint is an infinity of the 
function. More generally, if a function is defined as analytic in a domain 
made up of p distinct intervals, w(> have to be given a representation 
of the function in some part at least of each of these intervals. It is 
enough, in actual fact, to know the rei)resentation of the function in the 
neighbourhood of some point of each interval or, as a bare sufficiency, 
merely to know tlic value.s of every deri\ ativc at a single point in each 
interval. 

Thi.s ju'ocess of extending the representation of an analytic function 
is known as ‘analytic continuation’ or 'analytic prolongation’. It is 
fundamental in the theory of the analytic function. 

It is worth wlule here to bring into comparison tlie several ideas of 
‘function’, ‘continuous function’, ‘analytic function’. In the function 
without qualification it is of the essence of the definition that the value 
of the function at any one point does not juejudiee the value at any 
other point. 

In the continuous function to be given the value of the function in 
every neighbourhood of a point is to be given the value at the point 
itself, for this value is the limit of the neighbouring values. More 
generally to be given the values of tlic function at all rational points, 
say, of an interval is to be given the values of the function at all points 
of the interval. We may say briefly that ‘a continuous function can 
be prolonged over an infiniUdy small distance' . 

In the analy-tic function, as we have seen, to lx* given the values of 
the function t hroughout an interval i.s to be given its values throughout 
every interval of which the given interval forms part and in which the 
function remains analytic. In other words, if a function is analytic in 
every finite interval, to be given its values throughout any finite intervalf 


t Since an analytic function is necessarily continuous, it is sufficient to be given its 
values at all rational |)oints, aay, of such an lutorval. 
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is to be given its values at all finite points. We may say briefly that ‘an 
analytic function can be prolonged over a finite distance’ . 

The idea of ‘analytic function’ belongs more especially to the Theory 
of Functions of a Complex Variable. Indeed, that theory is essentially 
a theory of analytic functions. The theory of real analytic functions 
is, in fact, common ground of the theory of real functions and the theory 
of complex functions, for, given the analytic function of a real variable 
X defined over some domain in the form 

f(x) =^f,a^x”, 

we can at once define, over a suitable domain, a corresponding function 
of the complex variable z ~ x-^-iy in the form 

f(z) ~ f a„z’\ 

This complex function reduces, for real values of z, to the corresponding 
real function. f The theory of real analytic functions is thus deducible 
as a special case of the theory of complex functions. For that reason 
we do not need to go very fully into the theory of the real analytic 
function. We shall give in the follou-ing sections only enough of the 
theory to make it reasonably self-supporting. 

7. Functions non -analytic in some neighbourhood 

The simplest cause of departure from the analytic condition in the 
neighbourhood of a point is the non-existence of derivatives at the 
point. Thus, if we write 

f(x)~x”+^ (0 </?<]), (23) 

or f{x) = x’'+^logx, (24) 

it is clear that, at the origin, f{x) has no derivative of order greater tha u « . 
Less simply, consider the function 

/<^) = 2 (a:-r-»)'- 8 in*(log| 2 :-r-i|), (25) 

I 

where |:i;| < 1 and where, at each point x = r~^, the corresponding rth 
term is omitted. 

At the special point x = n,-^ the nth term is differentiable n—1 times, 
but no more. At every other point the series is differentiable term by 
term as often as we please. One such differentiation gives 

2 (a:— sin*(log \x—r-^\)-\- 8in( 2 log |x — r-‘ ] )} ; 

r-l 

t We mAy regard this, if we like, as an even more striking case of * prolongation^ of 
the real function, namely to a complex domain of definition. 
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a second such differentiation gives 


2 (a;— — l)8in“(log [a;— r-* |) +(2r— l)8in( 2 log \x—r-^ |) + 

+ 2 co8( 2 log \x—r~^\)}; 

and so on. It is thu.s clear that the original series (25) and its successive 
differentiated series arc comparable term by term with the geometric 
scries ™ 

1 

and its differentiated series. Thus, in a region which is contained in 
the interval )— 1,1( and which excludes the sitecial points x — r-^, 
every differentiated series is uniformly convergent and .so defines the 
corresponding derivative of f{x). We therefore have that 
f'{x) exists in )— 1, 1(, but not at x = 1, 
fix) exists in )— 1. J(, but not at x — 1, 
and generally 

/„(x) exists in )—l, »?-’(, but not at x = 

There is thus no interval enclosing x — 0 throughout which every nth 
derivative of /(.r) exists In other words, the function (25) is not analytic 
in the neighbourhood of x — 0. 

We proceed now to examples in which every /„(.r) exists at and near 
X — 0, but the analytic condition is not satisfied. Following Prings- 
heim.f write * . 

r i) 

Term-by-term differentiation give.s formally 


/„(x)/n! = (-)" y 


r!(l-f o’'x) 


(27) 


which, since x is positive, is comparable with the convergent series of 
positive constants 


Thus the formal equation (27) is valid and every derivative exists in 
the stated region x > 0. In particular 

/„(0)/7i! = (— )"exp(a''), 

and so lirai/„( 0 )/«!|“*h‘ = limexp(— a'*/») = 0. 

The Taylor' 's series with point of origin at x ~ 0 consequently exists, 
but converges only in a zero interval. The function cannot therefore 


t Math. Annalen^ 42 (1893), 103-84 (100). Other similar examples of iion-analytic 
functions are given in this paper. 
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be analytic in the neighbourhood of a: = 0. This is otherwise clear, for 
what we have just proved is in effect that !/„(0)/«!|’^"' is unbounded 
and therefore more generally that is unbounded in the 

neighbourhood of a; = 0. 

Lastly, consider the function 

f{x) = exp(-a:-*) (x ^ 0) | ^28) 

m = 0 /■ 

f'(x) = 2a;-®exp(— a---), 
fix) = (4a:“® — 6a;-^)exp(— a:^®), 
and generally fni^) = (2a;“®)"^(x)exp(— a;-®), 

where i^(a:) is a polynomial in a’ of degree not exceeding 2?? — 2. Since 
exp(a;“®) at the origin has an infinity of order higher than that of any 
a;", it follows that, for every n, 

/„( 0 ) = 0 . 

Thus Taylor’s series with a- = 0 as point of origin exists and converges 
everywhere, being everywhere zero. It thus represents tlie function 
f[x) at X = 0 but nowhere else, and conseqriently J[x) is not analytic in 
the neighbourhood of x = 0. 

Actually, as n^oo, we find near x = 0 that |/„(r)/n'l’^'* is com- 
parable with 2(x-3/„)exp(-x-», 

which is unbounded near x = 0, as we can see, if wc make x 0, n -> oo 
in such a way that wx^ is constant. 


8. Two lemmas on analytic functions 

It is to be expected on psychological grounds that the elementary func- 
tions are generally analytic. For the restricted categories of function 
such as ‘continuous’, ‘differentiable’, ‘analytic’ have been introduced 
into analysis with the desire of extending characteristic jirojierties of 
the elementary functions to as wide a class of functions as possible. 
Before discussing the analytic character of the elementary functions it 
is convenient to estabhsh two lemmas on analytic functions. The first 
of these is; 


(29) If a function is analytic in an interval, its derived function ii also 
analytic in the interval. Conversely, a function whose derived function is 
analytic in an interval is itself analytic in the interval. 

For, if /(x) be analytic in some interval {a, b), then, in that interval 
and for some M, r / / \ i ^ i 
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Write in the first case ^(x) — f'(x) 

and in the converse case ^ /(*)> 

so that i(^„(x)/w!|'/’* = \fr,+i{x)/nl\^l"' < 

and = lA-i(.r)/n! ii'" < [M-^l{n- 

But [{w+l)i¥'*+’P'«, 

are both bounded, since, as n-^az, they both converge (to M). Thus 

arc both bounded in {a,h), i e. i/r(t) arc botli analytic in (a, 6). 

The second lemma is briefly that ‘an analytic function of an analytic 
function is itself an analytic function’. In precise terms we enunciate 
it thus; 


(30) If y{x) is analytic in (a,b), if A, B are its extreme values in this 
interval, so that y lies in (A,R) nhen x lies in {a,b), and if f(y) is an 
analytic function of y in (.-1, />), then f{y(x)} is an analytic function of 
X in (a, b). 


If D denote diflerentiation in x, we have, by chapter V (38), 




y 


(%)"(-? 

Y (e-,A» 






fri'A 


where ..,6.r are positive integers or zero satisfying the two equa- 
tions o , , a \ 

a+2^-!-. .-t-nd =-■ nl 

Since y(x} is analytic in (a b), we have in this interval, for some M 


Since /(y) Ls analytic in (*4. B), we have, if x lies in {a,b). for some JV 

!/.(-/)! <r!.V. 


Hence 

i.e. 


n\ 


< V 

xL, c.\^\...e\ 

< V V'lY'' 


Now fix r and effect the partial summation in ^ giving a, )3....,d all 
values which satisfy (31). The partial sum is seen to be the coefficient 
of /" in the expansion of the multinomial 


(t+t^+...+t”y, 
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i.e. in the expansion of f^(l— This coefficient is 

(r-1)! (»-*)! ■ 

For the complete summation J we may therefore write 


^ (r — 1)! (n — r)! 

r=l 


{r— 1)! {n—r)\ 

Since M,N >0, we have, widening the inequality, 
\D'^f(y)jn\\ < Jlf"(l+iV)", 

i.e. ]Z)"/(y)/ri!|*'" < Jif(l+iV') in (a, 6), 

and the lemma is proved. 


9. Analj^ic character of the elementary functions 

Passing to the elementary functions, we have at once that 
(32) A polynomial is analytic in any finite interval. 


For, if the poljTiomial is of degree n, every derivative after the «th i.s 
zero and every derivative up to the nth is a polj'iiomial and so bounded 
in any finite interval. Thus the set of all the functions F{n,x) is also 
bounded. The proposition is otherwise obvious, since a jK)lynoinial can 
be expanded in a (terminating) series of powers of any x—a. 

For the fractional and the irrational algebraic functions we consider 


the particular function 


f(x) - xP. 


(33) 


where p is not a positive integer. If p is negative, the function itself, 
and therefore also every derived function, has an infinity at x -- 0. Tf 
p is positive, the derivatives of order exceeding p have all an infinity 
at x = 0. Thus in either case f{x) is not analytic in the neighbourhood 
of the origin. 

If we exclude the origin by writing, say, 


we have 


0 < b < X < a, 


i/„(a:)/n!li''‘ = 


(re-p-l)(n-p-2)...(-p)|‘M . _j 

»(»-!).. .1 1 


(34) 


Now, by the inequalities imposed on x, we have 
xPin-i < aPl”b-^ (p > 0), 
< (P < 0). 


As n-^cc, each of these superior bounds eonverges (to 6'*). Hcnee 
ajpM-i is bounded in the stated interval (a, b). 
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Again, the coefficient of may be written in the form 

\n—p—\\ 
n 


217 


where 


1 , as w -> 00 . 


Hence, by the theory of Cesaro’s means, t 

1, nan-'C/D, 

i.c. the coefficient is bounded. Therefore F{n, x) itself is bounded in 
(a, 6). Thus 

(35) If p is not a positive integer, the function xP is not analytic in any 
neighbourhood, of the origin, but is analytic in any closed interval which 
excludes the origin. 

More generally, in virtue of (30), we can say that 
(30) Any algebraic function exjyressible by means of surds and fractions 
is amdytic in any closed interval which excludes the zeros of the surds and 
the infinities of the fractions. 

The elementary tran.scendental functions 

e^, sinr, eos.r 

are evidently analytic in any finite interval for their /dli derivatives 
are resi)ectively 

e^. sin(j--r\n7r), cos(j'4-\aTr), 

and therefore F{n,.r) 0 as w -v x, whatever x. Alternatively, we may 

use the fact that they can all Ire expanded in jrower.s of x in series which 
converge in any fijiiU* interval. 

It follows, toc), that the liyperbolic functions 

sinhx, cosh a:, tanh,T, sccha- 

are analjdic in any finite interval and that the hy]>erbolic functions 

cothr, co8ech,r 
and the trigonometrical functions 

tanx, cotx, seex, cosec x 
are each analytic in a closed interval which excludes their infinities. 
For the inverse functions 


log X, sin-'x. 

tan“*x. 

sec~*x 

W'e consider the derivative.s 

1 1 

1 

1 

x’ V(l-x*)’ 

1-fx*’ 



t Cf. Bromwicli, Theory of Infinite Ser\c>, (lilOS), 3Sa (§ 151). 
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In virtue of (36) these four algebraic functions are analytic in any closed 
interval which excludes their infinities (if any). Hence, by (29), tan-^a: 
is analytic in any finite inteiv-al; logs: is analytic in an 3 ^ closed interval 
which excludes a; = 0; sin“^a: is analytic in any closed interval which 
excludes a; = ±1; sec'^a: is analytic in any closed interval which ex- 
cludes X = 0, ±1. 

10. Zeros of analytic functions 

In considering the function (28), namely, 

J{x) = exp(— a;--) (a; 0), /(O) = 0, 

which is non-anal^’tic in the neighbourhood of the origin, we saw that 
the function itself and every’ derivative vanishes at the origin, although 
the function itself vanishes nowhere else than at the origin. This is in 
marked contrast to the analytic function for which we have the fol- 
lo’H'ing characteristic property: 

(37) If a function is analytic in an interval and if at one (internal) point 
of the interval the function and every derivative vanish, then the function 
vanishes throughout the interval. 

For, if we form the Taylor’s .series with the point in question as 
origin, every coefficient in the series vanishes and therefore the series 
converges to zero for every x. The series represents the function 
throughout the interval, since the function is analy^tic throughout the 
interval; consequently the function vanishes throughout the interval. 

It is instructive to compare such an analytic function with the ty’po 
of function occurring in the dynamics of a particle mo\ang rectilinearly’ 
in a field of force which is a function of position. If f(t) denotes its 
displacement at time t, suppo.se that at some instant the velocity 
f'{t) and the acceleration /"(<) both vanish. Then the particle has come 
to rest and is under no acceleration; it therefore I'emains at rest in the 
position /(<o)- In other words. fit)—f{tf) vanishes identically' provided 
only that its first tivo derivatives vanish at t =-- <q. Evidently the class 
of such functions /(<) is a more restricted class than the class of analytic 
functions. 

From (37) we deduce an important corollary: 

(38) A function which is analytic in an interval and vanishes throughout 
a sub-interval, vanishes also throughout the complete analytic interval. 

For, if f(x) vanish throughout (a, 6), then every derivative also 
vanishes throughout (a, 6), and therefore, by (37),/(a:) vanishes through- 
out the interval in which it is analytic. 
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It follows from this corollary that two analytic functions are identical, 
if they are identical in some sub-interval of the analytic interval, i.e. 
that an analytic function is uniquely determined by its values in any 
such sub-interval. This is, of course, no more than the principle, already 
employed, which forms the basis of analytic prolongation. 

We also deduce from (37) an important proposition concerning the 
zeros of an analytic function; 

(39) The zeros of an analytic function are isolated. 

For suppose, on the contrary, that f is a non-isnlated zero of f{x) 
which is analytic in tlie neighbourhood of £. By this we mean that we 
can find zeros of /(a-) as clo.se as v e please to ^ and, in particular, we can 
find a setpicnce of zeros {x,,} convcrgitig to Nov 

a 

If we let X converge to f along the j)artieular .sequence {x,,}, the ratio 
on the left is alw'ays zero and lit nee the limit f'(^) is zero. 

Again, by Kollo’s theorem, .since /(.tl vanishes at ^ and at x„, its 
derivative /'(.r) vanislies at an intermediate point x,',. Thus /'(.r) has 
also a setiuence of zero.s {.r,'} vliich converges to since the sequence 
{x,,} converges to $. Hence, by the foregoing argument, f"{$) vanishes. 
By .successive apfilication of thi.« argument it follov.s inductively that 
every derivative of /(x) vanishes at f and therefore, by (37), that f[x) 
vani.shcs throughout its analytic interval. Accordingly, if wt disregard 
this trivial case, we have the theorem stated. 


1 1 . Wronskians of analytic functions 

It is as a conserpiencc of these tvo theorems (37), (39) that analytic 
functions are especially favourable subjects for the characteristic pro- 
cesses of the Differential ralculus. Thus the mctliods of chapter VII for 
resolving an indeterininate form f(x),'<j(.r) at a common zero | of f(x), 
g{.T) fail, only if every derivative of /(.x), f/(.r) vanishes at £. Accorduigly, 
if/, (7 arc analytic in the neighbourluKxl of the point in question, this 
can hapjien, only if /, g vanish throughout tlie interval, in which case 
the ratio fjg is devoid of meaning. 

It follows, too, that, if /(x), g{x) are analytic near a common zero f, 
then /'(.c), g'{z), being themselves analytic near t, by (29), caimot have 
a common zero in every neighbourhood of and therefore without 


exception 

if the second limit exists. 
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Again, the theory connecting vanishing Wronskians and linear de- 
pendence developed in chapter V §3, can be simplified, if the func- 
tions concerned are analytic. Precisely, we prove that 

(40) If are analytic in an interval and if their Wronskian 

vanishes throughout the interval, then the functions are linearly connected 
in the interval. 


We have already proved in chapter V (19) that, if the Wronskian 
(l,i))“-M/i, I 

vanishes throughout an interval, then fi,...,f„ are connected by a linear 
relation 




(41) 


in any sub-interval in which one minor of the Wronskian, say 

( 42 ) 

does not vanish. 

Suppo.se now that/j,...,/,, are all analytic in the interval (a, b). Then, 
by (29), their derivatives are all analytic in the interval and, by (30), the 
minor (42) of the Wronskian is analytic. It thus either has isolated 
zeros Ij, ^o,... in {a,b) or vanishes throughout {a,b). 

In the former ease are connected bj' a linear relation, say 

by the relation (41), throughout the interval )fi,^ 2 ( and hence, by 
(38), throughout the analytic iut<*rval («,/>). 

In the latter case we deal with the Wronskian (42) as we have just 
dealt with the original Wronskian. We can accordingly assert either 
that there is a linear relation 


^2/2'r • + ^«/n — 0 (43) 

throughout (a, b), or else that throughout (a, b) 

The linear relation (43) is, of course, a particular case of the linear 
relation (41) with zero. Proceeding inductively in thi.s way we can 
therefore assert throughout (a, b) either the existence of a linear relation 
or, at length, the vanishing of the last Wronskian, i.e. 

/« = 0 . 

which is itself a linear relation. This proves the theorem. We see 
therefore that 

(44) With analytic functions the vanishing of the Wronskian throughout 
an interval is both necessary and sufficient for linear dependence in the 
interval. 
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12. Analytic functions of many variables 

If for f{x), the function of one variable, we write the analytic condition 


in the form 


l/nWI < n\AB^, 


where A, B are independent of x, n, we are naturally led to consider 
ioT f{x,y), the function of two variables, the analogous conditions 

(45) 

and l/m,n(*.2/)l < (w+r/)!.4Z)'"+", (46) 

where /,„ „(*, ,v) denotes the partial derivative o”'-^”-flbx™oy”, and A, B, 
C, D are independent of x, y, m, n. 

Now («i+w)!/m!w! is a single term in the expansion of (1 + !)"<■", 
and we therefore certainly have that 


1 < 2'"o.. 

'' rn' n] 

Then, if jS < C, say, 

m'v\AB”'C” < (m+ny. AC”' , 
and (»i+n)! A(.l£)'"+*‘. 

The inequalities (45), (46) are therefore equivalent and we may pass 
freely from one to the other. Of the two (46) is usually the simpler, 
and we may evidently state it in the form: 
regarded as a function of r, y. ni, it, is bounded.' 

When, however, wo attempt to construct a theory of analytic fimc- 
tions of two variables on the basis of these inequahties, we are con- 
fronted with the considerable (Ufliculties of the convergence of double 
power-series 2 2! These difficulties centre primarily in the 
j)recise determination of the region of eonvergeuce, complicated by the 
fact that this region depends, in general, on the manner in which 
the terms are groujK'd in the summation. An adequate discussion of the 
convergence of double series would, of course, be out of place in this 
context, and we shall content ourselves with the statement of the 
restricted theorem : 


(47) If f{x,y) denote the double power-series 

which converges thronghentt the rectangle j-r' ^ a, jyi sij b, then throughout 
any interior rectangle [xj s:; a' < a, \y\ b' < b every partial derivative 
/m,n(*> y) exists and we can write 

\f,n,,A'^Aj):nC.n\\ < AB^'C”, 
where A, B, C are independent of x, y, m, n. 
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We prove this theorem by arguments similar to those used in the 
proof of theorems (6), (12) of this chapter. 

For the converse we can prove, in analogy with (16), (19) above, 
first the lemma: 

(48) If, in 8om€ interval I, 

l/m,nK y)/(»« + «) ! 

ia bounded, and if, for some (a,b) in 7, 

+ < Pa.1, 

for every m,n > some M(a,b), then for every 2 )ositivc cr„,, < every 
m,n > M{a,b), and every x in the region common to I and the rectangle 

!/,n.n{a',y)/(w+«)!P'<’’‘+") < u„_6(u„_,,- \x--a\~ 6 ])-(’''+"+«; 

and then the main theorem : 

(49) If, in some interval I, 

is bounded, and if, for some (a,b) in I, 

for every m,n > sotne M{a,b), then we can expand f{x,y) in the double 
Taylor's series^ 

1 (x-aY(y~b)%,(a,h),r\s\ 

r,n=-(i 

throughout the region common to the interval I and the rectangle 
\x-a\d-\y~b\ < any 

These results can evidently be extended to functions of many 
variables. 


WORKED EXAMPLE 

oc £~y<r-rl) g--V(f»2) 

V = uihere _ — rw + -TT ¥ 

r-o 1 r-j J 

prove that 

(i) every f„{x) exists throughout the closed interval of cotivcrgence ( — 1 , I); 

(ii) F(n,x) \f„{x)ln\Y'' is hounded in any xnterval (—l,a), where 0 <ra <1; 

(iii) F{n,x) is unbounded in the full interval of convergence ( — 1, 1). 

(i) Let m be the positive integer such that 

TO* < r f 1 < (to+1)*, 

t From the form of Taylor’s remainder it is evident that summation here is to bo 
by ’diagonals’, i.e. that we sum first for r-f-« constant {= N) and then for A’ (from 0 
to so). 
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then, since decreases steadily as r increases, we have by the argument 

of Cauchy’s ‘condensation test’f that 

g~i» a-im-t-U 

u, < (2m+l)^ + (2m + 3)^^~j^^ + ,..t0Q0 
2m+l 

< c ""(l + c to oo), 

nr 


since (2m t 2p-\ <- (2m+])/»i*, if p 0; 

c /2»i-rl \ 

i.o. Wr < , , - 

e — 1 \ m* / 

By a similar argument 

g-lm+i) --(m+s' 

I 2) 

> ^ 2)- 

Hence, as r — > cc, is of the order of i.e. of 


... to CO 


Tims 1 m,]-’''''— r 1 os r - - oc, and so the inteival of cornc rgcnce of /(.r), and there- 
fore of etcrj- differentiated series /„(x), i> tlic mtenal ( — 1, 1). 


Now 


/n(’^' - Xdr- 11- l)i(,jr- 
r n 


Tins eontei'ges at i • 1, since the -eries 

2r(r I)...(r- M-r ])u, 

is comiiaralile, term hy term, witli such a convergint »i lies as 

2 e-»'h 


Tims eveij /„(.r) exists throughout the eloseii intertill of convergence ( — 1, 1). 

(ii) It Is enough to emisnlei the iiiteiMil ( — 1,0), .since, by (12) above, -we 
already know that is bounded in an\ intertal (0 ,(t), where 0 < <7 < 1. 

\\ iite then .r - f w here U f ^ 1, and deline 




.fj f) 


(n -to SC. 




(1) 

( 2 ) 


wIkmh' tli(» symbols {n I^) denote binonnul cot tUcientsS. 

It K IS the algebraic ojx'rator which changes into write concisely 

<^„(f) (1 4 

(I • fA’r''‘-’'[(H t-K)-(i-Lf)i;j"u„ 

- (1- ^£')-'’'-'>(l-A’)'‘«„. 

This last equation luxs imolvtul t\ rearrangement of tenns m the infinite series 
for ), but sinct' no term liius liad to bt* shiftiHl more tlian ?i places, qiu^tions 
of absolute conv<'rgence do not arise. Kxpandmg the bust expression for 
^^e liavo 

0„(f) = (l-£)''u„-(,i t l)f(I- i:)"Mx-r + CO. (3) 


We shall show that tliia is an alternating series of positive tenns wliich steadily 


t Cf. Bromwich, loc. cit., 23-4. 
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decrease to zero. The terms certainly tend to zero, since is convergent, 
being made up of the sum of ti convergent senes. Hence, if the terms are steadily 
decreasing, they are certainly all positive. To prove them steadily decreasing it 
is sufficient, since 0 < ^ < 1, to prove that, for every r > 1, 
r(\~Ey'Uf_i > (M+r)(l — 

Now 

r( 1 - i7)X-i - (n + r)( 1 - 

= r[( 1 - - ( 1 - _ („ + r)[( 1 - £)-*«,- ( 1 - 

= [r( 1 - _ (r + 1 ){ 1 - N)"-iu ,] - 

_l(n + r-l)(l-N)>-X-(n + r)(l-N)"-’n,^..] 

= (1-E)[r(l- - (n + r- 1 )( 1 - N)»-'w J, 

if the influence of the operator E now extends to the number r as well as to the 
suffix r. 

By successive use of this reduction we get at length 

r(l-E)”u,_,-(M+r)(l-E)X = (1 - u^) 

= (l-Efe-'', 

on substitution for 

If g(a') is any function povseasing an nth dorivati\o s„{jr) and if Egix) y(j--rl), 
then by iviieated apjilication of the formula of the meiui v e )ia\ c 

(l-E)’'g{f) ~ (-)”Sn(^4 ^i+e. ■ -H 9„), (4) 

where 6i,6^,...,6„ all he in )0, 1{. 

Now /Jc"'* ^ — ji'le”'*, 

D^c-'^ =-- i(J-M 

and by mduction we can pro''v that 

])»e—<x ^ + ... 

where 0 ^, 02 ,..., arc all positive uumbi’is. Hence has the sign ( - 

and it follows from (4) that (1 —E)''e~'’ is always positive. We have lliii^ pioved 
that the series (3) for is an alternating seiits of jiositive temus steadily 

decreasing to zero. By the elementary theory of such senosf we have 

0 " (l-ATu„. (.1) 

If now E^, E^ change i/i„ into <^,,+ 1 , iji ^ , ri-spwtively, it follows from (3) that 

E^ - 1-(1- ()E^ 

and therefore that (1 

BO that 

(1 '' (1+ every i/i is jHlsitive, 

e(2-ATu.. by (5), 

< {2-r Eyu^, since u, is positive, 

< 3"«o. since «, diminishes steadily. 

Thus <3^0. smee 1+f j 1, 

i.e. F(n,x) is bounded m the closed mterval (0, — 1). 

t Cf. Bromwich, loc. cit., 60-1 (§ 21). 
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(iii) To prove (iii) it is enough to show that F{n, 1) is unbounded. Now 


-v(rm) 




71+1 n~h2 


+1.+(»+.)+'"+T-T^-+- 


« + 1 ' 2! ; 

any rearrangement of terms being permissible, since all are positive. If we pick 
out those terms of t)jc scries with rational exjjonents, we have 


CD 


(r’— l)...(r»-n) 

■“ „! -- • 


Thus 


i.e. 


1 ” 

f -flf 1 

..., r* -(n — 1) -• r®- (i 

, ,,, , 1 -^(r 4 2 j 

r! 


-'flnrl) 


since r^ — 2 > r‘~2^, ..., r*— (n — 1) .• r®- (n — 1)^, r^ — n > {r — n)r. 

' (r 4 2 ji)! 

1 

r- 0 


(2h)! 


(m-i 1)! 


Hence l/n(l)/h!l‘ ^ ^ 

which is unboundeil, .smee re~h" — v 1 os n — > ». 


EXAMPLKS VIII 


1. If, m some interval, !/n(-t)l < fi'-AJi”, 

show that in the same iiiter\ al 


|S7(r)| < i,!.INlr|(I + If |r|)»-> (S -- rU). 

and prove that, if /(.r) is analytic m a (finite) interval, it can be expanded in 
jxiwers of e' in tliat interval. 

2. In a region in which/(jc) is analytic let p{a) denote the radius of convergence 
of the Taylor’s series expanded in powers of r— a. wliere n is a point of the region 
and p(a) is supposed finite. Prove that p{a) is a contmuous function of o. 

3. Show that the function 

oc ^ 

" 2r!(t:»+a='') 
r-O 


has derivatives of every order at every x, but that, if a < 1, the Taylor's series 
with point of origin x - 0 has a zero radius of convergence. 
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4, If, in some domam of y(x), z(x), 

\iyyjr\\ < AM', ID'z/r!] < BN' (0 < r), 

)irn+i_Arini 

show that |D“( j/z)/n! I < AB — — , 

and, if p 18 any positive mteger, that 

Show also that ]D"j/"/n!) < HiAM)”, 

and, if Af < AT, that 

)DV-/«'I <A'>BN'>(l-MjN)-f. 

6 . If u, _ D'ylr< (r > 0), 

and if /(«„, IS liomogcncous of degree i and isobanc of weight u), show 

that w„) is hornogem-ous of degrie i and isobanc of weight le+n. 

Show, moreover, that if c, C are respectively the sum of tho coefficients and the 
sum of tho absolute values of the coelTicients of /, then lh( corrcspondmg sums of 
coefficients m D”/ are respectively 

cJJ{w+ii-r), Cn(“-+-*r') 

r-U r-O 

6. If {yD)”z -”£r„,D’'-'z, 

r-O 


show that Y„j. written os a function of arguments {I/'i/ r') is homogeneous of 
degree n and isobanc of weight r and that the sum of its eoeffitK ids c„ , satislii s 
the recurrence-formula . , ii„ 

'=f.+l.r = C*.r l)c„.r.l 


Prove that 


(n-l r-1)' 
(n-r- l)'r'2'' 


7. If, m some mterv'al of values of x, 

|D"y/ni I < AM", |D"z ii'l P.V" (>i 0), 

show t liat, if 2JV > M, 

( 2AN" \" 

2i^M) 


8. If p IS a positive mtegor, show that 

[y^DYy 

wiitlcn as a function of arguments {V'ylr') is homogeneous of digtte np-] 1 and 
isobanc of weight n, and that the sum of its eoofficionts is 
(p+2){2p+3)...{{n — l)p-^ n}. 

If (y^DYz "2* T^.rD''-'z 

r-O 

and y„ ^ is wntten as a function of arguments {D'yjt '.), show that the sum of its 
coefficients c„ , satisfies the recurrence-formula 

Cn+l.r Cn.r r-l)c„,.,. 

If (y>’D)“z be expressed as a function of arguments (D'y r\), [D'zjs'), show that 
tho sum of the coefficients is 

(p + 2)(2p + 3). {(n-l)p-i-n}. 
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If, in some interval of values of x, 

|D"i//n!|, \D«zln[\ < AM" (n > 0), 
and p is a positive integer, show that 

9. Show that, if )/ — e* '• 1 or j/ - > 1 (o ^ 0), then, as n — > tx), 

— >■ CO. 

10. If i>f{y) - 

show thaf written as a function of arguinonts {lyp/rl), is homogeneous of 
degree n — r and isobaric of woigiit n, and that the sum of its coeilicients c„, 
satisfies tiio rocurrenco-forrnula 


Prove that 


<'nt-i.T = C».r -(2«-»‘+l)<'n.r_l. 
«!(n — ])* 

(>i — r)‘.(n — r~l)'.rl' 
11. If, m some interval of values of x. 

< -d.Vf" (n ' 0) 

and if also for the corresponding values of y 

I 1 , ,1 


BA’" 


(« f>). 


show that 


|fl7(2/)/»'l ' (.V(.1A’- DJ". 


Di'duee an alti rnativo proof of § 8 (30). 



r-l 


show that I’„, written ns a function of arguments (D’yj\) i^ homogeneous of 

degree r and isobane of weight », and that the sum of its coetlicients ^ satisfies 

the recurreiiee formula , , 

‘'nj.i.f " (» ■ rr„ ,_,. 


Prove Hint 


n'(ii- 1)' 

Cr-m^-r)'- 


„«-tX 1 

13. Show that, if - - D"- 

n< y 

be written an a function of arguments (Wi/ r!), the sum of its coefficients is zero 
and the sum of the absolute falucs of its coefficients is 2"~‘. 

If, in some interval of values of .t. 


prove that 


liD”;//n'| (a 0). ji/] > B, 

I i I -I (.V( -4.^B) |" 

|n! V| '(.4 + I})BI B I ■ 


14. If, in some closed interval of values of x, the function y{x) is analytic and 
does not vanish, show that the reciprocal function {i/(ar)}~' is also analytic m the 
interval. 

Show also how to deduce this result from § 8 (30), (35) above. 
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16. If 




show that Yn,T.t written as a function of arguments (D^yjr') is homogeneous of 
degree a and isobario of weight r+s and that the sum of its coefficients c„ ,. , 
satisfies the recurrence-formulae 


Provo that 


16. If 


Cn+l.r,« = c„,r.,+ ('- + 2s- l)f„.r_i.,-f 2(n \-a- l)c„,r_,,,_i (r > 1), 
1.1.1 — ®I1.1.1 + 2ll. 

(n+«-l)'(r-l)! 


(n-r— l)'(r-i)'«'(«-l)! 

I --1 


dy' 


show that written as a function of arguments (D'j//r') is homogeneous of 
degree r and laobaxic of weight 2r, and that the sum of its coefficients is 

>!'(«- 1)' 

(n — r)'(n— r— l)'r'’ 

Show that the sum of the absolute values of its coefficients C„,r >*> coefficient 
of in ( _ 1 II 

Show a fortion that, if t is any positive number, 

(»-!)' 


Cn.r 


(n-r-l) 




17. If 


d^x 

dy” 


n-1 

r-l 


sly' 


show that Y„j. written as a function of arguments {D'y r') is homogeneous of 
degree r and isobaric of weight n-f-r— 1 and that the sum of its eoefficients c„, 
satisfies the recurrence-formula 


Show that, if 


Cn+l.r = (« + 2r-l)c„.,-J 2(«-|-l--l)c„_,_,. 
1 (l”x 

n! \dx/ dy” 


bo written as a function of arguments {lYy'r'), the sum of its coefficients is 1 and 
the sum of the absolute values of its coefficients is less than 6". 

18. If, for values of x m the closed interval (a, 6), the function y{x) is analytic 
and the derivative y'{x) does not vanish, prove that the eorrespondmg mverso 
function x{y) is analytic in the corresponding interval {y(o),y(6)j. 

19. If, m some mterval of values of x. 


\D”f(x)/nt\ <AM”, |I>”^(x)/n'| < BN” (a > 0) 

and |1 —atl>'{x]\ > C, 

show that we can find constants Ai, Af, such that m the same mterval 


1 


1 


n'Al — ail)'{x)dxl 1— o^'(r) 


< A^M'l. 
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20. If a continuous function y(x) is defined implicitly by the relation 

y =- a+X(f,{y) 

and if, corrosponduig to values of j; m some closed interval, 1 — x(j>'{y) does not 
vanish and <f>(.y),f{y) are analytic functions of y, show that m the same interval 
f{y) and {1 — are also analytic functions of x. 

21. If in Lagrange’s senes 

show that the .senes for y certainly converges, if 

|a:l < iAM, 

and that, if also |^3/(“)/”'| < BA’" {N ^ M), 

then the series for f{y) certainly converges, if 

I'*' " N-M' 

22. Detenmno the number of real roots of the equation 

ax’" — x-: 1 0 (»i > 2), 

/ ,« _ 1 \™ 

and show that, if 


(m-l)™-i 


the equation has always a real root which converges to 1 as a converges to 
zero, and only one such root. 

Show also that, if |a, some tj < , 

1 1 / „jTO 

this root Xi is equal to the sum of the con\ ergent senes 

{mny 


Z {mn 
n'(iiiii — J 


, n'(iiiii — 11 1)' 

n-0 

Show further that, if p Ik' any positne integer, we ha\e, under the same 
conditions, 


C-*.-!)” P 


1 .: 


(iim - p- 1 )' 
'{itiH — n . pY 


a”. 


I'^KJ-i - y ; 


(mil- 1)! 


, u — 1)! 

i 

-.i/) - 


a". 


n -U M-1 

23. If X, y are connected by the implicit relation f{x,y) - 0 and if wo write 

2h 1 

cx^'c y^ 


show that F„ , written a.s a fiinetioii of argumi'iits (Uy,,) is homogeneous of degree 
r and Lsobaric of weight ii in the -^ufiixra p and of weight r — 1 in the suffixes q. 
Show also that the siun of its coefficients c„ , sntistics the recurrence -formula 

*'ni-l.r 1 l --ICn.r—i 

and that C„, the sum of the absobite ralute of the coefficients in 


~i} dx«’ 




satisfies the rocuiTcnce-inequahty 

tVi <(13«-7)C,. 
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24. If, in some interval of values of x, tho relation f(x, i/) — 0 defines an implicit 
function y(x) such that f(,x,y) is ‘analytic’, i.e. such that for every p, g > 0 

exists and 

I 




\dxr>dyo, 


< Ap'.qi M^N”, 


■where A, M, N are numbers independent of x, y, p, g, show that niunbera A„ Afi 
independent of n can be found such that 

' < AiJVfJ. 


-f- 


n! 

yi 


26. If /(a:, y) is ‘analytic’ m some closed interval in which f{x, y) = 0 defines an 
implicit function y{x) and if fy(x,y) does not vanish in this interval, show that 
y(x) is analytic for the corresponding values of x. 



IX 

MAXIMA AND MINIMA 

1. Recapitulation 

It has been seen in chapter III that every bounded set, and, in particular, 
the set of values in an interval of a function bounded in the interval, 
has an upper bound and a lower bound. We have seen further that, 
if a function is continuous in an interval, it is necessarily bounded there 
and its bounds are actual values of the function at points of the interval. 
These bounds are therefore now the greatest and the least values of 
the function. 

In chapter IV we have further seen that, if a function of one variable 
is differentiable in an interval (and therefore certainly continuous in 
the interval), the greatest and the least values can occur only at the 
end'iioints of the interval or at zeros of the derivative. On the other 
hand, we have also seen that zeros of the derivative are not necessarily 
points of greatest or least value. 

In addition, we have defined a maximum (minimum) of a function 
as a point at which the function is at lea.st as great (small) as elsewhere 
in the neighbourhood of the point (the ‘neighbourhood’ mcamng, as 
always, an interval compleidy enclosing the point). We have shown 
that, if a function of one variable is differentiable in the neighbourhood 
of a maximum or a minimum, its derivative vanishes there, but con- 
versely that the derivative may vanish at points neither maxima nor 
minima. 

In the light of these facts it is well to distinguish clearly between 
three classes of points at which the values of a function of a single 
variable, differentiable in an interval, become notable among its values 
in the interval: 

(i) the points of greatest and of least value in the interval (the points 
of bounding value); 

(ii) the maxima and minima, if any (the points of turning value); 

(iii) the zeros of the derivative, if any (the points of stationary value). 

We should observe that, whereas bounding values must be defined 

with reference to a given interval, turning values and stationary values 
depend only on the behaviour of the function in an arbitrary neigh- 
bourhood of the point; the former are jointly functions of the function 
and a prescribed interval, the latter intrinsic functions of the func- 
tion itself. 
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2. Turning values of the function of one variable 

The points of bounding value of the function in the given interval must, 
from the definition, be also turning-points of the function or else end- 
points of the interval. The turning-points of the function are also 
points of bounding value in a properly chosen interval. 

For a differentiable function turning values must be stationary 
values, but not all stationary values are turning values. The theory 
for functions of a single variable is completed by the following theorem 
that enables us, in general, to discriminate which stationary values are 
also turning values and therefore to determine the bounding values of 
the function in a prescribed interval: 

(1) The function being supposed sufficiently differentiable, a stationary 
value is also a turning value, if and only if the earliest derii'ative which 
does not vanish at the point is of even order. The turning value is a maxi- 
mum or a minimum according as the value of this derivative at the point 
is negative or positive. 


To prove /(a) a turning value of f{x) we have to show that, for suffi- 
ciently small values of h, 

has a sign independent of the sign of h. If f„(x) exists at x = a, then 
by Taylor’s limit, chapter V (34), 


l^|/(o-t-^)- 2 ^/r(«)} A" =/»,(«)/«! • 

r=0 * *' 

Suppose now that 

/i{o) = 0, ..., /„_i(a) = 0, /„(a) 0. 

The Umit reduces to 


\im{f{a+h)-f(a)}jh-^ = f„{a)ln\, 

h-*o 

and so, if A is sufficiently small, f(a-\-h)~f(a) has the sign of hff„{a). 
Hence, if m be even, f(a+h)—f{a) has the sign of /„(a), which is inde- 
pendent of the sign of h and thus a is a turning-point oif{x). Moreover, 
the turning value is a maximum or minimum according as this sign of 
f{a-rh)—f{a) is negative or positive, i.e. according as f„{a) is negative 
or positive. 

On the other hand, if ra be odd, f(a-\-h)—f(a) has the sign of h and 
the function is neither maximum nor minimum. If y ~ f(x) can be 
represented by a curve, this curve crosses its tangent at such a point, 
which is therefore an inflexion of the curve. We may borrow from 
geometry and conveniently term such a point an inflexional point. 

Since the proof of (1) turns essentially on the existence of Taylor’s 
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limit, we can evidently replace the ‘derivative’ of the enunciation by 
the ‘umbral derivative’ [/„(«)] of chapter V § 8 , which is defined in- 
ductively by the recurrence-formula 

The existence of the umbral derivative of any order, as we have seen 
in chapter V, imposes less stringent conditions than those imposed by 
the exist(*nce of the full derivative of equal order. We thus widen the 
applicability of ( 1 ), if we re-enunciate it in the form; 

(2) Granted the existence of sufficient umbral derivatives at the 'point, 
a stationary value is also a turning value, if and only if the earliest 
umbral derivative which does not vanish at the point is of even order. The 
turning value is a maximum or a minimum according as the value of this 
umbral derivative at the point is negative or positive. 

The tests of theorem ( 1 ) are applicable throughout any interval in 
which f{x) is analytic, for then at every point of the interval every 
derivative e.xists and not every derivative vanishes — we exclude the 
trivial case in which f{x) is constant in the interval. There is thus an 
earliest derivative not vanishing at the point, and the theorem provides 
an exact and complete solution to the problem of determining the 
turning values of the function in the interval. 

In an interval in which the function is non-analytic the tests of both 
theorems ( 1 ) and (2) may be inapplicable. Thus the function 

f{x) - exp(-j;- 2 ) (ar 0 ) 1 . . 

m - 0 1 

has a minimum at the origin, since elsewhere it is positive. But the 
tests of theorems ( 1 ), ( 2 ) fail to indicate this muiimum, since every 
derivative vanishes at the origin. 

Again the function 

f(x) IE' x^sin*(j;-’) (x 7 ^= 0 ) 

/(O) = 0 

has a minimum at the origin, since f(x) is everj^’here positive or zero. 
But the tests of theorems (1), (2) again fail, since /'(O) = 0 and neither 
/"(O) nor even [/"(O)] exists. 



3. Functions of many variables 

When we pass on to functions of n variables, we base our discussion 
on the same initial principles. The ‘interval' is now the w -dimensional 


interval 


It 


< Si,..., |x„-o„| < 8 „. 
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^ li f(xi,...,Xn) be a function continuous throughout such an interval, its 
•values therein ■will include a greatest value and a least value! these are 
the bounding values of the function in the interval. These values, unless 
they occur at points on the boundary of the interval, 'will be respectively 
a maximum and a minimum of the function. More generally, we define 

a point (fflj a„) to be a minimum (maximum) of the function, if the 

point can be completely enclosed by some interval 

laj-fflil,..., <S 

throughout which 

/(a:i,...,a;„)-/(ai,...,aj ^ 0 (sC 0), 
i.e. if, for aU sufficiently small values of |7tj|,..., 1A„|, 


/(ai+7ii,...,o„+AJ-/(ai,...,o„) 
is positive (negative) or zero, independently of the sign of 
These points (Oi,...,a„) are the turning-points of the function. 

If all the first derivatives /j,...,/„ of /exist througliout the interval, 
we define a stationary point of the function to be a point at ■which all 
these first derivatives vanish, i.e. (ai,...,a„) is a stationary point, if 
/i(a„...,a„) = 0, .... /„(ai,...,o„) - 0. 

Since the maxima of f(xi,...,x„) are precisely the minima of 

—f{Xi «„), it ■will be suflBcient in future discussion to consider minima 

alone. The corresponding results for maxima are at once deducible by 
changing the sign of /. 

Suppose now that (ai,...,a„) is a minimum of f{Xi,...,x„) and let us 
define the arguments Xy,...,x„ of / as themselves functions of a single 

= (5) 

such that («!,..., a„) itself is included among the values of {x^,...,x„), say 
for t = ti 

near L. then an interval ,, , , ^ 

® 17— <ol < ^ 

defines an interval |x— Xjl,..., |x— x„| < S 
in the field of n variables. 

The values of the function 


Q. If, further, we make the arbitrary functions (5) continuous 


(6) 

(7) 


F{t) =f{xi(l),...,x„(t)} 

in the interval (6) are included among the values of the fimction 
/(xi,...,x„) in the interval (7). But, by definition, /(Oi,...,a„), i.e. Flt^), 
is the least of the latter set of values for proper choice of S. Hence too 
f’(<ti) is the least of the set of values of F{t) in (6) for proper choice of e. 
In other words, is a minimum of F{t). 
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We may call (5) a ‘continuous curve’ (in the field of n variables) 
passing through (ai,...,a„), and we may then say briefly that 

(8) A 'point which is a minimum of x^) is necessarily also a mini- 

mum of f taken along any continuous curve through the point. 

We at once deduce that 


(9) The minima of a differentialjle function are stationary points of the 
function. 

For, if we restrict the continuous curves (5) to be differentiable 

curves, i.e. to be such that the first derivatives x[(t) x'^(t) all exist 

in the interval under discussion, then, by chapter VI (18), 

F'(t) = x[(t)f^{x^,.. ,xJ-^...-{-x'„(t)fJxi,...,xJ. (10) 

If (Oj,. ..,«„), corresponding to t„ on the curve, is a minimum of/, then 
tg is a minimum of F and therefore also a stationary point of F. Thus, 

^ 0 ( 11 ) 

for every diflerentiable curve through the minimum. Fhoose in parti- 
cular the curve 


x^ = a, (r 1 s— 1,5-f l,.,.,7i) ) 

.r, — t r 


( 12 ) 


where tg a^. Tliis passes through (ai,...,a„) and is differentiable: in 
fact we have 

a-' — 0 (r - l,...,s— l,«-f 1,...,7?), 
x^ = 1 . 

Hence, from (11), /,{ai,...,a„) = 0. 

Taking in succession the n curves corresponding to s = l,...,n, we 
obtain as necessary conditions for the minimum 

/,(ai,...,a„) = 0 (« = l,...,7i), 

which establishes the theorem. 

Since the function of n variables includes the function of one variable 
as a particular case, it follows, as for the function of one variable, that 
not every stationary value is a turning value. 


4. Conditions sufficient for a minimum 

The principle of (8), as we have just seen in a particular case, enables 
us to deduce necessary conditions for minima of functions of many 
variables from the corresponding theory for functions of one variable. 
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We can in similar fashion deduce sufficient conditions from the same 
theory by relying on the converse of (8), namely, that 

(13) A point is a minimum of if it is a minimum off taken 

along every continuous curve through the point. 

We shall in point of fact need the converse in the more stringent form 
in which ‘every continuous curve’ is replaced by a select class of such 
curves, namely those for which, in the defining equations (5), every 
umbral derivative \p>‘xff)\ of order p exists at tlie point, p being some 
specified integer, and, in addition, the first derivatives *'(<) do not all 
vanish at the point. f 

We may state the stricter converse in the form : 

(14) A point 0 is necessarily a minimum of f{x^,...,x„), if , for some 
specified integer p, it is a minimum of f taken along every continuous curve 

= (s=l,....n) 

through 0 such that the umbral derivatives [i)^’Xg(0] of order p all exist 
at 0 and the first derivatives Dxfit) do not all vanish at 0. 

To prove this theorem we rely on the following lemma: 

(15) Given a point 0 and a sequence of points converging to 0 in afield 
of n variables and given a positive integer p, then we can choose a sub- 
sequence of the given points through which we can draw a continuous curve 

a", = **(0 (s=l....,n) 

passing also through 0 and such that the umbral derivatives [Zl'’r,(/)] of 
order p all exist at O and the first derivatives Dxft) do not all vanish at 0. 

It will be less wearisome to postpone the proof of the lemma and to 
show first how we make use of it in proving (14), Let us imagine there- 
fore that the lemma is proved. Now, if {^i,...,f„) be a minimum of 
f{xi,...,xf), we can find some e such that 
f(Xi,...,xJ 

if ki-fil,.... < e. 

Conversely therefore, if (^^i,...,f„), or P say, be not a minimum of /, 
then given any positive e however small we can find some a:^(e),..., a:„(€) 
such that iXi— |x„— |„i < c, but 

/(Xi,...,a:„)</(fi,...,fJ. (16) 

If then we choose a positive sequence {e^-} converging to zero, the 

t We maj^ say that such a curve is times (umbrally) differentiable’ at the point 
end has a determinate ’tangential direction’ at the point. Evidently the satisfaction 
of the latter condition depends on the parameter defining the curve as well os on the 
intrinsic character of the curve itself. 
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corresponding sequence of points a;„(tjv)} converges to P and 

at every point of the sequence the inequality (16) is satisfied. By 
the lemma we can describe through these points and P a continuous 
curve having the stipulated derivatives at P. The inequality (16) is 
then satisfied at points of this curve arbitrarily near P, and therefore 
P is not a minimum of the values of / considered along this curve. 
Hence, if P is a minimum of / along every such curve through P, it 
must also be a minimum of the unrestricted function, i.e. of the function 
regarded m-dimcnsionally. Thus (14) is established, if the lemma holds. 

5. Proof of the lemma 

For brevity consider only the case n — 2, p — 2. Take the given point 
O as origin of polar coordinates (r, 0) in the plane of the points. The 
inequalities ^ ^ 6 ^ ^ {0 ^ a < p ^ 2rr) 

define an infinite sector in the plane which we may call ‘the sector (a, jS)’. 

Now it may happen that, however small cx, the sector (0, at) contains 
always an infinity of points of the sequence. In other words, for every 
positive € tlie sector ( — €, +€) contains always an infinity of points of 
the sequence. 

If not, then for some a the sector (0, a) contains at most a finite 
numberf of j)oints of the setpience. Since the sector (0, 2tt) contains 
all the points of the sequence, the set of numbers {-»} is bounded and 
so has either a greatest number or an upper bound aQ. In either case 
is such that for every positive e tlic sector (0, f ) contains at most 
a finite number of points of the sequence, while the sector (0, oto+e) 
contains an infinity of points of the sequence. In consequence the sector 
(cKfl— e, ckQ+e) itself contains an infinity of points of the sequence. Thus 
in every case we can choose ap such that for every positive e the sector 
(ap — €, 0 ( 5 4-«) contains an infinity of points of the sequence. 

Now choose a j) 08 itive sequence {e,,} converging steadily to zero. 
Then from the given st>quence of points we can pick out a subsequence 
whose polar coordinates (r„, 0„) satisfy the successive inequalities; 

> ... > r„ > ... 

oifl — Ej < ^1 < cXfl + ei, .... oco— < oto+e,,, .... 

This is always possible, since every sector ( 0 ( 5 — e,,, aj+fn) contains an 
infinity of the given points and, in the given sequence, r„ -> 0 as n 0. 
Evidently in the chosen subsequence {(r,,,^,,)} we shall have, as n ->oo, 
0 monotonically, d„ c^. 

t *At most a flmto number’, i.e. a finite number or none at all. 
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Define the curve x = x{r), y = y{r), where, for r„ ^ r > 

x{r) = 

^n+\ 

^ ynt-‘^.«+l)+ynflK-r) ^ 

^n+l 

Xn, y„ being the cartesian coordinates of (r„, 0„). The curve is evidently 
a broken polygon of infinitely many sides with vertices at the points 
(^n’Vn)- I* therefore continuous both at these points and between 
them. 

Now, for r„ ^ r ^ we may write 


^ a-„(r— r„+i)+a;„4.i(r„-r ) 
^ ^n(r-r„+i)+r^ n(rn-r) ’ 


which lies between xjr^, a;„+i/r„+i, i.e. between cos0„, cos0„+i, since 


r— r„ 4 ,i, r„— r are both positive. Hence 
jx(r) 

r 


— cos a, 


<(, it ]6„— o<ol < some -rjit), 


i.e. if n > some N{f), by the definition of 9„, 

i.e. if r„+i < some ^(c), since {r„} is monotonic, 

i.e, if r < ^{e), since r ^ r„^i. 

In other words, as r 0, xjr cos and similarly yjr sin a,,. We 
may complete the definition of the curve by writing 


x(0) = 0, y(0) 0, 

Then the curve passes through O and l)x, Dy both exist there. Actual!}- 
^ Dx = cos a#, l)y = siii ap, 


and therefore Dx, Dy do not both vanish at 0. 

To define a curve in which the umbral derivatives of the second order 
exist at O consider the sequence of points {(A„,T„)} where 


X„ = — — cos oq, T„ ^ — sin 

'"n 

As we have seen, this sequence converges to the point O and therefore, 
by the result just established, we can define a continuous curve 
X = X(r), Y = Y(r) 

which passes through a subsequence of these points and O itself, and 
has derivatives DX, DY at 0. Now consider the curve defined by 

a:(r) s r(Z+co8aio). J/W = ’’(J'+sin “o)- (17) 

It passes through a subsequence of the points i.e. through 
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a subsequence of the original sequence of points, and is continuous, 
since X(r), Y{r) are continuous. It evidently passes through O (for 

r—0) and at 0 Dx — cos oio, Dy = sin ao, 

so that they cannot both vanish. For the umbral derivatives of the 
second order we must consider the limits, as r 0, of 

x(r)—x(Q)—rcoe(Xa y(r)—y{0)—r sin cn g 
rV2! " ’ rV2! 

. ^ 2X(r) 2y(r) 


which exist, since DX, D Y exist at O. Hence the curve xir), y(r) defined 
in (17) satisfies all the requirements of the lemma, and the lemma is 
therefore established. It is evidently not difficult by proceeding in- 
ductively in the above way to define a curve in which the umbral 
derivatives of any specified order exist at 0. 


6. The function of two variables. Analytical criteria 

When we seek to obtain for functions of many variables analytical 
criteria of a minimum analogous to those obtained in (1), (2) above for 
functions of one variable, we are confronted with difficulties of a new 
order. We can isolate one of these difficulties by considering first of 
all the function of two variables only. 

Let the function be/(.r.?/) supposed differentiable to any required 
order. Then, by (9), a minimum must also be a stationary point and 
therefore for a minimum we must have the preliminary conditions 

/. = 0=/v 

Now let ut- study the function for a minimum at (.r . y) along an arbitrary 
path through the point. The stationary point, a.s we have seen in (8), is 
also a stationary point along every differentiable curve through the 
point. If along the curve the stationary point is also to be a minimum, 
we have from (2) the conditions 

[im > 0 (sufficient), (18) 

\D^f] > 0 (necessary), (19) 

if f/iy] exist at the point. 

If Dx, Dy, [DV], [Dhj] all exist at the point and if / is twice differ- 
entiable, then, by chapter VI (42), [D'^f] exists at the point, and in 
fact we have 

m] - fA^^r]+f^[D^]+f„{Dx}^+2f,,DxDy+f„,{Dyr. 
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Thus, at a stationary point of /, 

WJ] ^U(Dx)^+2f^DxDy+f,,(Dyr. (20) 

The expression on the right is quadratic in Dx, Dy and therefore, except 
for Dx, Dy simultaneously zero, has always the sign of if 

fxx fxy ^ 

fxv fm 

Hence, if at the point we have simultaneously 


fxx > 0 . 




> 0 , 


( 21 ) 


fxv 
if TV fyv 

then along every curve through the point at which Dx, Dy exist and 
are not both zero we have fZ)*/] > 0 

Thus, by (18), the conditions (21) are sufficient for a minimum. 


Conversely, if 


< 0 , 


fxx fxy 
fxy f try 

the quadratic (20) has real factors of the form 

{aDx+ffDy)(<x'Dx+ff'Dy}, 

and by a suitable choice of the ratio Dy.Dx, i.e. of the tangential 
direction of the curve, can be given either sign at discretion. Hence, 
if the point is to be a minimum along every differentiable cur\'o through 
the point and in particular along every straight line through the point, 
we must have , f > 0 

J XJC J XJf 
fxy fyy 

If this condition is satisfied, the quadratic has the sign of or is zero. 
Hence for a minimum we have the further necessary condition 

fxx > 0 . 

Collecting these results we can state that 

(22) Conditieme that a stationary point of f{x, y), supposed differentiable, 
be also a minimum are 


fxx>0, 

fxx > 0 , 


fxx 

fxv 

fxx 

fxy 


fxy 

fw 

fxy 

fw 


> 0 


> 0 


(sufficient)-, 

(necessary). 


7. The semi -definite case 


The foregoing conditions fad, of course, to provide an exact set of 
necessary and sufficient conditions for a minimum in view of the gap 
between ‘ > ’ and ‘ ^ . Something of this sort was to be expected, since. 



241 


IX §7] MAXIMA AND MINIMA 

even for a function of one variable only, we were unable to estabUeb 
an exact condition for a minimum in terms of the second derivative 
alone. Now f « r f 

Jxx JxxJyy Jxy ^ 

are clearly incompatible, and the only divergence between the necessary 
and the sufficient conditions must come from the possibility 

Ax /x„ = 0, (23) 

fxy f yy 

In such a case, since also/j.^. ^ 0, we may write 

Ax ^ At/ = “A fyy = 

obtaining at the stationary point 

[Ziy] = (^Dx+^Dyf. 

Thus [J5'/] is still positive along every curve excepting only those 
which have the unifjue direction given by 

<xDx-\-^Dy ~ 0. 

Along every curve in that jtarticular direction vanishes and the 
decision, by (2), passes to derivatives of higher order. In strictness, it 
shoidd of course be added that, in the more special case 
Ax - 0. fxy - 0, = 0 

Still covered by (23), [D^j] vanishes in every direction. 

We throw light on these conditions, if we interpret them geometri- 
cally. Regard = -/(x,y) 

as defining a surfacef in terms of rectangular cartesians x, y, z in which 
z mea.sures height and .r, y are horizontal coordinates. On a map of 
this surface tlie curves of the family 

f(x,y) = constant 

are the contour lines. From the theory of singular points of a plane 

curve we know that r _ o — f 

Jx Jy 

are the conditions for a singular point, which will be an isolated (con- 
jugate) point, a real node, a cusp according as 

fxx fxy >0. <0, =0. 

fxy fyy 

An isolated point on a contour line, or in the extreme case a contour 
line which has shrunk to a single point, represents a mountain summit 
or possibly the pit of some depression: it is thus either a maximum or 


t Let UB say. some portion of the earth’s surface sufficiently small for the level surfaces 
to be taken as plane. 

iui c 
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a minimum. If we think of the surface itself flooded up to the level of 
the mountain summit, the fact of the isolated point becomes obvious. f 
On the other hand, at a real node the contour line crosses itself. The 
two branches divide the vicinity of the point into four regions, in two 
of which the surface is above and in the other two below the level of 
the j)oint. The node on the contour line therefore represents a saddle- 
back, i.e. tlie summit of a mountain pass, which is evidently neither 
a maximum nor a minimum. It is still, however, a stationary point, 
i.e. the surface is horizontal in its neighbourhood. Geometrically, we 
may regard it as the two-dimensional analogue of the inflexional case 
in the function of one variable, where again we have a stationary point 
which is not a turning-point but has in its immediate vicinity both 
higher and lower points. I shall extend the term ‘inflexional’ to all 
similar points in fields of many variables. 

To this order of approximation the cusp bes indecisively between the 
cases of the isolated point and the real node, and at this stage yields 
no useful geometrical illustration. We might conveniently apply the 
term ‘cuspidal’ to the case in which 

fxx fxu 
fxy Ivy 

It is more natural, however, to recall that in this case the quadratic 
D^f = f,ADxf+^-fxv D-rDy +1^^^ 

is said, in algebraic language, to be serni-definile in the sense that, 
although it never changes sign for real values of I)x, Dy, yet it does 
actually attain the value zero. For this reason, then, the case in ques- 
tion will be called the ‘semi-definite’ case and the term will be similarly 
applied for functions of more than two variables. 

The proper resolution of this semi-definite case is laborimis, and it is 
better to postpone it until we have extended the results of § 6 to func- 
tions of many variables. 


8. Functions of many variables. The invariably positive quad- 
ratic 

At a stationary point of x„), supposed twice differentiable, we have 


r »«0 ^ ^ ** 

The expression on the right is a quadratic form in the n arguments 
Dzi,...,DXj^. The determination of its sign, or more precisely the 


t Compare the point of view of Noah on Ararat. 
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enumeration of conditions that for all real values of its arguments it be 
invariably positive or invariably non-negative, belongs properly to the 
algebra of quadratic forms. In beu, however, of quoting known results 
from this algebra, which is by no means elementary, I prefer to obtain 
the requisite facts as a part of the present theory. It is possible to do 
this inductively pari passu with the development of the conditions for 
minima of the general function. 

The discussion is assisted, if we lay down certain terminology for the 

general quadratic „ „ 

2 + 2 2 

r 0 

The discriminant of the general quadratie is of course the determinant 
(here defined by its principal tbagonal) 

I®11 “22 ®nnl- 

A minor of a term on its principal diagonal such as 


will be called a principal minor of the determinant. A principal minor 
of a principal minor will bo called a second principal minor and so on. 
By a sequence of principal minors I shall mean a set of principal minors 


beginning with a determinant of unit order, in which each determinant 
is a princijial minor of the determinant which follows. 

For invariance of sign of the /i-ary quadratic we rely on the theorem: 
(25) The necessary and sufficient condition that the n-ary quadratic be 
invariably positive {except for every argument zero) is that the discriminant 
and a sequence of principal minors be all positive. 


This theorem appUed to the quadratic for [D'^f] in (24) gives a suffi- 
cient condition that [/Jy] > 0 along every cuna' through the stationary 
point such that Dx^,...,Dx„ exist and are not all zero at the point. 
These conditions are sufficient to secure that f(x^,...,x„) be a mimmum 
at the stationary point. The discriminant of the quadratic for [D’^f] 
in (24) is the Hessian of /, 

dx\ cxi 


Hence, if we have proved (25), we can at once deduce the following 
conditions sufficient for a stationary point to be a minimum: 

(27) A sufficient condition that f{xi....,x„) be minimum at a stationary 
point is that there the Hessian and a sequence of principal minors be 
positive. 
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9. Proof of the induction 

When n = 2, the theorem (27) is effectively (22), which we have already 
proved, while (25) reduces to an elementary property of the binary 
quadratic which we have actually used in proving (22). The induction 
therefore opens at w = 2 and is sufficiently established when we have 
shown that (25), (27) hold for n variables, if they hold for w— 1. 

The principles of the proof are sufficiently shown by taking w = 3. 
For the ternary quadratic it is convenient to change the notation and 
to write ^ ^ ^ 

To prove the conditions of (25) necessary put first of all 2 = 0. The 
n-ary quadratic reduces to the («.— l)-ary quadratic 

'u(x,y,0) = ax^-\-2hrij~{-by^. 


Its discriminant \a 6| is a principal minor of |a b c|, the discriminant 
of u{x, y, 2 ). Since, by hyiiothesis, y, 0) is invariably positive*, unless 
a; = 0 = 1 /, it follows from (26), now supposed to hold forn — 1 variables, 
that \a 6 1 and a principal minor a are positive. 

Now give 2 a fixed value differing from zero and consider variation 
of X, y only. The set of values a; = 0, y = 0, 2 -- 0 is then excluded 
and therefore, by hypothesis, u(x,y,z) is always jiositive. It is conse- 
quently bounded below and so has a least value which is positive 
and is, moreover, a minimum, since x, y are now unrestricted. At this 
minimum we must have „ 

= 0 = Mj,, 

and, since identicaUy ^ _ l{xu,+yu,+zu,), 
we have for the minimum value 

Mg = J2M.. 


Thus, if (aro>yo) coordinates of the minimum, we have 

hxa+by^+fz = 0 i 

and 9'a;o+/yo-f |c— “ijz = 0. 

Hence a 

jh 


\a 6|Mg = 2 *ja h c\. 


h 

b 


9 

f 


f 


= 0 


(28) 


and so 


(29) 
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But Uo is positive and we have already proved that \a 6 [ > 0. Thus 
also \a b cj > 0, i.e. the discriminant of u{x,y,z) is positive: and we 
have shown that a,\a b\ are positive. The conditions of (25) are thus 
proved necessary. 

Conversely, to prove the conditions svfficient, consider first z = 0. 
Then, as we have seen, (25) reduces to the corresponding theorem in 
n — 1 variables, which we have assumed for the purposes of the induc- 
tion. We may therefore take z not to be zero. Fix it, and consider 
variation in x, y only. Since \a 6| ^ 0 by hypothesis, we can solve 
equations (29) to give the stationary point {x^,yo). The conditions 
of (27), assumed, in the induction, to hold for n— 1 variables, are 
sufficient to ensure that the stationary point be a minimum. But now 

= 2a,-2h,2b 

and accordingly the Hes.sian in x, y of u(x, y, z) differs only by a constant 
numerical factor from the discriminant of u{x,y,()). 

The Hessian and a sequence of principal minors are thus a sequence 
of principal minors of u{x.y,z) and so, by hypothesis, are positive. Thus 
(^fl'.'/o) j*’ minimum of u. Moreover, since \a 6|, 'a b c\ are both 
po.sitive, the minimum value «(, given by (29) is also positive and hence 
u{x,y.z) is invariably positive, if z .jt o. This concludes the proof of the 
sufficiency of (25) aiid also completes the induction, since, as we' have 
said, the sufficiency of (27) is at once deduced by appljing (25) to the 
expression of [DY] as a quadratic given in (24). 

In (25), invariance of sign of the quadratic, a property evidently 
symmetrical in the arguments, has been made to depend on the signs 
of a set of expressions which in themselves are not formally symmetrical, 
namely the discriminant and a set of principal minors. We have 
actually chosen 

a > 0, |n h| ■> 0, \a b cj > 0, (30) 

which display evident alphabetical preferences. Since the conditions 
of (25) are both necessary and sufficient, it is clear that the three 
inequalities (30) necessitate the other inequalities 

/; > 0, c > 0, \h c| > 0, ]c «! > 0 
which complete the symmetrical sct.'j' Thus it is actually necessary 
that the discriminant and all its principal minors (of everv’ order) be 
positive. This complete set of conditions is obviously’ sufficient, since 
it includes a set of conditions known to be sufficient, but is by that 
very fact redundant. 

t Direct algebraic proof of this is, of course, not difficult. 
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10. The Invariably non-negative quadratic 

We can now deduce from (25) the following necessary and sufficient 
conditions that a quadratic be never negative: 

(31) An n-ary qv/idratic is invariably positive or zero, if its discriminant 
and all its principal minors (of every order) are positive or zero. 

As before, I give the proof only for a ternary quadratic u(x,y,z). 
Define a new ternary quadratic 

'u'{x,y,z) = {a-\-e,b+e,c-(-(,f,g,h)(x,y,z)" = u+f(x^-\-y'^-[-z^), 
where e is positive but is otherwise at our disposal. Since u is never 
negative, u' is invariably positive except when x, y, z are all zero. With 
the usual notation, in which A is the discriminant of u and A, B, C its 
principal minors, the discriminant of u' is 

A+£(A + 5+C)+€2(„^6+r)+e» (32) 

and a first and a second principal minor are respectively 

A+e(5+c)+€*, a+f. (33) 

These are all positive and their limits, as e 0, arc accordingly all 
positive or zero, i.e. 

A 5s 0, A 0, a 5= 0, 

and so for the other principal minors. The conditions are therefore 
necessary. 

Conversely, if A, A, .B, C, a. b, c are all positive or zero, it follows 
from consideration of (32), (33), since e is positive, that the discriminant 
of u' and all its principal minors arc positive. Hence, by (29), v’ is 
invariably positive. Taking the limit e ->■ 0, we have that u itself is 
invariably positive or zero. 

Within the terms of (31) it might be supposed that each principal 
minor and the discriminant itself could, independently of one another, 
be either positive or zero. Actually not all of these alternatives are 
algebraically compatible. Suppose, for instance, that [a b c| be po.si- 
tive. Within the terms of (31) the quadratic, being alwa}\s positive or 
zero, is still bounded below and the arguments of § 9 continue to apply. 
Thus, if Uq be the minimum, when z is fixed and not zero, (29) shows us 
that |a 6| is not zero. Again, as we have already seen, any principal 
minor (of whatever order) of the discriminant l^ecomes itself the dis- 
criminant of the quadratic, when appropriate arguments are equated to 
zero. It follows that, if the discriminant itself or some principal minor 
is positive, every principal minor (of whatever order) of the discriminant 
or of that particular principal minor must also be positive. Thus in any 
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sequence of principal minors, if any term is positive, every preceding 
term must also be positive. 

In particular, if the discriminant itself be positive, every sequence of 
principal minors is positive and (25) applies. In this case the quadratic 
is positive and never zero except when every argument is zero. Thus, 
if under (31) the quadratic actually attains the value zero for other 
than all zero values of its arguments, the discriminant vanishes. Con- 
versely, if under (31) the discriminant vanishes, the quadratic must 
actually attain the value zero for other than all zero values of its argu- 
ments, since otherwise, by (25), the discriminant is positive. 

In such case the zero itself is the minimum and we have for the 
eoordinate-s of the zero 

” 0 = Uy, ua 0 , 

i.e. simultaneously 

nx+hy+gz 0 ■ 

?ix-T hy->rfz — 0 . 
gx-\-fy-i-cz — 0 - 

These are eon.sistcnt, .since the di.scriminant vani-shes. In general they 
determine the ratios of x, y. z uniquely, so that in homogeneous co- 
ordinate.s (x.y,z) there is a single zero. It may, however, happen that 
every first minf>r of the discriminant vani.shes and the three equations 
are eqtiivalent to a single equation. There is then in homogeneous 
coordinates a line of zeros; in fact, the quadratic is a perfect square 
(.T^'n^-!/^h-t-^^c)- which vanishes along the line of zeros 

x\'ci-\-y\h~-z\c = 0. 

1 1 . Necessary conditions for a minimum 

If wo apply (31) with the above glosses to the quadratic for [Dy], we 
have the following 7iece-g.sary condition.s for a minimum: 

(34) Jf a stationary point of f{x^....,x„) is also a minimum, it is necessary 
that the Hessian and every principal minor {of whatei'er order) be either 
positive or zero. Moreover, any of these which is positive must have every 
principal minor also positive. 

As we have seen, if, within the terms of (31), the Hessian is posi- 
tive, necessarily every principal minor is also positive, the conditions 
of (25) are satisfied and the point is actually a minimum . Cases of failure 
of the tests of (25) therefore arise only if the Hessian vanishes. For 
two variables this i.s the case ftzfuu~J% ” '^'hich is exactly the 
semi-definite or ‘cuspidal’ case. We may accordingly in any number 
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of variables describe the case in which the Hessian vanishes as the 
‘semi-definite’ case. In this semi-definite case [Z)®/] vanishes along 
curves in certain directions through the stationary point, and along such 
curves we have to consider derivatives of higher order. 

Actually these exceptional directions are given by the n equations 

frxDxx +...+/„, = 0 (r 

which are homogeneous in Dx^ and are consistent, since the Hessian 
vanishes. They may define a unique direction through the stationary 
point, or they may be equivalent to not more than n—s independent 
equations and define an (s— l)-fold of directions. The discussion of this 
semi-definite case we postpone to the next chapter. 

12. Minimum distance from a quadric 

To show the application of these tests in practice we may inquire in 
what circumstances the normal distance of a point from a quadric sur- 
face is actuaUy a maximum or minimum distance of tlie j)C)int from tlu! 
surface. We take as coordinate-axes the normal and the directions of 
principal curvature at a point 0. The quadric then takes the form 

22 = (Pn/>2 0). (3’'>) 

where p^, are the principal radii of curvature at (). Take the fixed 
point N on the normal at 0 as (0,0,^). Then, it P be the point (x,y.z) 
of the quadric, we have 

2) = = x^+y^+(C—z)^ 

== + 1 _ ^!p^)+yZ( 1 _ ^/p^) + I 

on substitution for c from (35). Clearly O itself gives a stationary point , 
and at 0 D^J = {\-ilp^)(Dxr-+(\~-^lP^){Dy)K (36) 

By (27), conditions sufiBcicnt for a minimum are 

1 - ^/Pi > 0, ( 1 - ^/pj)( 1 - C/p,) > 0, 

i.e. Px(p\—i) > 0. Pzipz—O > 0. 

These are the conditions that C^, C,, the principal centres of curvature, 
do not lie between O, N. Similarly, it is sufficient for a maximum that 

PiiPi—0 < 0. Pzipz—O < 0. 

i.e. that C^, C, both lie between 0, N. If of C^, C, one lies between 
0, N and the other outside them, that is to say, if the segments C,, 
ON overlap, then < 0 

and the stationary position is inflexional. 
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There remains to be considered the semi-definite case in which 
(l-^/Pi)(l-C/p,) = 0, 

i.e. N coincides with or say with C-^. For a minimum we still need 

1-C/P2>0, (37) 

i.e. Cj does not lie between O, N but may eoincide with N, i.e. Cj, 
may coincide. With this condition satisfied we have in the semi-definite 
case 2)2/ > 0 

and similarly from (37) 

xHl-Up^)+yV-^|p,) > 0. 

Hence Bf > ^x^lp^-^-y^lPiY > 0. 

These conditions therefore suffice to secure a minimum. 

Again, w’hen ^ — p^. if we put x ^ 0, y = 0, we have 
8/-d(-eW>0. 

The semi-definite case is thus incompatible with a maximum, which 
requires 8/ ;;; 0. Hence, if lies between O, N. the position is in- 
flexional. 

We may sum uf) these conclusions as follows: 

(38) If N hs a fixed i)ohit on the normal at 0 to a quadric, the normal 
distance NO is a minimum distance from N to the quadric, if neither centre 
C\, ( 2 of principal curvature at 0 lies between N. 0. The. normal distance 
is a maximum, if L\, Cj both lie between N, O. If the segments Cj Cj, NO 
overlap, the normal distance is inflexional. 

When N is at C\, say, the normal distance is a minimum, if C, does 
not he Ixlwecn V, (’j or is at Cj itself. It is inflexional , if lies between 
0, C\. 

13. Minimum distance between two quadrics 

As an examj)le of tlie determination of maxima and minima of a func- 
tion of four arguments we may treat the analogous problem of the 
distance between points of the two quadrics 

2z x-'pi+if,P 2 (pi,P 2 0), 

22 2!^+x^,p[+y^i'Pi {Pi'.pi 7^ 0) 

in the neighbourhood of their common normal, the z-axis. If P. P' be 
the points (x,y,z), (x',y'.z') of the two quadrics, we have 
f{x,x',y,y',z,z') = PP'* = (r-x')^+{y-y')^+{z—z')^ 

^ ^2+x2( 1 _ ^/p,) +a:'2( 1 + ^ /pj ) _ 2xx' -f- 

+yHi-tlp2)+y'^{i+tlpd-^yy'+ 

+ i«>i+2f®/P2-^'VpI-3/'*/Ps)*- 
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The common normal gives, of course, a stationary value of PP', and 
in its vicinity we have 

IPS = (\-ljpS)(DxYM^+llp\W^‘?-^DxDx' + 

+ (l-C/p,)(Z)y)2+(l+^/p')(2)2/')“-2i)yZh/'. 

The discriminant of reduces to the product of the determinants 
|l-C/Pi -1 
i -1 1+^/p; 

which are themselves principal minors of the discriminant. The other 
principal minors are 

1-^/Pi, 1+c/p; (40) 

together with their products by that determinant of (39) which has the 
opposite suffix. 

For a minimum, it is consequently sufficient that the six expressions 
(39), (40) be aU positive, whUe it is necessary that none be negative. 
As in the previous example, the necessary conditions secure > 0, 
and at the same time 

x^{ 1 - !^!p,)+x'\ 1 + llp[)- 2xx'+y\ l-Hp ^) 1 + C/p () - 'W 0, 
and hence they secure 

8 / '> W-'ipi+y^lPi-P^ip'i-y'^lp’S- > 0 . 

The necessary conditions are thus also sufficient conditions. Considera- 
tion of (39), (40) shows that these conditions arc symmetrical in the 
suffixes 1, 2 and that therefore we need consider in detail only those 
conditions which involve, say, the suffix 1. We have then from (39) 

PiP'i UPi—p'i—0 ^ 0, 

and from (40) p[(p[ + 0l.0. 

If O, O’ are (0,0,0), (0,0,0 the extremities of the common normal, 
and if C^, C'^ are (0,0, /jj), (0, 0, ^-j-/)|) principal centres of curvature, 
we can state these conditions as 

C'i(?.C;0'.0'0.C'iCi 0, (41) 

CiO'.CjO^o, c;o.C';o' > 0. (42) 

Of these, (41) is the condition that the segments O'C^, OCJ overlap; 
(42) is the condition that Cj, C\ both lie outside 00'. The only possible 
orders of the four points are thus 

OO'C'.C^ or 00'C^C\. 

There also fall to be considered possibilities of coincidence of these 


'i-^/p2 -1 

! -1 i+c/p^i 


(39) 
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points, corresponding to the semi -definite case In (41) we then have 
0 S' 0' or Cj s Cj t If O, O' coincide, (42) is evidently satisfied and 
BO from symmetry are the conditions in suffix 2 But the normal 
distance is now zero and is therefore obviously a minimum If C[ 
coincide, the two conditions of (42) become identical They require that 
the coincident points C^, C( lie outside 00' Coincidence with either 
O or O' IS, of course, excluded for the reasons of the footnote More- 
over, we cannot have G^O', C'^0 overlapping and C'j, O' coincident, 
for this again requires either (7J or O to be also coincident with C^, O' 
This confirms what we have already remarked, namely that ve carmot 
have the second order discnminant \a b\ positive when a principal 
term a or 6 is zero 

For a maximum, tlio minors (39) are still positive, but the minors 
(40) are all negative, i c the inequahty (41) is unchanged but the 
inequalities (42) are reversed Thus, for a maxunum, Cj O', C\ O overlap 
and Cl, Cl he both inside 00' The only possible order of the four 
points IS OCiCiO' 

As in tile previous example it can be seen that the semi-definite case 
IS incomjiatible with a maximum and therefore, for a maximum, co- 
incidence of Cl, Cl etc must be excluded 

It will be noticed that in the case of either a maximum or a minimum 
the segments 0C\ O'C, do not overlap and we can state a sufficient 
condition for the stationarv position to be a turmng position, namely 
that O'C'i. OC\ overlap and OCj, O'C'l do not overlap 
Wc may sum up these conclusions as follows 

(43) IJ two quadrics haie a common normal 00' and parallel directions 
of cunaiure at O, O' and if C’j, C, , Q, C'^ be their corresponding centres 
of principal cunaturi, then the normal distance 00' is a minimum 
distance betiieen the tiio quadrics if the above points he m the orders 

00'C\Ci or OO'CiC',, 
ami OO'C'i Cj or OO'C, C'^, 

where coincidence of any of the pairs O. O', Ci, (?[, C^, C', is permissible 
The distance 00' la a maximum, if the points he in the errders 

OC^C',0’, OC^C'^0' 

and coincidences are not permitted 

t Wo do not consider C, =: O or C, - O', since these are expressly excluded in defining 
the quaclnos and would invalidate our analysis Moreover, these conditions do not give 
a zero diBcrumnant 
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WORKED EXAMPLE 

Show that the sum oj the products, taken p together, of the squared distances of 
a point from n fixed points is a minimum at every stationary point, if n y- 3(p-l). 

For the sum of the products, taken r togetlier, of the squared distances 
(a:— x,)®+(y— 2 /,)*-|-(z — 2 j)“, when the suffixes a,b,. . are omitted from 1, 2,..., n, 
let us write , 

,.V . 

(at. ) 

Then the function to he tested is 


and we have 


u(x,y,z) ^ S 
= 2 2 it:-x,fs , 

a <«> 

= 2(n— p+l)5 4-8 2 (»- 0 '»)(^-a^) *5 , 

a.i it t} 

4 2 t,x-xf)(y-y,{s . 

a t («./) 

Choose any real numbers i, rj, ^ and write 

0, - i(x-3:,)-t-ri{y~y,) + C(z-z,). 

Then - 2(«-p rl)(f’ i f + 1-8 2 

at 1$ t> 

Now m the last term on the right pick out from S tht' 2 >articul!ir jirodiict 




r-a 


Iii2^j^( the’ paitieular product is multipht'd by 


Tliu-s 


2 seA = 4(Vi+-+«'»)*-4(i^-ii-- 1 

»“P— 1 




> 2{^^^V^ + C*)\in-p I 1)6' ~2(p-l)V 


>0, if n 3{p - 1). 

Since f, r], f are any real numb<*rs, this condition secures that D’u 0 at e\cry 
stationary pomt, which is therefore a minimum. 


EXAMPLES IX 

1. Prove that a point at which iyf{z) — 0 (r — ],2,...,2n) is a minimum of 
f(x), if it IS a minimum of any D^f(x) (s -= 1,2,...,»). Prove also the converse, 
if f{x) is sufficiently differentiable; but by considering the functions 

!r*sm'(a:“*), r*sin*log|x|, 

or otherwise, show that the converse is not true in general. 

2. If a, b, p, q are unequal, show that 


T 
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has a single maximum and a smgle mimmum, and that the function does not tie 
between its maximum and its mimmum. Confirm this algebraically. 

3. Detormme the tummg values (if any) of 

a+bcoBx oco83:-l bsma; o*co8“a:+6“sin®a: 

a' + t'cosa:’ a'cosa:+6'sms;’ a'*cos*x->-6'*i,m“j ’ 


(oa:* 1 a:-j l)e*, 
biri^a: sin^fcc 

X* ’ sm^j; 


(ox^ l-x4-a)e*, 

(k not an mteger). 


4. Show that 



a'-l 


X 


have neither maxima nor minima. 

5. Doterimno the maxima and minima m the mterval (0, 27r) of the finite sum 

2 - cos(rx t ot), 

T-k^ 1 

whore k need not be an mteger. 

6 Determine the maxima and miiuma in the mterval (0,Jr) of the finite sum 

sin 2x , sin nx 
sinjj-T" . t 

2 n 

and show that, us we jias-s from 0 to w, the v alues nt the successive maxima 
steadily decrease. 

Show that the great! st value of the sum in (O.tr), regarded as a function of n, 
mcieiises steadily with n 

7. Detoniiiiie the inaMina and iiimima in the interval (O.w) of the Imite sum 

cos 2x cos nx 

1 Ob a - * 


and show that, as we pa-ss from 0 to tt, the values at successive maxima and at 
successive miiiiiiia both stvadily iii<;iea.se. 

Obtam the greatest and the least value of the given sum in tlio given mterval. 
8. Di'lerraiJie the maxima and niiniiua m the interval (t>. tt) of tin finite sum 

am 2i sin nx 

i It sinx r . ' . 

t n 


and show that, as we po-ss lioin 0 to tr, the values at the maxima decrease and 
those at the inimina increase 

Obtain the greatest and least values of the siun m the mterval (0, 27 t). 

9. Show that the stationary points of 

a, sm 8 sm i^ 4- a, sin ^ cosi^ d-a, cos 9 sm cos 8 cos tfi 


are given by 

tan 26 


2 (0^0, 

aj4 aj — oj— aj 


tan 2<l> — — 


2(ai CTa+OaOj 

«J— oJ+Uj — ai’ 


and deterrauie which (if any) give maxima and lumima. 
10. (i) Show that (ax*4-26xy+ri/®)e® 


has two stationary points, one or othei of wluch is a turmng pomt according 
as 6* 5 oc. 

(n) Show that 


X exp{ — (ox* + 26xy + cy “)) 
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haa neither maximum nor minimum, if either of c, oc— 6* is negative, and doter- 
mme its maxima and mmima, if these expressions are both positive. 

Discuss the maxima and rnmima of the functions (i), (ii), when oc = 6*. 

11. If M, U denote the general linear and general quadratic form m n variables 
(Xj, ..,x„), show that after a smtable homographic transformation we can write 
17 = aixj+a,x5 T ...+ObxS. « _ Xj. 

Investigate the maxima and mmima of the functions 

(OixJ+. .+a„i“)exp(x,), Xiexp{-(aix;+... + a„x“)}, 

(aixj+. +a„x^)cxp{-(6ixf+... + 6„x'?,)}. 

12 Investigate the stationary and the turning values of 

2 Xj - 3 2 -CrX,. 

r-1 r>« 

13. If Pi, ■■,p„ denote the sum of the products l,...,n at a time of the n argu- 
ments Xj, ..,x„ and if are any constants, show that the expression 

AiPi+^jP, I- 

has no tummg values. 

14. Show that an implicit function z(jc,y) defined by an equation of the foini 

^+rf(z)-ryg(z)'rHz) - 0 
can have neither maxima nor mimma. 

15. li u, V are homogeneous quadratic functions of n \aiiablcs Xj, ,x„. show 
that the stationary \aluos of u/v are the zi'tos of the discrimmant of «— Ar, and 
that the maxunum and the minimum of u/v arc lespoctn ely the greatest and the 
least zeros of this discnmmant. 

16. Show that the stationary \ allies of 

ax* f fty* I cz‘ 

“ ~ 3(i/-t z)(2-f xKx-f y) 

are the roots of ^ J ^ J ± J - 1 , 

the corresponding values of x, y, z bemg proportional to 

-J(^) 


Investigate the maxima and mmima of the fimction. 

17. A function z(x,y) satisfies a partial differential equation of the form 

AyZyy ^ 0, 

where oc, y are constants (or functions of x, y) such tliat ay /?*. Show that 
m any region the function z(x, y) assumes its greatest values only on the boundary 
of the region. 

Extend this result to a function 2 (x„.. ,x,) which satisfies a partial differential 
equation of the second order 

2 5 ^ 6*2 

where Orr, o(„ are the coefficients of an invanably positive quadratic. 

18. Given n pomts in space Ij,..., show that PjPJ+ .-fPP* has a single 
stationary value, namely when P is at the mean centre of the n pomts. Show 
also that tins stationary value is the least value of the sum. 
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19. Given n non-parallel linoH in a plane, show that there is a single point of 
the plane such that the sum of the squares of its distances from the given lines 
is stationary, and show that the sum is actually a minimum at this point. 

Prove analogous results for (i) n given planes, (ii) n given lines in space. 

20. Given n points in a plane, determine the positions of a lino such that the 
sum of the squares of its distances from the n points is stationary. Show that 
there are two such lines which meet at right angles in the mean centre of the 
n points. 

Which (if either) of these two lines gives a inaKirnura or minimum ? 

21. Show that the product of the di.stance.s (taken positively) of a point from 
n given lines coplanar with it is stationarj' at the hi{n— 1) intersections of the n 
hne.s, and also at J(ri — l)(n— 2) other jKiints which are the residual intersections 
of two {h— l)-ics passing through all the intersections of the n lines. Show also 
that the product is a minimum at points of the first set and a maximum at points 
of the second set, if real. 

Obtain an analogous result for the product of the distances of a point from 
n given planes. 

22. Show that the product of the distance.s (taken positively) of a point from 
n given poults coplanar with it is nowhere a ma.viinum and is a minimum only 
at the points themselven. 

Extend this result (i) to the ratio of (wo such products, (ii) to the case in which 
the moving iioirit is no longer in the plane of the given points. 

23. A i.s one comer of a cube and /?. C, I) are (he comers of the cube nearest 
to ,4. Show that the product 

I'A^.VB’-.PC^.PD^ 

is stationary when P is nt O, the centre of the cube; when P is at A, P, C, Di 
and when P divides one of 0.4. OP, OC. Of) in the ratio of one to three. Show 
that there are no other stationary jioints; that O, .4. P, C, D alone give minima; 
and that there are no maxima. 

24. With the data of example 23 show that 

PPKPCKPIP PCKPDKPA- f PIA.PAKPP'-^ PA^ .PBKPC^ 
has no stationary point other than O, and that this point is a minimum. 

2,"). Show that the product of iho sf)uartsl distances of a {Hiint from the eight 
eorni'rs of a cube is a iiiimmum at the centre of the cube and at the eight comers 
themselves. 

Show that tliiTc arc just <-ight other stationary point.s (which art' the comers 
of a cube lying within the given cube), but that these ore not turning-points. 
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MAXIMA AND MINIMA {continued) 

1. Restricted minima 

It is often necessary to determine the maxima and minima of a function 

f{x^ whose arguments arj,. are not all independent but are 

restricted by m relations 

= 0 , 4,Jx^,...,x^) = 0. ( 1 ) 

Evidently we must have m < n, and the function / has in effect just 
n— m degrees of freedom. Maxima and minima determined under such 
restrictions may be called ‘restricted’ maxima and minima. 

It is, of course, possible in theory to use the m relations (1) to 
ehminate m of the arguments from / and so to exhibit / as a function 
of n—rn really independent arguments. But this elimination i.s fre- 
quently impracticable and more often undesirable on grounds of sym- 
metry and convenience. 

For simpUcity of statement it will be enough to .«ui)pose m — 1, 
taking the restrictive condition as 

<f,{xi,...,xj = 0. ( 2 ) 

It will be found that there is no consequent loss of generality in argu- 
ment or procedure. I shall, moreover, as before, think only of tninima 
of the function. 

We have then in the first place to determine the stationary points 
of the function /(xi,...,r„) subject to the restriction (2). At a stationary 
point we have along an arbitrary differentiable curve 

f,Dx,+ ...^f„Dx„ = 0. (3) 

But this ‘curve’ must (in geometrical language) ‘lie on the surface’ 
(2), i.e. Dxi,...,Dx„ must satisfy the equation 

^iDa:i + ...4^„Dx„ = 0. (4) 

Subject to this restriction, the differentials Dx^,..., Dx,^ arc arbitrary and 
independent. Hence, at a stationary iroint, (3) must be satisfied for all 
sets of values of Dx^,...,Dx^ that satisfy (4). 

Multiplying equation (2) by an arbitrary A and adding to (3), we get 

+ — + (/n+^'^n) ~ 0- (5) 

Let us imagine that equation (4) has been used to express one of the 
arguments, say x^, in terms of the remaining arguments x^, Xj,..., x„, so 
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that Dx^, Dxg, Dx^ are to be regarded as all independent but Dx^ 
as a function of them. Choose the arbitrary A to satisfy the equation 

/x+A.^1 = 0. 

Then (5) becomes 

(A+'^'^a) +(/3+^^3) + 

Since Dx^, Dxg, Dx„ are now all independent, their coefiBcients must 
severally vanish, i.e. we must have the conditions 

A -f-A^2 = A+^'^3 = — > A+'^'/’n = 0. 

In other words, the condition for a stationarj’- point is that at the point 
it be possible to choose A to satisfy simultaneously the n equations 

A+'^'^l = ••• — 0- (6) 

The equations determining the stationary point or points may therefore 
be written in determinant form as 


A • ■ • A' --= 0. (7) 

... 4 >„ 

This condition has been shown to be necessary and it is certainly 
sufficient, for, if equations (0) be satisfied, evidentl}' (3) is a consequence 
of (4). It should be remarked that the equations (6) or (7) represent 
just a— 1 independent conditions, which, with the condition (2), give 
the 11 conditions necessary to determine a definite point or points in the 
field of the n arguments x^ x„. 

We can enunciate the corresponding conditions in the general case 
when there are in equations of condition (w < n): 

(8) If iJie ti arguments Xj,..., j-„ arc connected by the m relations (m < n) 

-Cn) =- 0 cu(Xi,..,,r„) = 0, 

then the stationary points of the function /(xi...,,x,|) are given by the 
elimination of the m unhiiowns Aj,...,A,„ between the n equations 


<Sx, ()x, c'Xf 


0 , 


(i = l....,n), 


i.e. are determined by the set of n—m equations 






0. 


dxi 

dx„ 

d<f) 

d<f> 

[fiXi 

ex„ 

Soj 

Pw 

8xi 

8x„ 


2661 


S 
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2. Discrimination of minima. The restricted quadratic 

For the second derivative we have (along any curve for which the 
derivatives exist) 

= Ifs +2'^LDx,Dx,. (9) 

where in the first two summations s takes all integer values in (l,w) 
and in the third summation s, t take all different pairs of unequal integer 
values in (1, n). 

Along such a curve we similarly have from the equation of condition 
0 - = 2 -M (DxX- +2 2 Dx.Dx, (10) 

At a stationary point, if A has the value determined by (0), we have, 
by considering the expression D^f+X D^(f>. 

m = 2 + 2 2 (L+x<j,,>)nx, Dx, ( 1 1 ) 

For a minimum, a sufficient condition and a necessary condition are 

respectively that D-f > 0 , and that Z)-/ > 0 . for all values of Dx^ Da-,, 

that satisfy the equations of condition (4). 

The problem of determining restricted minima has thus been reduced 
to a problem in the theory of Quadratic Forms, namely that of obtain- 
ing the conditions under which a quadratic 

a^x;+2 2 a./X-,x, ( 1 2) 

is invariably positive (or is never negative) for all real values of argu- 
ments Xg that satisfy the linear relation 

= (i:i) 

Let us for simplicity of discussion take n ~ 3. I'hen in the language 
of Analytical Geometry we require the conditions that along the line 

the quadratic 

u = aiiX^-i-a22y’‘-hfJss^'‘-h2a^yZ'h2a^jZX |-2a^oX?/ 
be invariably positive (or be never negative). Under lhc«c eontbtions 
the line cuts the conic m = 0 in imaginary points (or else in imaginary 
or coincident points). By elementary algebra the condition for this is 
found to be that 


,«11 

®12 

«13 

Pi, <0 or 

i 

1®12 

®22 

®2S 


l®13 

®23 

®33 

Pj! 

[ 

Pi 

Ps 

P3 

Oj 


If (14) is satisfied, then u maintains an invariable sign (or never 
changes sign) along = 0. To determine this sign we 
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put z = 0; then the sign is positive, if u is positive at the point 

= 0 = 2. 

The condition for this is that 


«u 

<^12 

Pi' 

®12 

®22 

Pz' 

Pi 

Pz 

o' 


3. The restricted Hessian 

If we apply this algebraic theory to the quadratic (II) with the restric- 
tive condition (4), still keeping » = 3, we obtain the corresponding 
conditions 

4‘i < ^ oi" 'to, (IS) 

foo + M’Zi / 23+^^23 

/23“bA^23 /33“bA^33 1^3 

4^1 4>2 4’3 


|/u+A<ia /i2-fA^i3 < 0, (16) 

j/l5-(-A(^12 fii+^<f>22 4‘Z 

4>i 4>2 ^ 


■where, at the stationary j)oint, 

/i-)-A^j =/2-!-A(;&2 — /stAi^’.t 

I shall call (l.'i) the 'restricted' Hessian of /. It is evidently the Hessian 
of /-I X<i>. where A is a constant, bordered by the first derivatives of the 
‘restrictive’ function 0. The detenninant (16) is a principal first minor 
of the restricted Hessian, in whicli the 'bordering' rows and columns 
have been left intact in forming the minor. By a principal minor of 
a restricled Hessian 1 shall always understand such a principal minor 
in wliicli bordering rows and columns are undisturbed. Finally, we 
observe that tlie inequalities in (15), (It!) have both been reversed. 'We 
can check tlie sign of the inequalities by taking a principal minor 


of (16), namely 


/ii+A^iii 4‘i ^ —4>\- 


4>i 0 

If »n = 2, analogy suggests for the appropriate restricted Hessian 
/ll+A^U+Zi^lljl fl3-\-X<j>l3+ti-lf>13 4i fAi • 

/l2+A^j2-hM!('l2 ’f‘2 

/i3+A^i3-)-/q/>i3 /aa+A^oa+^fe /as+^^-as+wAsa 4’3 'I’s 

4>i 4>2 ^3 0 0 

i h 4>2 'As 0 0 1 
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The signs of the inequalities are now given by that of 

X X ^3 ^3 , 

X X ^3 ^3 

4'2 ‘ks ^ b 

^2 ^3 0 0 

where x indicates an irrelevant constituent. The determinant reduces 
to infer that the restricted Hessian and its 

principal minors are now positive. More generally, we infer that the 
restricted Hessian and its principal minors have the sign where 

m is the number of restrictive condition.s. 

So far this general theory rests only on analogy and surmise. We estab- 
lish it on a sounder basis by connecting the restricted Hessian with the 
Hessian of an unrestricted function. For simplicity, again take m — 1, 
n = 3, though the arguments will l}e seen to be perfectly general. 
Suppose, then, that we have to discuss the function /(.r, ?/, z) subject to 
the condition = 0. Let us assume that we can solve this equa- 

tion for z, and that we substitute for z in f and so get 

F{x.y) = f(x,y.z), (17) 

where z is regarded as a function of x, y defined by the equation 

a = <t>(x,y,z). (18) 

We are now in a field of two independent variables x, y and shall 
indicate partial differentiation in these two variable.s by littTal suffixes 
X, y\ we shall retain numerical suffixes 1, 2, 3 to indicate partial dif- 
ferentiation of /, in their three arguments x, y, z regarded for that 
purpose as all independent. 

Define the function X(x,y,z) by the equation 

/3+A^3 ~ 0. (19) 

Evidently at the stationary point this function A assumes the value 
already assigned to the constant A, and so no confusion arises. Dif- 
ferentiating (17), (18) partially in a; we get 

Fx=fi+f3^x> 0 = 
whence F^. = Ji+X4>u 

and similarly, by differentiation in y, 

Fj! — f2-f^<f>2- 

Differentiating these partially in x and in y we get 

Fxx = /ll+^^U + (/l3+^'^13)*a:+A2^1. 

— /lS+^^12+ (/i3 
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=/ 22+^';^22 + (/23 + ^^ 23 )^ l /+\' i ^ 2 - 

Differentiation of (19) similarly gives 

= /i 3 +^‘/’ 13 +(/ 33 +^^ 33 ) 2 x 
0 = / 23 +^^ 23 + (/ 33 +^<^ 33 ) 2 i /+\ ’i>3- 

In virtue of these six equations, if, in the restricted Hessian 




|/ll+'^^ll /l2+^^12 /l3+^i^l3 > 

i/j 2 +A^j 2 /22-tA^22 /23+^^23 ^2^ 

'/l3"t"'^‘^13 /23^ ^*^23 /33"hA^33 ^3! 




<j>2 


^3 


0 | 


we multi})ly the last two coluinn.s by Zj.. Xj. respecti^'clj" and add to the 
first column, and then multijily the same two columns by z^, \ re- 
spectively and add to the second column, we get 




TU 

0 

0 


yy 

0 

0 


/l3+^^I3 

fzs+M’ia 

/33+^^33 

<l>3 


4>i — 

<^2 ^Xi 

4‘3 
(} 


In like fa.shion that [irincipal minor of obtained by omitting 

the second row and column reduces to 


For future reference we enunciate in exjilicit terms the theorem W'e 
have now" j)roved regarding the Hessian of an implicit function: 

(20) If f{x,)/.z) ~ F(x,xj) when z is defined hij f>(x,y,z) — 0, then the 
Hessian of F is given by 


\F 

-* XJ- 

F 

xy 

~4>f^ /.x+A^„ 

fxy + Hry 

fxz+Hxz 

F 

1 * XV 

PyJ 

fxy+^'kxy 


fyz-T^’tyz <f>v 

where A - 


fxz+Mxz 

i <f>x 

fy: r^4>yz 

<I>V 

L:+Hzz 4’z 

4>z 0 


The foregoing analj'sis breaks down, if (j >3 vanishes at the stationary 
point. We then choose some other variable, x say, for elimination 
between / and fi ~ 0. There still remains the exceptional ease in which 
(f)^, <^3 all vanish at the stationary point, but, as we shall see in the 
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following section, a special interpretation has to be put on this excep- 
tional case. 

In every other case the preceding analysis establishes the equivalence 
of the restricted Hessian and its principal minors to the Hessian and 
principal minors of the Hessian of the corrc.sponding unrestricted function 
obtained by suitable elimination of variables. Hence, in the terms of 
chapter IX (27), (34), we may state conditions sufficient for a minimum: 

(21) A sufficient condition that a function f(xi,...,x„), restricted by 
m (< n) conditions i^,(xi,...,ar„) = 0, bea minimum at a stationary point 
is that the restricted Hessian and a sequence of principal minors have the 
sign (— )”* at that point, 

and again conditions necessary for a minimum : 

(22) If a stationary point offfx^ x„), restricted by m (< n) conditions 

= 0, is a minimum, if is necessary that the restricted Hessian 
and every principal minor of every order either have the sign ( — )'" or be 
zero. Moreover, if any one of these determinants is not zero, the same must 
be true of its every principal minor. 

If the restricted Hessian has the sign (—)"*, it is then both necessary 
and sufficient for a minimum that every principal minor have this sign. 
Thus a gap is left between the conditions (21), (22) only in tlie case of 
the restricted Hessian’s vanishing. It is this case which u e reserve for 
subsequent discussion as the semi-definite case of a restrictcal minimum. 


4. Inversion of the conditions 

The foregoing apparatus for determining minima, in w [nr as it rests 
on equations (6) and the restricted Hessian (15), depends only on 
derivatives of f, and is therefore unaltered in external form, if W'c. 
replace the equation of condition ^ = 0 by the rather more general 
equation tf> ~ b, where 6 is a constant. Actually, of course, the equation 
of condition has to be associated wdth equations (7) to determine the 
coordinates of the stationary point, and therefore variation of the equa- 
tion of condition varies the coordinates of the stationary j)oint and 
therefore also the values, taken at the stationary 2 >oint, of the restricted 
Hessian and its principal minors. 

Now suppose that we interchange the functions /, <fi and seek the 
minima of subject to condition / = constant. This interchange has 
no effect on the set of equations (7) 


!/i 


/„ 


0 , 
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which with the equation f ~ constant, determine the coordinates of the 
stationary point. Hence, if the constants be properly chosen, a station- 
ary point of / when (f> is constant is also a stationary point of (f> when 
/ is constant. 

In general and more precisely, we may say that 
(23) If is a stationary point of f{x^,...,x^) subject to m {< n) 

conditions = a, (r = 1,..., m), 

it is also a stationary point of ,x,^) subject to the m conditions 

= “r (^ =- 1,-, «— 1, «“!- 1 ...., m), 

and the stationary value is a„. 

We return to the simplified case of m — 1 and examine the stationary 
point for a minimum of <f). The restricted Hessian of is 

— ^11+^ /ii - /i > 


where A' is defined by the n equations 

^,-fA7,=-0 (r=l,.. ,n), (24) 

which are consistent if evaluated at a stationary point of f>. If we 
compare these n equations with the corresponding equations (0) for /, 
namely = 0 (r =!,...,«), 

it is evident that the two sets of equations, evaluated at the same 
stationary point, give )^’ _ j 

Substituting for A', /, in we get 

~ (fn+Hii) ^ > 


<i>i ■ 0 

which is effectively the restricted Hessian of/ A„, where A^, is A evaluated 
at tlie stationary point and therefore to be regarded as a constant, and 
the positive factor A^ can be ignored. 

Hence, if we exclude the semi-definite case of vanishing Hessian, 
conditions necessary to ensure a minimum (f> at the common stationary 
point are also sufficient to ensure a minimum of Xgf there and con- 
versely. Thus, if Afl is positive, maxima and minima of / correspond 
directly to maxima and minima of if Aq is negative, maxima and 
minima of / correspond, criss-cross, to minima and maxima of f). 
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Incorporating (23) we may state the result for the general case in 
the form: 

(26) If ^ ® minimum of f(x^,...,xf) subject to the m (< n) 

conditions , , „ ^ ^ 

it is also a minimum or maximum of <f>g{xi....,x„) subject to the m con- 

^,(xi,. ..,»■„) = a, (r = l,s+l,...,w), 

according as A, defined by the n equations 


1 . 

dx. 


+2^^;+#+ S^£=“ '*>-* ” 


P r-l P P r^^n P 

is positive or negative. Moreover, the minimum or maximum value of 
is a,. 

[The semi-definite case is supposed excluded.] 


5. An exceptional case and an example 

To return to our simplified case of rw — 1, the theorem (25) gives no 
result, if A is zero at the stationary point. Moreover. tl)e corres])onding 
A' is apparently infinite: actually therefore equations (24) giv(‘ no .solu- 
tion for A'. In explanation of this anomaly we observe that, if A -= 0, 
we have from (6) the set of equations 

fvU-Jn ^ 0 , 

i.e. the stationary point in question is also a stationary point of the 
unrestricted /. 

If now this stationary point (fi,...,^„) is actually a turning value of 
unrestricted /, then, by definition, the equation 

/(Xi,...,x„)-=/(fi,...,f,.) (26) 

is not satisfied in the neighbourhood of (fi,...,f„) but only at (fi,...,f„) 
itself. Hence the domain of any function i^(a:i,...,a:„) subjected to these 
restrictions reduces to the solitary point and questions about 

its maxima and minima there become unintelligible. 

If, however, the stationary point is not actually a turning-point of 
unrestricted/, we must seek a further explanation of the phenomenon. 
Consider most simply a function f(x,y) of two variables subject to a 
single restriction <f>{x, y) = constant. At a stationary point (f , rj) of the 
unrestricted function f(x, y) we have A = 0 = /j, and therefore, as we 
have seen, the point is a double point of the curve f(x,y) — /(^, rj) and 
has real branches, if the point is not a turning-point of f{x,y). 
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Suppose most simply that this double point is a real node. The two 
branches have directions given by 

A. +‘^f.uD,rK +fuu i^yf = 0. 

say a Dx + /S Dy — 0, a Dx + Dy = 0. 

It is then one of these two la.st equations and not tlie evanescent 
equation f^Dx+f^Dy-^0 

that we ought to combine with (f)^ Dx -j rf>y Dy ~ 0 to determine A. There 
are consequently two possible values of A and two restricted Hessians 
to be considered. Clearly ^ is not a minimum at the point, unless it is 
similarly a minimum considered along both branches of / = constant At 
a multiple jioint of higher order there will, of course, be correspondingly 
more possible values of A and more numerous discriminations of maxima 
and minima to be made. Similar though less simple conditions apply 
to functions of more variables. 

As a simple illustration of the theory of restricted minima, consider 
the three functions 


2/, 2<t>. 20 - (r = 1. 2, 3). 

At a stationary value of / restricted by 0 = constant, 0 = constant we 
X— flti+A{x— a 2 )+p(.r— ttj) — 0. etc. 

A stationary jioint is therefore given by 

lay-i-Xa^-\~lia3 Ci-fArj+pC3\ 

\ l-|-A-|-/i 1+A-rfi 1 +A4-/1. / 
i e. is the point P whose areal coordinati's are 1/(1 +A+/x), Xj{l-\-X+fj.), 
yi ( 1 +A y ) referred to the triangle whose vertices are (a^, 6„ c,) 

(r- 1,2,3). 

The restricted Hessian reduces to 


(l+A-t-p)^ 


jy-h, y-b^ ^ 


'z—c. 


Z Co 


and so has the sign of 1+A+^. Its first minors are 
\y~b2 y—h «‘tc. 

\z Cj Z C3 


and are therefore positive. 

Now l^-A-|-^ is positive or negative according as P and are on 
the same or opposite sides of the line A^A^. Hence P is a minimum 
or a maximum of restricted / according as P and A, are on the same or 
opposite aides of AjAj. 
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Again A is positive or negative according as P (produced if neces- 
sary) lies in the internal or external angle of the triangle 
Hence, if P lies in the internal angle or the internal opposite angle at Ag, 
maxima and minima of / when t/i are constant correspond to maxima 
and m inim a of <l> when/, are constant. If P be in either of the external 
angles at Ag, the maxima and minima of /, tf> correspond crosswise. 

If A = 0, P lies on AjAg. The spheres / = constant, if> — constant 
touch at P and therefore have as their real curve of intersection the soli- 
tary point P. In this case, then, the question of maxima and minima of 
subject to the restrictions / = constant, xp = constant does not arise. 
These results are at once confirmed from a figure by elementary 
geometrical considerations. 

6. The semi -definite case. Functions of two variables 

We come now to the long-postponed ‘semi-dcfiiiite’ or ‘cuspidal’ case, 
beginning with f{z,y) a function of two variables. The position, as we 
left it in chapter IX, was as follows. The function f{x,y) is being 
examined at a stationary point. At this point /^ 0 — fy, and there- 

fore, along any curve through the point, 

£»/=0 and D'^f = -r^f^yDxDy -\-fyy(Dyf. 

Moreover, /j,^,/yj, ^ 0,fxxfvv—f^u = 

D^J = y(UDx +^(fyy)DyY. 

Thus D~f = 0 along curves in the direction given by 

A-sjifJDy = 0, (27) 

but Z)“/ > 0 along every other curve. The ])oint is therefore a minimum 
of the function considered along any curve not in the direction (27). 
Along any curve in this direction the character of the point is ns yet 
indeterminate and we need to examine derivatives of higher order. 

The practical problem is definite enough: we have to determine 
whether in the last analysis the stationary point is or is not an isolated 
point of the curve f(x,y) ~ constant; this practical problem we can 
often solve by various devices of approximation. To the theoretical 
problem we can also give an exact answer in general, i.e. provided that 
fxx’ fxv< fyy point.f 

Let us recall that for a function / of one variable the exact condition 
for a minimum at a stationary jioiut is that the first of the act of 
derivatives ^ jynj 

that does not vanish at the point be of even order and be positive. 

t The exceptional case in which evert/ second derivative vanis^ies at the Htationory 
point IB briefly considered below m § 13. 
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For the function of two variables I shall similarly define in general 
a set of expressions H H H 


(of which will be the Hessian itself), such that a stationary point 
will be a minimum, if and only if the first which does not vanish 
at the point is of even order and is positive. 

I shall appeal continually to the theorem of chapter VI (45) as a 
lemma, writuig 

-4 = ^ -4 -r, Vr ^ i\y, 

and expressing H,,/ as a function of variables 

regarded as all indejMjndent. The lemma then states that, if r < w, 

( 57 / fy)- (28) 

For partial derivatives of tiie higher orders I shall now use the more 
convenient notation 

f — - — -- . 

cx’‘<’y^ 


7. A simpler special case. Definition of y) 

Let us begin by considering the simpler special case in which at the 


stationary point 


/20 — III ~ S02 — 0 . 


(29) 


The critical direction in which alone the semi-definite quadratic 
- /20 + 2/11 DxDy -rfo, (%)“ 


actually vanishes is now l)x — 0. In view of (29) we may define it as 
the direction iJfj. -- 0. 

More generally , we shall require to examine the behaviour of / along 
critical curre,i whose derivatives satisfy the conditions 

4/. -9 (6-= l....,r). (30) 

The highest derivatives involved are x^. y,. By the lemma we have 


~ (4/x) = /so = b ^ (4A) = /ii = 0. 

()x^ c'y^ 

so that D^fj. = 0 may be written in the form 

r, = ^,(.<v.i,....Xi;y,_i,...,,yi), (31) 

and similarly any DJ^ ~ 0 may be WTitten as 


= ^.(-*^.-1 •*' i : ys - i --. yi )- ( 32 ) 

Accordingly we may use equations (30) to substitute in succession for 
leaving at length only the variable.s - I shall 
denote by [FJ, the result of such a substitution on an expression F. The 
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substitution itself I shall call and a curve whose derivatives satisfy 
the relations (30) I shall call a curve K^. 

Now the lemma at once gives 

^ (DJx) = m), 

and our first step is to see that this relation persists when we apply 
the respective substitutions .yp-m-i to the two sides, i.e. to show 

that 

^ (33) 


We must remember that enters both directly and also through 
every substitution 

(t- -> s > g), 


or, more precisely, tlirough 

since we may suppose Zi,x^,...,x^ replaced, successively and in this 
order, by their equivalent expressions in yi,...,yr- Thus 



The summation 2 ends above at s = p — 1, since the substitution Np..j 
involves aj’s up to Xp_i only; the summation ends below at s = g, since 
the substitutions X,_ 2 ,... introduce g’s of suffixes less than g and 
are therefore not concerned in the partial differentiations with respect 

toy,- 

Firstly, if p — q, we obtain our result (33) at once, for in (34) there 
are now no terms in 2, since the conditions p—l^s^p are incom- 
patible, and we have merely 






(A 


* p-l 


= 1 7,;^ (A«-m/x) 1 . t>y the lemma. 


since p—m—1 is now the highest suffix of x. Thus 


d 

Wv 


[DM 


p-l 




[Dp-JxX 

-m-1* 


(35) 
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If p > q, 1 use an inductive argument: fixing q, I show that (33) is 
true for p, if it is true for p — 1, p—2 Now by definition 

-^8 ^8 ^sfx9 

and so, for any term in the summation of (34), 






[A-m/iJ, 


ls-m-1 


(36) 


by the hypothesis of the induction, since s < p— 1 in the summation 
of (34). Thus, by definition of Ag_,„, 




Again, as in the proof of (35), 





p~l ^ 


and 

Thus, by (34), (36), (37), 
_0 


p-m-1 


p-m-1 


(37) 


dy c^y + 

.v—m< p— m— I j- ^ 

+ 2 


p-m-l^yi2 




„ [l^p mfAp~,„-v comparison of (34). 

Thus the induction is established, and, since (33) is true for p == g’, it 
is proved for any p not less than q. 

In .similar fashion 

’Ll' I 


and it follows immediately that 




We now examine the hypothesis that simultaneously 

a 
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Then, by (38), 

= 0, by the hypothesis, if > r > 1. 

Thus [-Dp/]p is a function of alone. Dimensional considerations show 
that it is a pure power of y^. More precisely we write 

( 40 ) 

where involves only partial derivatives of / evaluated at the station- 
ary point (a'o, 2 / 0 )- Hence, if Hp{x^,y^) = 0, we shall have 

and we can extend the hj'pothesis (39) up to s = p. 

More generally, if we have the set of conditions 


A(^o-2/o) = 0 ('■=!,• 

..,2«-]), 

An(*0. ?/o) > fi- 

(41) 

we can deduce inductively that 




[DJ], = 0 (r=l,... 

,2»-l). 

rA>i/]2n > 

(42) 


8. Sufficiency of the conditions 

I now show that the conditions (41) are sufficient to secure a minimum 
oif(x,y) at the stationary point (a-„,yp). 

In the first place, by considering dimensions, we see that 
are both Linear in Moreover, by the lemma. 


A {^2r+lf) — A itl/r (r ^ S 5? 1 ). 

Thus the substitution X,. clears of a-, as well as of x^, 

that is to say, 

Similarly, f Ar/Jj, ^ [ Ar/ 1- 

Again Dj,./ is quadratic in x^, and, by the lemma. 


Thus 


5 - (-^ar/) = A/r = 3'r-^r. h' (31 )■ 


where like A-, involves but not and so 

The further substitution x^ = [■dr],._j gives 




and so 


(43) 
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Now the curves are a sub-class of the curves and (43) shows 
that, along those curves that are not also members of the sub- 
class Z,, if [AJ],>0. 

Tf s < 2r-l, [DJl_^ = [DJI = 0, by (42). 

Thus, along a curve < n) that is not also a curve K^, the earliest 

derivative of / that does not vanish at the stationary point is [D^f]^ ^, 
which is positive and of even order: along all curves K^, the earliest 
derivative that does not vanish at the stationary point is 
which again is positive and of even order. 

We have now accounted for all curves through the stationary point 
in which exist and Dx. Dy are not both zero. Along all 

these curves we have shown that/(j-, y). under tlie conditions (42), is 
a minimum at the stationary point. Thus, according to our general 
theory, + conditions (42) are sufficient to secure f{x.y) a minimum at 
the htationary iioint 

Conversely, if along some A'„ 

(r<2«-l). 

then, since / lias to be a minimum along this cur%'e, we must have 
'' Hence necessarily for a minimum the earliest //^(Xo, y^) 
that does not vanisli must be positive and of even suffix. 

Wluit we have now proved may be summed up in the theorem; 

(44) The necesmry and xnjfkknl condition that f{x,y) hare a yninirnum 
at a stationary point M that the first term of the sequence {Zf„(x, y)} that 
does not vanish at the stationary point he of even order and be positive at 
the point. 

Tlie theorem, of course, becomes meaningless, if every //„ vanishes 
at the stationary jioinf. That is a jio.ssibility to which we recur later. 
We consider first how' to calculate //„ 


9. Explicit definition of 

We no longer now restrict ourselves to the stationarj- point (.rQ, yf\, but 
consider the general functions /f„(x,y). The substitution x, = A, appro- 
priate to the stationar 3 ^ point must aecordinglv' be replaced by its 
complete form DJ. . S^x.+U,.-A. 0. 

DJr = (45) 

Q = •• '/i ;•»■■'/) • 

t Cliapter IX, § 4. 


or, let us say, 
where 
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The substitution X,, in this complete form, is, we shall see, unaffected 
by differentiation. The differential operator itself 

D = 

admits, of course, the substitution Xj. Tor brevity let us denote the 
transformed operator by Z)j, i.e. 

Di s Cj Sj+i/i 0J,. 

We then prove that, for any pcljuromial <l>, 

If, as usual, 4‘v- denote the partial derivatives of ^ in its first, 
second,... arguments, we have for the left-hand side of (46) 


The right-hand side is 

mu< = i)xxm-x} • [^xi+i>xr.-xi-,} • [u+ ■ 


We have therefore to prove that 

{^+l)K>il = Ar,W («-r,r-l,...), (47) 

which we prove inductively. 

Assuming then that (46) holds up to r— 1, wc hav-e. in particular, 
[DCr{x,_yX,_.,....)l i>i{[C,(ar,_j,x,.2,...)J^_j}, 

i.e. briefly [DC^l = A{[C;]^_J. (48) 


Now, from (45), 


- rni^rfr) 

— ^{fzoi-^r ^r)} 

The substitution X, gives 

(^+i)[^r+l]r ~ 

i.e., with (48), (r+ l)[4-iil = A{[^rU- 

Hence, if (47) holds up to « — r— I, it holds for « = r also, and the 
induction is established. Since (46) evidently hold.s for r 0, then 
(47) holds for s = 0. This furnishes the starting-point for the induction 
and so (46) is proved universally. 

Applying this result to /?„/, we have, in virtue of (40), 

(n-f = D,(H„y-). 
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Now I^ifx) — /2o*i+/ii2/i — — Cj), 

by the definition of C^. Thus for we have 

~ iyilfio)(f20^v fll^x)> 


and so (w+ = ( 2 /i// 2 o)(/ 2 o^i/— 2/?)- (49) 

We are not interested in /f„+i unless vanishes. The effect of the 
equation = 0 and the definition of by differentiation of 

are therefore not affected, if we multiply by any factor which has 
finite first derivatives at the stationary point, and is not zero or infinite 
there. It is accordingly sufficient to define the sequence by the 
recurrence-formula rj 1 f ' \tr 


and so to arrive at the definition 

Hn - (ho^-fnW (50) 


where after diffeientiation we put /jo = 1, fn - 0. 


10. The more general case of H(x.y) = 0. 

We have /iow com file t(‘<l the theory for the special case in which 
/20 ~ fll ~ 9- /c2 = 0 

at the .stationary ]X)int. To extend this theory to the general case in 
which at the stationary point 

II — 0, /a„ • 0, /jj > 0 (for a minimum), 

we swing the axes bv tiie linear transformation 

X -- j)X+j/Y, y ^ qX+q'Y, 

== f'r = 

where p,p', q,q’ are constants such that at the stationary point 

f^x - - 1, ^ = 0, 

fxi- ~~ {P^x-rqPy){p'(‘x^q'Cu)f 0 
These equations give at the stationary point 

Ao'V* = -/u'>V =/o2 p"^ ^Hpq'-p'q)-, (si) 

and at any point 

fxx ^y~fx r ^x = {p'q-pq'){p(fii ^v) +9(/o2 S))- 

Thus, sufficiently, we niaj' write 

- {P(fll^x-fi0^v)+qiJo2^x-fu^y)}''f- 

T 


2661 


( 52 ) 
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For purposes of subsequent generalization it is more suggestive to 
write the operator in (62) as 

fii 

fo2 


/20 

fii 


—q 

' p 
0 


(53) 


with the convention, of course, that 8j., 8^, do not operate on the other 
elements of the determinant. With this convention we write (52) itself 
in the form 


H., = 


/20 

fii 


fii 

/02 P 


"/• 


8 „ 


0 


(54) 


Now equations (51) fix the ratio of p'jq', but the ratio pjq is left 
undefined, so long, of course, as p'q — pq' # 0. In geometrical language, 
one of the new (X, y)-axcs is fixed as the cuspidal tangent, the other 
may be any other line through the cusp. We may therefore regard 
p,q in (52) as ‘arbitrary constants’ and expand in the powers p'q’'-" 
{s = 0,...,n). This gives us n-\-l eoeiiicient.s, which are all alternative 
forms for they could be proved equivalent by use of the equations 
H, = 0{r < n). On the other hand, by giving p. q B])ecial pairs of 
values we obtain infinitely many varieties of //„, but at most a-i-l of 
these varieties are lijiearly distinct. 

Again, we may remark that the satisfaction of the secjuence of con- 
ditions for a particular p, q is sufficient for a minimum; the satisfaction 
of the conditions for every p, q (p'q^pq' 7 ^ 0) is necessary for a mini- 
mum. In particular, then, they are satisfied for every p, q, if they are 
satisfied for any p, q. We may also note that the e.xpressions 
regarded as polynomials in p, q. must maintain an invariable sign, under 
the given conditions, for all real p, q: exceptionallj', they all vanish 
when pq'~ p'q = 0. 

To work out explicit forms for the II„ we may use indifferently the 
operators f ^ rp f ^ 


as we have said. More symmetrically we could take 




in which every H of odd order is irrational. In any case the explicit 
forms rapidly become unmanageable. I give below (without proof) 
expressions for H^, H^\ we may ignore since 11^ is the 

Hessian itself and vanishes automatically at the stationary pomt. 
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For brevity, write at the stationary point 

/20 = 111 = fo2 = 6*- 

and 8 = — ad^.. 

Then we may obtain 

H, = sy, 

^4 = 8Y+3{SA«8/„,-{8Ai)n, 

H, = 8=/+ 5(8^20 S/«2-2S^/ii8/„+SYo2SAo). 

//e = 8“/+V(8y,o8/o2-2S=>AiS/„+8s/„,SA«) + 

+ 10{Sy,„/o,-(Synn F 

+ ^{(8/o 2)¥4«- 4(S/„, SA,) A,4- [4(S/„) V 25Ao SA,] A 2 - 

~ 4(8/ 8/ 20 ) As + (8/ 20 ) Ym} + 

+r,i8^Ao S'Ai s^A^'. 

I / 2 I /l2 /os I 

^ /so / 2 I /l2 

11. The semi-definite case for functions of many variables 

To indicate liow the ff)rogoing tlu'ory may be applied to functions of 
more than two variables, we can now outline its extension to f(x,y.z) 
a function of three variables. Now the Hessian of / is the discriminant 
of D'^f rc'garded as a homogeneous (juadratic in Dx, Dy, l)z. But, if the 
discriminant of such a quadratic vanislies, we know that a suitable 
linear transformation will reduce the quadratic to a Cjuadratic in fewer 
variable.s. Hence, if tlie discriminant oif{x.y,z) vanish at a stationary 
point, we can use a linear transformation of the variables to reduce the 
second derivative at that point to the simpler form 

m - L. + 2A, DxDy +/,. (55) 

If, in addition, each principal minor of the Hessian also vanishes at 
the point, we can choose the linear transformation so that the second 
derivative at the point takes the still simj>]er form 

= (56) 

But in this case every second derivative of f{x^. y. z). regarded as a func- 
tion of two variables y, z only, namely Ai/- /i/i> /«• vanishes at the 
stationary ])oint. Now this is a case in the theory of two variables 
that we have already po.stponed for subsequent consideration. We 
therefore similarly exclude the corresponding possibihty (56) from our 
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present discussion and consider only the case (55) in which the 'principal 
minors of the Hessian do not all vanish at the stationary point. 

It will be recalled that, for the function of three variables, the set of 
conditions postponed from chapter IX § 11 as the ‘semi-definite case’ 
were actually 

Ax ^ 0, >0, H = 0, 

where a choice of “>’ imposed a similar choice everywhere to the left. 
Thus, since we have excluded the possibility (50), the conditions to bo 
considered are onlj' , 

Hence D'^f in (55) is positive everywhere except along the curves in 
which both 


ic, = 0 t 


Vv 


i.e. the critical curves are now defined by 

Df^^O^ Df^. 

and more generally, if we pursue the analogy, by 

zi’-/, = 0 /r/„. 

We then find tliat along these curves we can write' 

mi ^ 

where involves only / and its partial derivatives. This defines, for 
the function of three variables, the sequence 7/,, with charaeteri.stic 
properties. 

Now IJ -= 2i 

where 0 = ■rJm!/Jxu+-Jx:> 

Rejecting an inconvenient factor we may sufficiently write D in the 
form 


l/xx 

\frv 


A. 

Aw 


Ax 

Ax 


and the sequence is therefore defined as 


^^„ = jAx A„ Ax”/- (57) 

■fxv fvv A=| 

\ds Sx! 

We have so far been considering the special case in which Z>y has the 
reduced form (65). To obtain the formula for the general case we 
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impose a general linear transformation on (57), which gives ultimately 

the formula a t t t /ko\ 

H.. = P|"/, (58) 

fra fm fv‘ 

Lz fvz fzz 




O' 


where p, q, r arc arbitrary constants subject only to the condition that 
the operator in (58) do not vanish identically at the stationary xmint. 
Evidently (58) gives a natural generalization of (54). 


12. The semi -definite case for an implicit function 

We con.sider here only the biin[)(est ease of a restricted minimum, 

namely that in which we require the minima of /(.r, y, z) subject to 

the condition ,, , 

^(.r.y,c)=r 0. (59) 

From the form and theory of the 'restricted' Hessian, as developed in 
§ 3 above, we are led to consider, as the natural generalization of (54) to 
the case of a restricte-d minimum, the sequence A''/(t, y, c), where, in the 
notation of § 3, 

^ '^1 P ' (®*^) 

/23“^^'^23 4*2 3 

fl3"*~^4>i3 f«3'r^4>Z3 /33'1“'^'A33 4*3 ^ 

^3 ^ ^ 

O <■„ d d 

j). q, r being arbitrary constants and A being any of — —f2i4>2’ 
"/s/'/’s. which are all ecuial at the ,stationary point. We proceed to show 
that thi.s form imagined for II„ is actually a correct one. 

If ■we e.xpand A by the last column, we may write 

A = pAi-hyAj-f rAj, (61) 

where, identically, 0= Aj+^2‘^2“e^3A3. (62) 

No'w, if A,, An are possible operators for defining a sequence hf,„ then, 
by a usual argument, so ai-e any multiples of them, in particular 
i4*i!4*3)^v i4*2i4:^\^ if we are careful to avoid zeros of <^3. The sum of 
these two latter operators, again, is also a possible operator, and there- 
fore, in virtue of (62), A3 is a possible form of A, if Aj, A^ are indexien- 
dently possible forms of A. Accordingly, to show that A can have the 
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general form (61), it is enough to show that it can have tlie less general 

A = ^jAi+ffAg. 


form 


This is the form that we now consider, j.e. we put r = 0 in (60). Now, 
as in § 3, let us assume that we can use the ‘restrictive’ condition (69) to 
eliminate z from f{x, y, z), getting 


F{x,y) ~f[x,y,z). 

We then apply to the determinant (60), with r = 0, the operations 
applied in § 3 abovef to the restricted Hessian, that is to say, we 
multiply the third and the fourth column by Zj., Xj. respectively and add 
to the first column, and then multijdy the same two columns by Aj, 
respectively and add to the second column. We get, as in § 3, in virtue 
of the equations established there, that 


4.0 = 


0 

i 


! V 


F 

F 

vv 

0 


St,+s„< 


/i3+^9^13 

/as +^<^33 
<t>3 
d. 




t jry *vy 


P- 

0 


4>3 

0 

0 




3 

0 

I 

0 

0 


But, for operation on F{x,y) from which z has been eliminated, we 
replace the operators d^+z^d,, by the simple operators f^^., 

we may at the same time drop the factor ~<f>f by our usual principle. 
Thus, sufficiently, we write 


(A, o)Y(r. y, z) = F^^ p’’F(x,y). 

'^xv 3 1 

, 0| 

The expression on the right exactly corresponds to the //„ defined 
in (54) above for determination of minima of the unrestrieted F(x,y). 
Thus the sequence (A^-o)"/ is a suitable sequence for determination of 
minima of f(x,y,z) restricted by the condition <^{x,y,z) = 0. As wo 
have shown, if the sequence (A,_q)"/ is a suitable sequence, so more 
generally is A"/ for any constant r. 


t p. 261. 
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We enunciate this formally in the theorem: 

(63) If the variables x, y, z are s-ubject to the condition <l>{x,y,z) = 0, 
then the necessary and sufficient condition that a statiorvary value of 
fix, y, z) be a minimum is that, if A denotes an arbitrary one of — fxl4>x’ 
^fyl't’v' P> 1’ ^ arbitrary constants, the first term of the 

sequence 

Ixt+Htt fxy-^'Hxv fxz+Hxz 

fxy 

fxz+^'^xz fyz+^4>uz fzzl-^4>zz i>z 

j f'x 4’u <l>z 

Sj. dy <K 0 0 

that does not vanish at the stationary point is positive and of even index. 


13. The residual cases 

Wo liave still to consider, however briefly, a class of cases left over from 
the foregoing discussions I'liese have purposely been left to the last, 
because they present problems of algebra that, for the most part, are 
still without satisfactory solution. They are typified by tlie case in 
which, for the function of two variables /(ar. y), 


Ixx- fxi 


all vanish at the stationary pffint: that is to say. in which D-f vanishes 
along every curve at the stationary point. Then, for a turning value, 
we require, by the elementary theory of Chapter IX § 2. that LPf also 
vanish along every curve at the .stationary point, i.e. that 



(Pf c^f (ffi 
(.r^cy cxe'y-' iry' 



3 ^ 0 


(64) 


for all (real) values of the ratio DxjDy. This is possible only if 


0, 


= 0, 

i .r’ ’ f x-fy 

simultaneously. 

We then have at the stationary i>oint 


0, 

(xcy- 


cy^ 


IPf 


..j^^f <*f ‘"V <*f_ fy 


Sad’ ix^'cy' i x-fy-' cxby^’ ly* 




(65) 


( 66 ) 


and we require, for a turning value, that this quartic in Dx, Dy be of 
constant sign (zero excluded) for nil (real) v'alues of Dx, Dy except 
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simultaneous zeros, i.e. that D*f ~ 0, regarded as a quartic equation 
in DxjDy, have no real roots. 

Now the conditions that the roots of the quartic equation 

— 0 (67) 

be all imaginary may be given in the formf 

A > 0, if ^ 0; 'j 

iir<0, a2/-12if2>0; J (68) 

A = 0, H>Q, agi— 12N2 = o, (7 = 0; j 
where A is the discriminant and 

G* s alflj— 3flta(7ja2+2aJ, H ^ a^n^—a\, 

I == aoa4— 40^03+ 3a5. 

These conditions can be eatabUslied by purely algebraic methods. J but 
it may not be inappropriate here to obtain them by the elementary 
machinery of the Calculus. 

In the first place A, since it is proportional to the product of the 
squared differences of the roots of the equation, is positive or negative 
according as the number of pairs of conjugate imaginaiy roots is even 
or odd. Thus A > 0 e.veludes the possibilit 3 - of two real and t«o 
imaginary roots, and we only need some further condition tliat will di.s- 
tinguish between the cases of four real roots and four imaginary root.s 
For simplicity of working write Oj h: x ' and drop accents, so 

that the equation takes the ‘reduced’ form 

a;i+6/f.T2+4(7ar+aJ/-3//2 = 0. (6f*) 

Then the number of real roots of (69) will be the number of real inter- 
sections of the straight line 

y-^Wx+all-ZH^ = 0 (70) 

with the quartic curve 

y(x) = x*-t-6//z2. (71) 

Now here 

y'(x) = 4(a~'-l-3/fT), y"'(x) = 12(x2+//). 

Hence, if H ^ 0. y"{x) is never negative, y'{x) is monotonic and so has 
only one zero, and therefore y(x) has only one turning value. In this 

t Cf. Burnside and Panfon, Theory of Eqxtaliung, 1 (1904), 144- .0 

J There is adv^tage m discussing such criteria ge>omctricaUy by the method applicri 
below to the quintic equation (Chapter XI worked example, p. 320): compare also 
Chaundy, Qwtari. J, of Math. (Oxford), fi (1934), 10-22. That method is, in a sense, the 
geometric dual of the method used here. 
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case then the graph of y{x) has the form of Fig. 1 and evidently any line 
such as (70) cuts it at most in two real points. 



Fui I. (1/ 0) 


Thus A > 0, f/ 0 secures that all the root.s of (0!)) shall he imaginary. 

On the other hand, if // <, 0. then y{ji) has turning values at 
0, drv( — 3^0' ll't' zeros of y'(j'). Of these, .r = 0 gives a maximum, 
and X - A:\( — 3N) give minima with a common tangent 

i/4-!*//2 ^ 0. 

Thus the graph of //(r) is now as in Fig 2. 



Now eonsider the point P where the doiihle tangent AB cuts the 
y-axis. We see from the figure that any line cutting the y-axis above Pf 
will cut the curve in at least two real points, v Idle any line cutting the 
y-axis beloiv P will cut the curve in at ?nost two real points. Now the 


+ Or at P itHolf. 
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line (70) cuts the y-axis at (0, — aj /-fSfl'*) and P is the point (0, —9H^). 
Thus, if A > 0, < 0, the further condition 

a^I > 12H^ 

secures that all the roots of (69) shall be imaginary. 

The remaining alternative of (68), namely 

A = 0, II>0, a^l~12H^- = 0, (?=0 

corresponds to the case of a double pair of conjugate imaginary roots 
in which (69) reduces to — 0 

This completes the proof of (68). 

It should be observed in the first place that although these condi- 
tions (68), are exact, i.e. necessary and sufficient, they arc not unique; 
thus, we could have taken instead of any point of the terminated line 
AB. Such a point still serves to separate lines cutting the curve at leasf 
twice from lines cutting it a! most twice: P lias merely been chosen as 
symmetrical and therefore most likely to give a convenient algebraic 
formula. 


Again, the conditions (68) change their form for the reciprocal 
equation, i.e. the equation obtained by writing ],x for x, and so. applied 
to the quartic (66), they give conditions asymmetrical in x, y. 

Thus our algebraic problem, though fully solved, has a scarcely 
acceptable solution, and there is no advantage in stating it in its final 
form, by acUially performing the substitution 


(Uq, U^, Unt Ug, U^) 


(‘.Pcy’ c'x-cy- f.rc'y*’ (y*l' 


If now every fourth derivative vanishes at the .stationary point, then as 
before, for a turning value, every fifth derivative must also vanish at 
the stationary point, and we are left with 


,c-x®’ 


{Dx, Ihjf 


We have now to determine the conditions under which a sex'tic has an 


invariable sign. To this problem, ulthough a method of approach is 
indicated by Sturm’s theory of the distribution of the real roots of an 
algebraic equation, no proper answer has been found. 

If we pass on to functions of more than two variables or to ‘restricted’ 
maxima and minima, new algebraic problems of like character arise: 
determination of the sign of a ternary quartic, of a ‘restricted’ quartic, 
etc. To none of these problems do I know the answer, and we must 
accordingly abandon the search for maxima and minima in the presence 
of these unsurmounted algebraic obstacles. 
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WORKED EXAMPLE 


Show thai the stationary values of the function z(x, y) defined implicitly by the 
relation A(z)x^ + 2B(z)xy + G(z)y‘^-i-k{A(z)C(z)~ B\z)) = 0 

are roots of the equation A(z)C(z) — B^(z) — 0. 

Show that a root z„ of this equation such that A{z„) has the sign of k {=fi 0) and 
A'(Zo)C'(Zo) > B'‘(z„j, 


where dashes denote differentiation, is necessarily a stationary value of z and corre- 
sponds to a line of stationary points {x,y). 

If A(z), B{z), C{z) are differentiable to any order, show that every vanishes 
at such stationary points, but that the stationary value is actually a turning value, 
being a maximum or a minimum according as Atz^), ^'( 2 ,,) have the same or oppo- 
site signs. 

Illustrate by considering the example in which 

A{z) z — a, B{z)..-.z — b, C{z) — z — c, 

where a, b, c arc constants. 

Partial difforentiation in * and in y givfs 

HAxABy) _ 2{Bx+Cy) 

* ^ - - e ’ ^ ' 


where 6 - A'x'‘ -r^B'xy \ C'y^ \-k(A'C — 2BB' AC) 

and A, A',... are now written for ACc), .4 '( 2 ),.... At a stationary point we must 
Ai^By = 0 , Bx-rGy - 0 . ( 2 ) 


therefore liavo 


Substitution in tlio equation defining 2 sliows tliat t)ie corresponding stationaiy 
values 2 o are roots of the equation 


.4(2,)C(2«) -R‘(2„) = 0. 


(3) 


If Zg is a root of this equation sueh that A( 2 „) has the sign of k, we can write 
A(2„) - ka\ B{Zg) = A-a/S, C(2„) - k^, 

whi’re a, j3 are rf»al and a. r: 0. Thus 

e(Zg) - .4'x'4 2ft'xi/-^Cy-tA-=>(A'jS=-2B'i^-4CaS). 

If, again, z„ is such that A'( 2 „)C'( 2 ,) '• B"‘[Zg), 

then eaeh quadratic in 6(Zg) has invariably the sign of A'{Zg), unless both its 
argiunents vanish. Since a ^ 0, it follow's that ^( 2 ,,) is never zero and has the 
sign of A'( 2 „), and that consequently tlio conditions (2) ore not only neceasary 
but also suflicieiit for a .stationary value. 

Now (3) is the condition of consistency of (2) regarded as a pair of equations 
in X, y. Corresponding to such a stationary value z„, there is thus a ‘stationary 
edge’ or Ime of .stationary points 

^ _ ^i-o) _ 

y " A( 2 „) B(Zg)' 


For consideration of maxima and minima we need to know the higher deri- 
vatives, and we shall first show inductively that they have the general form 
given by ^ ^ ^ 






(6) 
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where C’”'> are the nth derivatives in 2 of A{z), B{z), 0(z) and F is 

a polynomial function. Differentiation of (6) with respect to x gives 

_ F^+zJi_F^-\-... VFf C<»+‘i] _ 

Om 1 

- - J’[2{A'x+B'y)+2,{A''x> + 2B''xi/+CV + 

+ Jfc*( A'C + 2A'C' 4- A C' - 2BB'’ - 2B'»)}]. 


On substitution for z^ from ( 1 ) wo see that 

f ’>+'2 _ Gfx.i/,A,B,C’.....A<»+»,Bl"ti),C''’‘H>} 

where Q is also some polynomial function. Thus the form of (5) i.s unaltered for 
partial differentiation in x (and similarly for partial differentiation in y). Com- 
parison with (1) shows that (5) is true for n = 1 : accordingly, by induction, it is 
true generally. Now the functions A(z), B(z), C{z) are, by hypothesis, differen- 
tiable to any order and therefore also their derivatives are continuoiLs and so 
bounded. Thus the numerator of (5) i.s bounded. But we have sei'ii that 9(z„) 
does not vamsh for any stationary value 2 „ that satisfies the conditions of the 
enunciation. Hence every derivative of 2 is boiinilod in the neighbourhood of 
anj" such z^. 

Now from (1) wo have 

- _ _ 2(-4'x-e B'.v)2^ 2(.4x t Bv)(9,4 (J,:,) 

'•“9 9 9- 

_ _2S 2(A'x-{ B'y)z. 2(Ax-r By)(e^-^ $,z^) 

- Q 9 (P 

20 2(B'x + 0'y)z, , 2(Bx-f Ci/)(9^-t 9,2,) 

g g gi -■ 

which we may write 

2A 

^xx ” 9 




2B 

g d Ot ", r 


20 

z,v g -> IH^r 

where Aj, Aj, /i,, /Xj are all of the general form 

B{x,y,A,B,C,A',B',C',. .}/9" (6) 

already considered m (5), so that they and their derivatives are bounded in the 
neighbourhood of those stationary values tliat are covered by the conditions of 
the enunciation. Hence 

„ 4(AC-B») e 

Bj -= ^ \-Az^+nZy, say, 

where again A, p have the form (6). But from tho equation defining 2 we have 
k(AC-B^) = -(Ax*-1 2Bry+Cy*) -= i9(x2,-(-2/2,). 

Thus wc may write B, = Xzj.+yjs^ 

where A, fz are also of the form (6). 


( 7 ) 
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Again, for tho operator defining write 

A P(Z„8,-2x,S»)+9(Zx,3i-2k:S,), 
where p, q are arbitrary constants. Then 

Az^ = pff„ Azy = 

so that, from (7), 

ffj =- AHj ^ Zj.AAJ-z„A/t+(/iA-tj;i)f/j 

- (AA^/jA* t5A/i)2j.-r(A/t-f ^iA^+gp.*)z^ 

AjZ^-t psZ^, say. 

But AA P{’'yy\i A^) Aj z^A^) 

Smee z^, z^, z„^, A arc all of the form (ti), so too is AA and similaily Ap Thus 
Aj, Pj are also of tho same form (6). 

We may proceed in tins way inductively, for if 

then ff„+l K+l-z-l H-n-,l~y< 

whore A„_^i ^ AX„^\(p\,-rqp„), /i„^, =- Ap„-p{p\,-rgti„). 

Thus, by an inductive argument, c\erj' A„, is of the form (6) and is therefore 
timte at every stationarj jxiint that satisfies tho conditions of the enunciation, 
and accordmgly every H„ vanishes at eveiy such stationary' pomt. 

To determine the actual bcliaviour of z in the neighbourhood of a stationary 
point 2 y wo may exiiand tlie defining equation in powers of z — Zy and write, to 
a lust aiiproxiination, 

Aj-‘^2B.ty- Ct/-^ k{AC- Il'‘) 

\ ( 2 ~z„)M'.iS ‘>irry~( ,r ' f(.lC''-2BB'-A'r))-rO(z-z„)“ = 0, 

where .4, A',., are now e\ aluated at tin stalionarv point. Thu-'.4C - B- and 

.l->(.l.i:, UyV^ CHz-zJ- 
" ' • 

But, as wo liu\e alieadj swii, 0(Zy} has tho sign of .4'(Z|,). Sufficiontij near z,,, 
then, z— z„ has the sign of ~ A(z,).4'(z„), proiided, of course, that we avoid the 
‘stationary edge’ A(z^)j:^ B(Zo)y = 0. In othei woids, such a stationary value 
Zy is actually a turrmig value, and is a maximum or minmnun accordmg as A (z^), 
.4'(z„) have tho same or opposite signs 
Fmally, m tho gnen example m which 

A{z) z — a, B{z) _ z — b, C(z) — z — c, 
the defining relation is 

(z — o)i,H 2(z — 6)i-y-r (z— c)y® ^ A{(a — 26— c)z — (ac—b*)}, 

j g tnc* -r 2bxy + ci/’ — lc{ac — 6* ) 

y)= — i(a — 26+c) 

There is a single stationary value 

_ “t— 6* 

a — 26-rc’ 
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^ {(a— 6)a!+(b-c)y|« 

{a — 2b+c){{x-{-y)*—k(a~2b-\-c)y 

A'(z^)C’(zy)-B'\z,) = 0. 

Hence, if A(z„) have the sign of k, i.e. if k(a—2b + c) bo negative, then z— Zj lias 
an invariable sign, namely that of a— 26+c, i.e. of — ^(z^). In other words, z„ is 
a maximum or minimum according as A{z„) is positive or negative, in conformity 
with the general theorem. 
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EXAMPLES X 


1. If the elements of the determinant 

A ~ |lj nig n, 

Ij Trig Jij 

[ij TO 3 rtj 

obey the three relations 

lj + rn?4-n? =1 (r - 1,2.3), 

show that the determinant is boundinl and that its bounding values are ^1. 
Interpret the result geometrically. 

Discuss the bouiichng values of A when its constituents oU<y the suigle relation 
i 3. 

r-l 

2. Obtain the bounding values of the deU-niiinant [a„\ of order n, when the 
constituents olxiy 

n 

( 1 ) the n relations 

fi n 

(ii) the single relation 2 2 “r. 

T- 1 1 

Show that the .set of stationary values of the arguments a„ can be determined 
with Jn(M— 1) degrees of freedom in both (i) and (ii). 

3. If the n variables Xg,...,x„ obey any of the alternative sets of conditions 


(0 X®r®r = 1; 

f-1 

(ii) 2 0,2:,. = 0, ^ 

r-1 f-1 


(ill) 2 a,Xg = 0, 2 6,21, = 0, Z r,2> = 1; 

r-l r-l r-1 


show that the function u s a:J 4- 

has a single stationary value, and that this value of the function is a minimun 
and least. 
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Obtain the stationary values m the forms 


(i) 





4. If the arguments obey either of the alternative sets of conditions 

(0 - 1 ; 

r-l 

(u) 1; 

f-1 r-1 

n 

prove that the function ii 2 

r-'l 

has a pair of stntionurv \ alues wliii li are also the bounding values of the function, 
and show that these slationarj' values are given respectively by 

(Oil® (U) Z 

5. It .. r„), , <„) are hotnogemKHis of tlie saiiu' degree, show that 

the stationaiv values, the turning values, and the bounding values of i^ when 
Ip 1 are identical with the stationarj’ values, the turning values, and the 
bounding values resfieclivi 1,\ of the iiiirestni ted funrtion cf>'p. 

It p. Ip are hoinogeiitsius of degiees p, q, show more generally that t he stationary 
values, etc , of <p when ip 1 are identical with the corresponding values of 
(pip-via 

6. Show’ that the stationan values ot 

n 

u - 

T-l 

ti n 

Bubjwt to tho conditions 1, ^ x'j 1 

r- l f 1 

are the roots of th<‘ cjuiuhdiic 

V (ub,- - 2 

f r.» 

and that the greater root is a maximum, tlie smaller root a minimum. 

Show also that the restrictive condilion-s do not give real values of tlie argu- 
ments, it 2 < 1- 

7. If the variables jr,, y, are subject t« the eondition 

.rJd-...-(-rf„-(yJt^...-; y=) - 1, 
show that the stationary values of 

area,,. .,a„. Show also that a may have a smgle mmimiun or a single maximum, 
but camiot have both. \\ hat are the conditions for the existence of a minimum ? 
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8. If X, y are subject to the relation tr+mj/ t-u = 0, show that the quadratic 
u s£ (a, 6, c,/, g,h)(x,y,\y 


has the single stationary value 
where A = 


h 

b 

/ 

m 


g 

/ 

c 

n 


and that this is a maximum or minimum according as 

0A 


0c 


> 0 or <0. 




Discuss the case in which ~ interpret it geometrically. 


9. Show that, when x, y, z obey the condition Ix-'r my 1 nz 
u ^ (a, b, c,f, g, h){x, y, zf 
has a single stationary value, provided that 

\a h g I 1 ^ 0 . 

\h g f ml 


1, the quadratic 


/ 

m 


/ 

r 

n 


n I 
Oi 


Investigate the maxima and minima (if any) of th(“ quadrat ie and rliseiiss the 
ease excluded abov-e. 

10. If X, y are connected by the relation 

ax^-\~2hxy -^by^ = 1. 
show that u s: a'x^ -^-Zh'xy -b'y^ 

is unbounded, unless ab > h^. If, however, thi.s condition i.s .satisfied, sliow that 
u has a maximum and a minimum, which are also its greatest and least values, 
and that these extreme values are separateil by both a'ja and b'jb. 

11. (i) If X, y, z are cormected by the relation 

3-*4 - 1 , 

show that u --- {a, b, c,f, </, b )(.i , y, c)“ 

has three (real) stationary value.s, of which the gieatest and the least arc 
respectively maximum and minimum. 

(ii) If X, y, z are cormected by the relation 

(a,b,c,f,g,h)(x,y,zf ^ 1, 
where the quadratic is invariably positive, show that 
u = (a',b',c',f',g',h'){x,y,z)‘ 

has three (real) stationary values, of which the greatest and the least are 
respectively a maximum and a minimum. 

(iii) Discuss the stationary, turning, and bounding values of 

(o', b\ c'J',g', h')(x, y, zf 
{a,b,c,J,g,h){x,y,z)^ 

when the denominator is given to be an mvariably positive quadratic. 
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12. If X, y, z are subject to the relations 

+ — 1, ix+mi/j-nz = 0, 

show that u ax*-t by^ + cz^ 

has two stationary values which are the toots of 

u—a ' u — b u — c 

Show that we may discriminah- between maximum and minimum by considering 
the sign either of 

(h — c)\u~ a)’/I*+ (c— a)^(M —b)^/m'‘ + {o — b)^{u—c)^ln^ 
or else of {a—u){b—u){e—u). 

Show that the greater stationary value is a maximum, the other a minimum. 
[Show that 

/ - t- Ihnhr I c — u b — u) 


is divisible by 2 l-j{u~ a).\ 

13. If X, y, z are subjec t to the conditions 

. yS s' - 1. lx 1 my + nz = p, 
show that the stationary values of 

u aj*-|6y* + cz* 

are gueii by the A-ehiriinant of 

w* , n* /)* 

Cl — A ' b—X~'^c — X u — A 

w- 

{d--xy ' (6-T)*'*'(^aT" ' 

Show also that maxima and minima may be distinguished by the sign of 

2 (ti-cPCa— «)(a-A)V^’. 

or alternatively by the sign of 

(« — a)(u — h)(ei — c). 

14. If .r, y, z, t are subject to the conditions 

x*-r*/“-r-® i-t® — 1, ax-t-by ^cz-\-dt = 0, a'x-rb'y-i~c'z-}~d't — 0, 
show that the stationaiy values of 

u = Ax»-tBy‘ + Cz*+Dt^ 
are the roots of the quadratic 

^ (cd' —c'd)^{A—u)(B—u) = 0 
and that these ore both real. Show also that 

{(•d' — c'd)^{B — u)~^ {db' — d'by{C — u) A (6c' — 6'c)*(D — «) 

and the llirec corresponding expressions are all po8iti\ e when u is mmimum and 
all negative when u is maximum. 
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15. Obtain tho greatest and the least value 

(i) of + 

when the variables obey the rolationa 

“t- 1/“ t- = 1> lx^-v>y-\-nz -- 0; 

, , r ax^+by--\ a? 

when the variables obtiy tho relation 

Ir+wiy+nz — 0: 

j a.t\hy^cz 

(ill) of ; , 

when the variables obey tho relation 

+ 2mnyz ~ '2ii[z.r— 2lin.ri/ (I, 

and /, ni, 71 ha\ e the same sign. 

Show that the fraction in (iii) is unbounded if I, nt, 71 have different signs. 

16. If the variables are subjiait to the condition 


[C'f. example 12.] 


ICf. example 5 ] 


2 Or*! 1. 

I 


and n is a positive integer, show that 

(i) 


hAs the miniinum value 
and no other stationary value; 

(>i) 


r-1 

m ( 

r-l f 


V- 


has no stationary value, unless tlie have* all llie same -ipi. Imi int\y then lm\ e 
S’” distinct stationary values. 

If the Of are all positive and Oj is the gicetoM of thoTu, s))ow llial r lias tl»c 
single minimum 


m \- 2 »i 

2^(a«tjM2n . 
r-^ 1 1 


and the single maxim mn 


{ m 

h,(2n-H)/2n 2 a^*^*'* 

' t*«2 


if and only if the expression in brackets i.s po.sitive. 

17. If the variables av are restricted to be positiv'o or zero, subject to tin 
relation „ 

r-1 


and u is defined as 


U a.. 2 


where every o, is positive and p, q > I, .show that the stationary values of u 
are given by ^ 0 ^ 1 ’’’“®’, 
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■whore 2 ’* taken o\er any BeU'ction of a^, ,a„. Show, however, that none of 
these are turning values oxfopt 

(i) u - a, (r = 1,. ,n), 

(ii) 

Show further that (i) are maxima and (ii) is a minimum, if p < g, and vice versa, 
if p ^ q 

Discuss, m particular, the case p ~ g 
18. If X, y, z are subject to the condition 

ax i-by^cz - 1, 

show that, in general, i’ + i/* i z^ — 3xyz 

has the two stntionarv' values 

0, (o’ efc’ i-c’ — 3air)~* 

of which the first is a maximum <>i a mitiirnurn according os o b r 0, but the 
soccind not a turning value 

Discuss, in particular, the (asts in viliuh (i) a-fb J-r =- 0, (ii) a ■= b = c 
10. Ohtam the stationaij valui s ol 

r* I ~3tnryz (m -f 2), 

when X, y, z are subject to the condition 

X ~ g z 1 . 

and show that tlu s\mmetrical stationaiv vakn is a maximum or minimum 
according us ni J 2 Miow also that the other stntioiuirj value's arc not turning 
values 

Show that r> - ly’ z’ tui/z 

hivs onl> one stntioniiij value and no tiinuiig vahit 
2lt Obtain the st at lonarv values c>f 

J.J ,f\ .1 3„, f 

when r, y, z are subjext to the condition 

X’ - y’ - z= 1 

Show that the sv mine trie al stiitionarv valui is a maxiiniim oi a minimum 

nc cording as ill |.tlii stationarv values r h i/ z 1 ete , an maxima, 

if hi’ 1 , the stationaev viiluesr g —(1 — 1 iieh.iU , are maxima, if m’ -s 1 

Dis( U.SS, in partii ulai, the cusi"s m J, 1 

21 Ditermme tin stationarv values and deehici tlie gieatist and the least 

( 1 ) sina sm;8 siny, 

(ii) sin xsin^siny, 
when nt 1 (3 ( y oi, a constant 

Show that. 111 general, (i) has threx' distinct tmiiing values whoso sum is zero 
and product — ’/suicj, and (ii) has three distinct turning value's whose sum is 
-j sin CO and product — j'^sin’to 

22 If A, H, (' aio the angle's of a jiln/U' triangle, obtain the greatest and the 
lea-st values of 

Binm 1 ' siiiinlJ 1 sinmf’, cosm.l * cosinC, 

sin to. 1 sinniiJsinmf', cosia.4 cos iii Z? cos mC, 

for m -- ji, 1, 2, 3 Give m each case the angle's of the correapondmg triangle. 
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In a plane triangle show that 

(i) — SVS < Ssinn^sinnBsinraC v" 3V3, if n is any integer; 

(ii) cos 2A cos 2 Boos 20 < eos^+cosB f cosC; 

(in) sin 24 sin 2B sin 20 < sin 4 sin B sin O < cos ^4 cos JB cos JO, 

(iv) sm4sinBsinO < cos J4cosiBcos|0 

cos J(B + 0)cosi(04 4)cosJ(4 1-B); 

(v) sin 24 + sin 2B + sin 20 < sin 4 + sin Bl smO i' cosJ4-( cos JB-|-co8 JO. 
23. If 4, B, O are the angles of a plane triangle, which in (iv) is acute-angled, 

and p, q, r are positive constants, determine the stationary values of 

(i) pcoa4 + 5cosB+reosO, (in) pcot4 + gcot B+reot O, 

(u) hm®4 sin*Bbin’'0, (iv) co3’’4 cos®B cos''0, 

and state the conditions to be satisfied by p, j, r m order that these values and 
the corresponding triangles be real. 

Obtam the greatest and the least values of these four expressions. 

24 Obtain the maxima and minima of 

n n 

(l) (“) 

r-1 f-1 

71 

when Oj = w, a, constant, and deduce the greatest and least I’aUic'S of the two 

r-i 

expressions. 

25. If I, m, n, I', m', n' are subji'ct to the conditions 

ti* = 1, U' +mm' + nn' = 0, 7n'‘ , n'* — 1, 

and if o > 6 > c, show that 

i(a — c) y ali' r -enn' > i(c-a) 

26. Determine the pomts the sum or differcnto of whose timgtntial distances 
from the given circles 

a,2 j.j,2 i. 2ffx , c 0, 2g'x j-c - 0 

is stationary, and show that this sum and difference ha\ e neither maxima nor 
minima. 

27. ABC IS a given triangle, P a variable point in its plane, and x, y, z are 
the distances 4P, BP, CP. If p, g, r are given positive constants, show ttiat 
px + gy-\-rz is stationary when BC, CA, AB subtend at P angles whicli arc the 
exterior angles of a triangle whose sides are propoi tional to p, q, r. 

Obtain the least value of px-rqy-i rz and discuss the case in whicli p q < r. 

28. Determine whether or not the origin is a maximum or minimum of the 
following functions: 

(i) x* + y^-2xy^+x*-y*, 

(u) x*—2xy^-\-x* — y*, 

(m) x^-i-y’—Sxy^x-x^—y*, 

(iv) a:® — 2ri/+j/*— 2x*-f 2r*y-f 2?/*, 

(v) x*-\ a;*!/* I i/*, 

(vi) f l/’d x*y*, 

(vu) a'’-(-2a:y® + 3/*-f 2a:*y’, 

(viii) x“ + 4r!/*-f 2a;y*+4j/*-f 2ai/* 2y‘‘, 
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29. If the function f(x,y,z), not necessarily a polynomial, is homogeneous of 
degree unity, show that its Hessian vanishes everywhere. Discuss its maxima 
and mmima. 

30. Show that, for the function 2 — z{x,y) defined by the elimmation of t 

between ^ \-yg{t)+k(t), xr(() + yg'(t)+h'(t) - 0, 

the Hessian vanishes cveiywhere, and discuss the determmation of the maxima 
and minima of z. 

Illustrate by considering the following functions z{x,y,t): 

(i) 3'sin(t r a) 4-7/sm(< -1-6) i sin(t— c), 

(ii) xl hyt^, 

(ill) rl -1 I//* jt’, 

(iv ) 

(\ ) it ) 

Show also that, for such a function z{x,y), everv' 7/„ vanishes eveiywhere 
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IMPLICIT FUNCTIONS. ELIMINATION 


1 . The nature of the problem 

In establishing the nature of functional dependence in chapter I, we 
distinguished, with some vehemence, between the functional relation 
itself and any analytical representation of that relation. The distinction 
is essentially one between theory and practice and, since Mathematics 
is an art still in its infancy, the practical aspect is nearly always the 
more important. To this practical aspect belongs the distinction between 
explicit and implicit functions, or, more exactly, between functions 
explicitly and implicitly defined. For, in theory, at all events, given 
a functional relation ^ ^ ^ 1 ) 

w'e are free to pick out any argument Xi as dependent variable, i e. to 
regard (1) as defining the implicit function 

ari Xi(x2„..,x„), (2) 

and thereupon to think of the corresponding explicit function . 

In practice, however, as we find from elementary and bitter ex])erience, 
the passage from the implicit function to the explicit function is usually 
difficult and, more often than not, impossible. The problem is, of course, 
that of solving an equation complicated by the ]>resenee of arbitrary 
arguments in addition to the unknown Xj itself, a problem, at 

present, generally insoluble. 

It therefore becomes important to discover just how much useful 

information can be ascertained about the im])licit function XjlXg x„), 

for example, as regards existence, one-valuedness, continuity, differenti- 
ability, without needing to solve the defining equation /(x^, x„) = 0. 

In practice it will usually happen that we know not merely the equation 
/(xj,X 2 ,...,x,J = 0, but more generally the defining /(Xj, x,,..., x„), 
at any rate for values in the neighbourhood of / = 0, and we may 
therefore state our problem in the form; given information about the 
function of n variables f{x^,x^,...,x^), to obtain information about 
the implicit function of «— 1 variables Xjlx^,..., x„) defined by the equa- 
tion /(Xi,Xj 5 ,...,x„) = 0. 

At this point we must not fail to remember that wc are engaged with 
a theory of real functions of real variables. J'or it may well happen 
that in solving the equation (1) we encounter non-real values of Xj, 
although the other arguments Xj,...,x„ remain real. These non-real 



XI in IMPLICIT FUNCTIONS. ELIMINATION 2flS 

values must, of course, be strictly excluded from the domain of defini- 
tion of the function (2). Their interpretation may belong to the theory 
of Functions of a Complex Variable, but it certainly has no place in the 
present theory. 

It may, of course, even happem that the equation (1) is satisfied by 
no real values of and therefore that the implicit function (2) 

does not exist in the field of real number. 

If the function is algebraic, we know that the non-real 

roots Xi occur in conjugate pairs and that, for variation of the other 
arguments x^,..., x^, they can arise out of a pair of real roots which have 
passed through coincidence. Now coincidence of roots gives 

8f(xi,x^....,x„) ^ y 

ra-j 

Thus at points where ifi'cxi = 0 we may exj)ect that certain values of 
Xi, i.e. certain branches of the imjdicit function (2), will disappear 
(or reappear). In other w ords, we may expect such points to delimit the 
domain of some or other branch of the implicit function. 

In an extreme case it may happen that the partial derivative cf/dx^ 

vanishes ‘identically’, i.e. for every aq j’„ of .some region. Then in 

that region we know that the values of / are indei)cndcnt of those of 
a-ji in consccpiencc the equation (1) gives no precise information about 
Xi, and the implicit function (2) is indeterminate. In any case the 
vanishing of the partial derivative rf cx^ is indicated as a danger-sign 
and, as w'C shall see, the behaviour of this partial derivative, supposed 
existent, is fundamental in the theory of the implicit function. 

Some of the im[)lications of this th(*ory appear in miniature in the 
])roblem of determining the inverse of a function of one variable, i.e. in 
determming the function x -- x{y) from knowledge of the function 
y ~ y{x). These are to be found in chapter III §§ 4, .3 and chapter IV 
§10. In particular, it was seen that the non-vanishing of the derivative 
y'{x) is all-important. 

The following examples throw light on the character of the implicit 
function in certain extreme cases. Here, by a convenient change of 
notation, we consider the impUcit function z(x.y) as defined by the 
relation f{x, y, z) = 0. 

(i) f(x,y,z) = {x+y^z)-^: 

the implicit function z is infinite for finite values of x, y and finite only 
for infinite values of x, y\ if we exclude ‘infinite number’, the implicit 
function does not exist; 
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(ii) f(x,y,z) s xyz-. 

the implicit function vanishes everywhere except along the lines 
X = Q = y, where it is indeterminate; 

{m) S{x,y,z)=x^+y^+z^-. 

the domain of the implicit function consists of the solitary point 
x=0 = y, 

(iv) f(x,y,z) = x^+y^-\-z^+l-. 

the implicit function does not exist in the field of the real variable; 

(v) f(x,y,z) = (x^+y‘‘)j{x+y-{-z): 

in the field of real, finite number the imphcit function exists only at 
the point x = 0 = y, where it is indeterminate. 

As a less exceptional example we consider the defining function 

(vi) f(x,y,z) = x^+y^+z^—l. 

The implicit function may be written explicitly as 2 = 

It exists as a real function everywhere wnthin the circle x® = 1. 
As we cross the circumference of this circle, the function abruptly 
ceases. But we observe that 

I = & = 

which vanishes at all points of the circle. The domain of the imphcit 
function is thus delimited by the points at which dfjdz — 0, in accor- 
dance with the principle to which we have already drawm attention. 

2. Conditions sufficient for an implicit function 

We come now to the enumeration of conditions sufficient to ensure the 
existence of an implicit function in a specified domain. For conciseness 
of argument and analysis we shall consider only an imjfiicit function 
of two variables z{x, y) defined by a relation f{x, y, z) — 0. 

We shall suppose that, throughout some domain, f{x,y, z) exists and 
is continuous. We shall suppose that the z-derivative f,{x, y, z) exists 
throughout the domain, but wo shall not, at this stage, presume its 
continuity. We shall suppose that we know at any rate one point 
(*o> Vd’ ^o) which f(x, y, z) vanishes. We accordingly know at any rate 
one point (xo,yj) in the domain of the implicit function, and it is in 
the neighbourhood of this point that we shall seek to establish the 
existence of the implicit function. 

We are careful to stipulate that the derivative /^(x, y, z) shall not vanish 
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at this point and, moreover, that we can surround Zj by a closed interval 
throughout which y^, z), regarded as a function of z only, does not 
vanish. 

With these preliminaries we are prepared for the enunciation of omr 
main theorem; 

( 4 ) (i) If, throughout some domain, f(x,y,z) exists, is continuous, and is 

differentiable in z, and if (a;#, 2/0, z^) is a point of the domain such that 
/(a^O'?/o> 2 o) vanishes but f^(xQ,yQ,z) does not vanish for any z in some 
neighbourhood of z =-- z^^, then, throughout some neighbourhood of 
the relation f(x,y,z) — 0 defines a bounded function z(x,y). 

(ii) If, moreover, f.{x, y, z) vanishes for nox,y,z of the domain, then 
the function z(x, y) is one-valued. 

(iii) If , moreover, \fz(x,y,z)\ is bounded positively then the function 
z(x,y) is continuous. 

To jirove (i) .suppose the interval (^, ^') to be the neighbourhood of 
Zq throughout which fz(Xo,yo,z), regarded as a function of z, does not 
vanish. Then, .since f(x,y,z) is continuous in its three arguments, in 
particular fixg,yg,z) is a continuous function of s and so, in the closed 
interval (^, lias both a greatest value and a least value. These values 
must differ and must occur at the end-points of the interval, since the 
derivative /.(s’;, ,2/0, 2) nowhere vanishes in the interv'al. It is sufficient 
to suppose f(Xg,yg, the least value and/(X(,.yQ, C') the greatest value. 

/(-To- 2/0 . 0 </(^o.yo.-o) < /{a^o.2/0. D- 

/(-('o>2/o- C) < 0 <f{Xo,yg, D- 

Since /(r,?/, and /(x, j/, ^') are continuous functions of x, y in the 
domain, we can, in the domain, surround (Xg,yg) by a closed iiitervalj 
(^; throughout wliich f{x,y, Q and f(x,y, C) do not change sign. 

Hence, if {x^.yf) be a point of this interval, 

2/1.0 < < /(^i. 2/1.0)- 

The function /(xj, 2/1,2), regarded as a function of 2, has therefore each 
sign in the interval ( 00 ). and, since it is continuous in the interval, 
must pass through the value zero at one or more points Zi of the interval. 


f By ‘bouiidod po 8 iti\oly’ I itiean that the function has a lower bound which is 
greater than zero. The hypothesis of (iii) is, of course, more stringent than that of (U), 
smop |/ 2 {x, y, 2 ){, not being necossanly continuous, may have zero as a lower bound 
without over attaining it os a value. 

J By the ‘cloaod intorvar (f, f'; 17 , - 7 ') I moiui, in tho notation of chaptor I § 4, the 
region 


^ ('p 


v< y 
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Thus the implicit function z(x,y) exists at every point of this 

interval ■q, rj'), and is bounded in the interval, since 

This establishes (i). 

For (ii), since now f.{x,%j^z) does not vanish in the domain, in parti- 
cular/j(a:j, i/j,2), regarded as a function of z, does not vanish in (^, ^'), 
and therefore, by Rolle’s theorem, /(jr^, yj, 2) has at most a single zero 
in the interval. In other words, is unique for given (x^, y^) and the 
impheit function z{x, y) is one-valued. 

For (lii) consider the values 2, z-j-Sz of the implicit function at two 
near points (x,y), (r+Sa:,y+Sy) of the interval {^,^'; y, 77'); by (ii) these 
values are unique. Then, by definition of the implicit function, 

^ ~ f(^ z-l Sz), 

so that 

/(^,l/.z)-~/(x+Sx,y+8y,z) 

= /(x-i-Sx,y-l-Sy,zi-Sz)—/(xi-Sx,y+Sy,z) 

= Sz/.(x+ST,y+Sy,z-l-6 Sz) (0 < 0 < 1), 

by the theorem of the mean. 

Now, by the hypothesis of (iii), we have tlu'oughout the- domain 

> A > 0. 

for some constant Thus 

l/(*.2/.3)— /(a;+8x,;i/+5y,z)| >A I82I 
But. by the continuity of f{x,y,z), 

ISzl, ISyl < some 7]{€,x.y), 

secures l/(3-,y,z)-/(x-f Sa-,y-j-Sy,z)l < Ae, 

(Szj < €. 

This establishes the continuity of the implicit function and proves (iii). 

3. An alternative condition. Differentiability 

If we now exclude functions /(r, y, z) with discontinuous z-derivative, 
we can re-enunciate (4) in the simpler form ; 

(^) -Vj near the. point (*<>, t/o, Zg), the Junctixm f{x,y,z) is continuous and 
possesses a coniiniums z-derivative f^{x,y,z), and if, at the point, 

/{*o>2/oi®o) = 0, J/o' 2o) ^ 0, 

then in the neighhourhood of there exists a one-valued and con- 

tinums implicit function z{x,y) satisfying the relation f{x,y,z) ^ Q and 
assuming the value at {x^, yf). 
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For now suppoae that 

l/z(*o.2/o.2o)l = 2yl > 0, 

then, from the continuity of /„(»•, y, z), we have throughout some neigh- 
bourhood of (ry, 2 /g, Zg) 

\Ux,y,z)-f,{Xo,yo,z„)\ < A 
and so \f::ix,y<z)\ I-' A > 0. 

The conditions of (i), (ii), (iii) of (4) are now all secured and (5) is 
therefore established. 

As regards differentiability!' of the implicit function we have the 
theorem ; 


(6) If the conditions of (5) are satisfied and if, in addition, f{x,y,z) is 
differentiable in its domain, then the implicit function z{x,y), as defined 
in (5), is also differentiable . 


For, since f{x, y, z) is differentiable, we may write 
8/=- A hx ^Bh) +Chz, 

where A, B. C are functions of x. y. z. Sx, hy, S; which, as 8x, hy, Sz 0, 
converge resjK'ctively to f^, /„, /.. 

If now we kee{) / 0, we keep also 8/ = 0, and we have 

~C 8z -= A hx -^-B hj, (7) 


where z now is the implicit function defined in (5). This implicit func- 
tion is continuou.s, and therefore the convergence 8r, by -> 0 secures also 
the convergence Sz 0. 

Now, under the conditions of (•’>)./; ^ 0 and therefore also C 0, if 
Sx, by are sufficiently small. We may thus wTite (7) as 


Sz r -{A C)bx -{Bi'C)by, 


where now —AjC, —BiC converge respectively to —fjf;, —fyfz 
bx, by -> 0. In other words, the implicit function z{x, y) is differentiable, 
and its partial dcrivative.s are given by the formulae 


^ 

' // f'y 


(8) 


These formulae we have already established in chapter VT § 11, but 
then only by presupposing the existence of the implicit function. 


t Of course, in the strict sense of cliapler VI § 2 (8), and so throughout this section. 
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We proceed in this way and prove in extension of (6) that 

(9) With the conditions of (5), if f(x,y,z) is twice differentiable, then the 
implicit function z(x,y) is also twice differentiable. 

For, since f{x, y, z) is now twice differentiable, the partial derivatives 
fx’ fyi fz differentiable in x, y. z. 

Now, by chapter VI (14), differentiable functions of differentiable 
functions are themselves differentiable, and therefore, if the argument 
z is replaced by the implicit function z(x,y), the partial derivatives 
fxffyJz become differentiable functions of x, y. Since zeros of f^ have 
throughout been excluded, it foUows from (8) that dzjdx, dzjdy are 
differentiable in a;, «/; in other words, that the implicit function z[x,y) 
is twice differentiable. 

By a similar argument wc can show that z(x,y) is differentiable n 
times, iif(x,y,z) is differentiable n times. 


4, Condition for an analytic implicit function 

For an analytic function of several variables we shall adopt the defini- 
tion outlined in the concluding section of chapter VIII: we shall say 
that /(a;, y, z) is analytic in an interval in which every partial derivative 
exists and satisfies an inequality 


dx'^dy'^dz» 


< rnlnlpl AB” 


where A, B are positive numbers independent of a', y, z, ni, n, p. 
In the sense of this definition we proceed to prove the theorem: 


(10) With the conditions of (5) the implicit functiov z{x.y) is analytic, 
if the defining function f{x,y,z) is itself analytic. 


By the results of the last section, every derivative of z{x, y) exists, 
since every derivative oif{x,y,z) exists. Now write 


dx^'Sy'^ - y ggj rnyt 


( 11 ) 


fpv = P'^'^'‘«'pv ( 12 ) 

By the formulae of chapter VI § 1 1 , we can then write as a poly- 
nomial function of arguments Comparison of dimensions in /, x, 
y, z respectively shows that this polynomial 2p„jg(Mp,j,) is homogeneous 
of degree s in these arguments u and isobaric of weights m, n, a— 1 in 
the respective suffixes p, q, r. 
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Differentiation of (11) with respect to x gives 

2m+2a+l 


2 

8*1 ' ' 
2m+2n — l 

= 2 


z 


8-1 


2m+‘2n — 1 


m+l,n,8 


dz, 


mns 1 ^ ^^TW«s\ ] 

8x '^dx dz 1^ 


\ 8zj \8x8z bx bz^J ” 


f /_§A-«-Y§^ 

(\ cz) bx \ bz) \bx 


bZ, 

\bx bz 

+S 




by use of the formulae of chapter VI §11. 






bxcz^ ""'‘I' 


We tlierefore have for 

'^7. fl, 

z, 


the recurrence-formula 


‘'m+l,Ti,8 




~hxcz^ 


(13) 


Since only positive signs occur on the light of this recurrence-formula, 
it is clear, by induction, that only iiositive sign.s will occur in the poly- 
nomials Let c,„„, denote the sum of the coefficients in the 

polynomial then c,„„, is obtained from Z,,,,,, by wTiting unity for 

every u^,^. 

Now, by (12). 

bZ ^ bZ 

"'“=-y(p + l)«„+M.r . (li) 

r.r ^ bUp^ 

when; the summation is taken over all the arguments of Z^^. 
Again, by the formulae (47), (o4) of chapter VI for homogeneous and 
for isobaric functions, we have, in virtue of the dimensional properties 
of Z„,^ noted above, 


V 

z. 




i.e. 


2“ 

2 (?+!)“. 


bZ, 

bVf. 

bZ„ 


= mZ„ 


mn8 

Pj/ 


CU, 


pqr 


dZ 

'^du. 


= (m+s)Z„ 

pqr 


Hence, by putting unity for every in this equation and in (14), we 
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see that the sum of the coefficients in 8Z^„J8x equals the sum of the 
coefficients in i.e. equals 

By a similar argument we see that the sum of the coefficients in 
SZmnalSz is equal to (2s— l)e On picking out the sums of the 
coefficients in the recurrence-formula (13), we have the recurrence- 
formula for c„„j, namely 

Cm+I,n.s= (»»-|-s)c„,^-|-(3s— 4)c„_„_,_i-f2(s-2)c„,„,,_g. (15) 

Now, by (11), 


/0f\2m+2n~l 

ydzj 


z -I 


2m-h2ft -jf-J 


and we can therefore write the expression on the left as a polynomial 
in Up^. For the sum of the absolute values of its coefficients, 
we have 


2m-h2ri— 1 

= 1 Cn 


Froin the recurrence-formula (15) we have 

2/11^2)1-11 2 /nl 2 n.-l 

2 2 (6«-1-W'-l ,5 

a* 1 a 1 

2m-* 2n- I 

< (13m-}-1221-7) 2 

H - \ 

since every is positive. Thus 

C’/n+M < (13»*-|-12«-7)C(„„ 

< 13(m4-n+l)C„„; 

similarly < 13(wd-w-fl)C,;,„. 

Hence, by induction, 0,„„ < 13"*^"(m-f-w)!C'„o> 
i.e. < 13"*^’'(w;-t-w)! 

Now, if /(x, y, z) is analytic, 

K/zrl < 

where A, B are some constants independent of x, y, z, p, q, r. But 

^+71^ /^f\2m+2n~l 

dx^dy^ \dz) 

is isobaric of weights m, n, 2(ni-{-n—l) in the suffixes p, q, r of Up^ 
and homogeneous of degree 2Tn-\-2n— 1 in Up^ itself, as m'c see by com 
paring dimensions in x, y, z,f respectively; and the sum of the absoluU 
values of its coefficients is C^„. Hence 


gm+ng 

8f 

8x”‘8y''^ 

dz 


, 2 m+Sn-'l 


^ ^ ^2m-i2n-2^3m-h3n~-2 
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Again within the domain of the implicit function z{x,y), as defined 

by (5). 8f 

-- > some positive H~'^ 
dz 

and SO / < 

ox^oy’^ 

which proves z(x, y) an analytic function. 

5. Analytic prolongation 

To sum up the theorems of the preceding sections we may say, in loose 
language, that the implicit function z{x, y) exists and behaves (as regards 
differentiatioii and so forth) like the defining function /(a:,?/, z) except 
near zeros of f^(x,y,z). This, of course, is not at variance witli what 
both general consideration.s and particular exam]>les had led us to 
expect. 

Thc.se zeros of f.{x,y,z) are, of course, points in the (a;, y, z)-plane, 
whereas the implicit function is being examined in the (x, y)-plane. The 
points of possible singularity are therefore strictly the points (if any) 
in the (x, y)-plane at which simultaneously 

f{.r,y,z) = 0 = /.(a-, y, z). 

The aggregate of such points we call the ’z-discriminant’ of /(a-,j/, 2 ), 
by a natural extension of the elemental^ use of the term. Thus we 
may say that the imf)lioit function exists and is well-behaved except 
possibly in the neighbourhood of points of the discriminant. 

Actually, in the analysis of the foregoing sections we have proved the 
exi.stence of the ini])licit function :(x,y) and discus.sed its properties 
over an interval (f, tj, t;'). This interval contains the initial point 
(.Cfl, i/o)> which by hyjrothesis the implicit function is presumed to 
exist, and it just falls short of the nearest point of the discriminant. 
Now we may be sure that, in general, this rectangle is not the complete 
domain of existence of the implicit function. A sufficient example to 
the contrary is afforded b^- the eqtiation 

f(x,y,z) ~ 1 = 0, (16) 

which defines the implicit function 

2(4;. y) = 

and clearly defines it through the interior of the circle x^-\-y^ = 1. 
Actually the interval (f, tj, rj') first enters the analysis in the proof 
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of (4) as a region throughout which f(x, y, ^), f{x, y, C') retain the re- 
spective signs of /{Xg, y^, Q, /(a:^, y^, ^') and the choice of a rectangle as 
such a unit region arises merely from custom and convenience. 

It is, however, immaterial precisely what sort of region we adopt as 
our conventional unit, since, in general, any point of the domain can 
ultimately be reached by a process of ‘analytic prolongation’ similar 
to that already described for the anal 3 d,ic f unction. | 

The process is simple. With {Xq, y^, Zq) point of departure we have 
been able to determine a domain r], -t)') for the impheit function. 
Taking any point of this interval together with Zj the value 

there of the implicit function, we have in the (a;, y, z)-plane, a ’point 
(*i) Vv ^i)i which the conditions of (5) are satisfied and which thus gives 
us a domain ■rji, yj) for the implicit function. This new interval 

will overlap the old in some neighbourhood of (x^, y^), but, in general, will 
not lie entirely within it. We have then been able to extend or ‘prolong’ 
the domain of the implicit function. Again, from this extended domain 
we can select a new point (Zj, ^ 2 ) which, in turn, gives us a new interval 
(^ 2 .^ 2 ; Vz’ Vz)’ in general prolonging the domain and so on. 

As a rule we can get in this way from any initial point {xq, y^) to any 
other point {x,y) of the domain of the implicit function by a finite 
sequence of intervals ; tj^, i}r). The process is that of bill-posting 
over an irregular hoarding. We can, if we wish, visualize the exact 
domain of the implicit function as being the limit of an infinite sequence 
of such intervals, but this problem of the jwcisc determination of this 
domain is a more practical problem with whose technique we are not 
now concerned. 

It may well happen, of course, that the discriminant Bjilits up the 
(a:,y)-plane, and with it the domain of the implicit function, into dis- 
connected areas. Consider, for instance, the equation 

f{x,y,z) = 4{a;24-y2-f-z2) + 3 = 0 (17) 

which defines the implicit function 
z = 

The domain of this function consists of the interior of the circle 
x^-\-y^ = 1 and the exterior of the circle x^-\-y^ — 3, two disconnected 
areas, the discriminant being composed of the circumferences of these 
two circles. Clearly we cannot now pass from any one point of the 
domain to any other: we must know a distinct point of departure for 
each distinct region. 


t Chapter VIII § 0. 
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6. Branches and branch -points 

There is one other point to be considered. The theory of the implicit 
function which we have constructed presents that function as a one- 
valued, continuous function, but we know from experience that, as 
often as not, the implicit function is many-valued, as witness the last 
two examples (16), (17). We have therefore to find room in our theory 
for this many-valucdness. The solution is, of course, obvious. If the 
implicit function is, in actual fact, many-valued, let us say n-valued, 
then, associated with the cho.scn initial point of its domain (a-j,, ^o)> ''''g 
have the n values of 2 „. There arc thus n distinct points of 

departure (x v - ) (x y - \ 

V-^O’ !/0< \Xo- ifO’ ‘■071 1 


in the {x, y, z)-plaiie, which, by our theory, give rise to n apparently dis- 
tinct one-valued, continuous functions. Thc.se arc the n ‘branches’ of the 
implieit function to which attention has often been directed Evidently 
then, our present tJicory exhibits those branches to all intents and pur- 
po.ses as .starkly independent, one-valued functions. This is as it should 
be. for the many-valued function, .so split up, becomes at once admis- 
sible to the vhole theory of the one-valued function, and the distinction 
la'tween the many-valued function and the one-valued function ceases 
to be formidable. 

We may ask how far thesi' branches retain their individual identity. 
If the defining cspiation is ixilynoinial, we know that two roots of 
/(.r, y, z) -7- 0. regarded as an ecjuation in z. coincide only if the equation 
f.(x,y,z) - 0 is also satisfied, i.e. that two branches of the implicit 
function coincide only at a jtoint of the discriminant. More generally 
for any function, if z{x,y), z'(x.y) are two branches of the implicit 
function, i.e. if simultaneously 

f(x,y,z)^0- f(x.y.z’), 
then th(‘ theorem of the mean gives 

where Z lies between z, z' . Hence, if z. z' move up to coincidence as 
(.r,y) moves uji to some point in the (j:, y)-plane, then at such a point 
/,(r,y, z) -- 0, since is continuous. In other words, the point is a 
jioint of the discriminant. 

Points at which branches become coincident are called branch-points 
and we have therefore found that 


(18) Branch-points are points of the discriminant. 

2«ei 


X 
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As an example consider the function (16) 

f{x,y,z) s 1. 

The implicit function has the two branches 

distinguished only by their signs. Since Zj is always positive and is 
always negative, these branches can become confused only by passage 
through zero, i.e. through points in the (a:, i/)-plane at which = 1. 

These are exactly the points of the discriminant, which is here a ring 
of branch-points bounding the domain of the implicit function exter- 
nally, Within this domain the two branches retain their separate 
identity. 

Or again, consider the equation 

f(x,y,z) = **-1-2/2— 3* =0 (19) 

which defines the two-valued implicit function 

s = ±(**-f 2 /“)*. 

The discriminant reduces to the solitary point *=0 = 2 /, wliieh is the 
only branch-point, and the implicit function is defined throughout the 
(x, j/)-pIane. Its two branches remain distinct except for passage through 
the solitary branch-point. 

In (19), of course, z is merely the polar coordinate r, thinly disguised. 
For the polar coordinate d consider the equation 

J(x,y,z) = xsinz— ycosz = 0 (20) 

which defines the many-valued implicit function 

z = tan-*(y/x). 

The s-discriminant is given by 

xcosz-j-ysinz = 0 = xsinz— ycosz, 
whence x^+y^ = 0. 

The discriminant again reduces to the single point x = 0 — y, which is 
the only branch-point. But, if *, y be expressed in polar coordinates 
in the (x,y)-plane, we see at once that we may write z = fi-f nw. 
Suppose that at the initial point (xQ,yo,Zj) we have 6 — then the 
values of Zq which define the infinitely many branches are 

^o±2w,... to 00 , 

Zon = 


say 
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where n is an integer of either sign, or zero. If now, starting from (a;^, y^, 
we describe a circle counter-clockwise about the branch-point, the polar 
coordinate 6 has been increased by 2tt on our return to {x^, j/q). In other 
words, any branch 2o,i(x,2/). by travelling round this circle, has become 
transformed into the neighbouring branch Zo.n-ni^iV)- In such a case 
the individual branches no longer preserve their individuality, even 
though the branch-point be screened from the domain of the implicit 
function. To define the implicit function without ambiguity it is 
no longer sufficient merely to specify the initial (* 0 . without 

ambiguity; we must also specify the route that has brought us 
from (xQ,y^) to the point {x,y), or alternatively we must interpose 
some obstacle into the domain of the implicit function which will 
prevent circumnavigation of the branch-point. A happier alterna- 
tive is Riemann’s, in which we replace the simple (x, 2 /)-plane by 
an {x, y)-plane of many sheets, matching the many-valued z with 
a many-valued (x.y). The discussion of these alternatives would lead 
us bejmnd our proper limits. It is sufficient here to point out that 
the fundamental theorem (5) .still stands. The shortcoming which we 
have referred to here Mongs only to the proce.ss of analytic pro- 
longation, and not to the implicit function defined in the unit interval 

We may add that, if there is no real discriminant, the implicit func- 
tion is necessarily one-valued. For, given (x.y), if f,(x,y.z) vanish for 
no 2 , then, by Kollo's theorem, f{x.y,z), regarded as a function of z, 
vanishes at most once, and the impheit function z(x,y) is therefore 
one-valued. 


7. Systems of implicit functions 

We can extend the foregoing theory to the case of n equations 
fi -= 0,...,/„ = 0 defining n implicit functions Cj,...,;,,. The decisive 
part which has hitherto been played in the theory by the z-deriva- 
tive iifjdz is now taken by the z-Jacobian of the n defining fimctions, 
namely 

t'(Zj,..., z„) 


It will be sufficient still to suppose that the field of the implicit func- 
tions themselves is a field of two variables (x,y). In these terms w'e 
can state the theorem corresponding to (5); 
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(21) If in the neighbourhood of some point (a^o.^O’^iov-j^no) n func- 
tions and their z-derivativea 

(r=l,...,w), cfjBz, (r,s = l,...,n) 

all exist and are cxmtinvous, and if at the point itself we have simultaneously 
/^ = 0 (r = e(f^,...,f„)!d(z^,...,z„) ^ 0, 

then near the point (x^, there exist the n one-mlued continuous functions 

which simultaneously satisfy the n equations 

= 0 (f == 1 ,..., n). 

The proof is inductive. Tlie theorem evidently reduces to (5), if 
w = 1, and we therefore begin by supposing that the theorem holds for 
w— 1 such equations defining n—1 implicit functions. 

Now since the ^-Jacobian of the n functions does not vanish 
at (Tq, j/fl, 2 io...., s„o)’ it is clear that the elements of its first row, namely 
t/i/i'Zr (r=l n), 

cannot all vanish at this point. Let us suppose that (fiUzi docs not 
vanish there. Then, by (o), we can solve the e(|uation /, -- U for Cj and 
determine in the neighbourhood of (-To.y,,. s,,,,...,:,,,,) the one-valued 
continuous function , \ 

Moreover, by (fi), this function is differentiable in z^ z„, since fi is 

differentiable in 2 j, 22 ,...,s„ and Sfipz^ ^0 near the initial point; in 
addition, these derivatives 

czjtz, (r = 2,...,?;) 

are continuous, since the partial derivatives cfje'z, are themselve.s con- 
tinuous. 

Substitution for z^ from (22) in the «— 1 functions gives the 

n—1 functions of x, y, Sg,..., 2 „ only 

F^(x,y,Zi,...,z„) ^f^(x,y,zi,z^,...,z„) (r = 2,..., 7<). (23) 

We proceed to show that these n—1 functiou.s satisfy the conditions 

of (21), namely that 

(i) they are continuous in some neighbourhood of (a^o’ 2 /o>* 2 o>- '.2„o); 

(ii) their z-derivatives dF^jdz, {r,s — 2,...,n) are continuous in this 
neighbourhood; 

(iii) they vanish simultaneously at (3:o,j/o>®2o> - >®no) > 

(iv) their Jacobian ^(J’g,..., iF'„)/t)(Zj,..., 2 „) does not vanish at this 
jmint. 
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Of these, (i) is immediate, since, by definition, are (one-valued) 

continuous functions of and of Zy, which is itself a one- 

valued, continuous function of x,y,z^,...,z„. 

Again, by the formula of the total differential, chapter VI (18), 


HF^ ^ 

dZ„ fe, bZy CZ, 


{r,s—- 2,...,n). 


(24) 


The formula is valid, since, in the neighbourhood considered, the partial 
derivatives are, by hy[)othesi8, continuous and we have shown 

that the partial derivatives f)Zj/&, exist. 

Moreover, since the partial derivatives cfJtZg, bzjczg are aU con- 
tinuous in the neighbourhood in que.stion, the partial derivatives 
(iFJdz^ are themselves continuous, which proves (ii). 

Taking (iii) as obvious from (23), we proceed to prove (iv). If in the 
Jacobian we multiply the first column by SzJdZg 

and add it to the «th column (.s -= 2,...,??), the element in the rth row 
and sth column {r,s -- 2....,n) is then cF/kz^ by (24). The con.stitucnt 
of the first row and sth column (.< = 2 ,..., n) is 


CZ, CZyCZ,' 

which is zero by dc'finition of Zy. The determinant can then be reduced 
by the first row anrl wo get 

/'„) 

f(z,,...,z„) t'Zi <(Z2 r„) ■ 

This gives (iv), .since, by hypothesis, the Jacobian on the left is not 
zero at (j-o,yo’“iov-,z„(,). 

Thus the n-l functions Fj,...,/), satisfy the conditions of the 
theorem, and therefore, by the inductive hypothesis, the w— 1 equations 

F^ = 0 (r=2,...,w) 


define in some neighbourhood of (.i„, y„) the « — 1 one-valued, continuous 
implicit functions 2 ,.... «). 


Substitution in (22) adds to these the nth implicit function Zy(x,y), 
which is continuous in the same neigh Innirhood, since continuous func- 
tions of continuous functions are themselves continuous. Thus, on the 
hyj)othesis that the theorem holds for w — 1 equations, it has been shown 
to hold also for n, and thei-efore, since it is true for m = 1, it is estab- 
lished inductively. 
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8. Necessity of the conditions? 

We may ask how far the conditions, shown in (6) and (21) to be suffi- 
cient for the existence of the implicit function, are also necessary. Let 
us take continuity and differentiability for granted and confine atten- 
tion to the characteristic conditions 


dz 




The second of these, as we have seen, can be made to depend on tlie 
first, and we shall therefore consider only a single defining function 

Comparison of the pair of equations 

== 0, — 0 (25) 


at the initial point (0,0,0) reminds us that a necessary condition for 
the existence of the implicit function is that the initial point be neither 
a maximum nor a minimum of the defining function. For, if it be a 
turning-point, then, in the neighbourhood of (x^, yo.Cj), 
either f{z, y, z) > /(Xg, y^, z^) = 0, 


or 


f(z,y,z) <f{xo,yo,Za) = 0, 


unless, exceptionally the initial point lie on a line of maxima and 
minima. From this point of view the condition 0 is effective in 
securing that the initial point shall not be a stationary point and there- 
fore certainly not a turning point. 

If now /.(X q, yo> ^o) — 0. bu* the implicit function z{x,y) still exists, 
we have no longer the assurance that it will be continuous at (Xj, y^). 

z{x^+y^) = 2 xy (25) 

defines the implicit function 


which is discontinuous at (0,0). Nor need the implicit function be 
one-valued near the initial point, as is shown by the second example 
of (25). On the other hand, the implicit function, in the real field, is 
not necessarily many-valued, nor discontinuous as is seen from the 
defining equation ^3 _ (27) 


More seriously, the implicit function may have a faulty domain of 
definition. Thus I 

z®sin - = y 


( 28 ) 
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delineB an implicit function 2 [x,y) except along the lines x — 
where z becomes infinite. Again 

2*(**+2/®)8in^2^2 = 3^+y* (29) 

defines an implicit function, only in the infinite set of circular rings 


IT 


1 




(a= 1,2,...). 


(2n-f-l)Tr ' -- 2 fnj. 

The above examples are enough to show the virtues of the condition 
0 , even though it is only a sufficient but not an exact condition. 


9. Elimination 

We pass naturally from the theory of implicit functions to that of 
elimination. Let us begin with the example of a set of linear equations 

fliar+hiy+CiZ+di = 0 

^ 0 |. (30) 

= 0 / 

Jf (i) the Jacobian in x, y, z of the set, i.e. the determinant 

Uj Cj 

Oj hj C 2 
«3 ^3 Cj 

does not vanish, we can solve the equations in x, y, z, the solution being 
unique. But, if (u) this determinant docs vanish, then the tliree equa- 
tions fail k) dek-rmine x, y, z; they are either inconsistent or redundant. 
For consistency we need that the set of determinants 

Uj 6i fj rfj 

(I 2 ^2 (31) 

Ug Cg Cfg 

vanish.! If this is the case, the three equations (30) are then redxmdant, 
being equivalent at most to two indeiiendent equations, so that x, y, z 
cannot now be determined from them with less than one degree of 
freedom. 

If we shift the emphasis from x, 3 /. z to the other elements of the 
equations, we may say that in ease (i), when the Jacobian does not 
vanish, the system of equations (30) imposes no restriction on any 
element except x, y, z themselves. But in case (ii), when the Jacobian 
vanishes, we can deduce from (30) information, namely (31), about the 

t The corifirtion is equivalent to two indepoiident eoiiditiona. of which the vanishing 
of the Jacobian counts one. 
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elements other than x, y, z or, as we may say, y, z have been eliminated 
from the three equations and (31) is theh eliminant.t 

We see this more starkly, if we begin with the strictly homogeneous 
equations o.«+(,.S,+c.s = 0 , 

a„x-\~b^y-{-c^z == 0 j. (32) 

a3^+hy-'r<i!i^ = 0 / 


For now, in general, we can solve these in x, y, z getting a: = 0, y — 0, 
z = 0. But, if the Jacobian vanish, the three equations are redundant, 
and a;, y, z are determined with at least one degree of freedom, i.e. at 
most only their ratios are known. In this case the eliminant of the 
three equations is the Jacobian itself. 

It may make the distinction a little clearer, if we say that, humanly 
speaking, when we are interested in a-, y, z, then we prefer that the 
Jacobian should not vanish: when we are not interested in x, y, z, we 
prefer that the Jacobian should vanish. 


10. Conditions for the existence of an eliminant 

It follows, then, from theorem (21) that the n equations 
/,(Si,..., 2 „,...) = 0 (r = ],...,») 

will not have an eliminant in Zi,...,z„ unless, granted ditTen-ntiabilily 
and the hke, the Jacobian 

Hfi /„) 

i{zi,..., z„) 

vanishes whenever the given equations are satisfied. For, in the neigli- 
bourhood of a point where the Jacobian does not vanish, we can deh*r- 
mine the implicit functions Zj,..., 2 „ without imposing any condition on 
the remaining elements of the n functions /i,. i e. no eliminant 
exists in such a neighbourhood. We may therefore state the theorem ; 

(33) //2j,...,3„ can be eliminated from the n eqvaiiofis — 0, ...,/„ --- 0, 

then it is necessary that f ^ , 

whenever the n equations are satisfied. 

This condition is not, however, sufficient to secure the existence ol 
an eliminant. For consider the pair of equations 

fi ^ 2s5+z 2— o = 0 /a zj-fza- a -- 0. (34' 

t In whftt foIJowfl I shall not distinguish betwopn 1ho t^Iiminant as mi cxjmtffiwn 
o.g. (31 ), and t ho eJimmont as a condition, i.ti, the oxprosmon ciiiiatotl to zoio. Tho dist im 
tion is important m certain connexions, for mstancft in the study of algohraic flirninantN 
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The Jacobian is t 

= 2z,. 

®(*i> ^ 2 ) 

This vanishes, if /j— = 0, i.e. certainly, if = 0, = 0. But the 

pair of equations (34) have the solution 

=1 -=0, z^ = a, 

and there is no eliminant. 

In contrast to (33), which is neccs,sary hut not sufficient for the 
existence of an eliminant, we can give the following condition which 
is sufficient hut not necessary: 

(Sf)) A svffiwni ronrUlion that the n eqiMtwvs 

/l-O. /n-0 

haee an cliininani in is that the Jacobian 

j Hfi, -/„) 

C(~l-.,=„) 

lanish whenever the k— 1 equations 

h 0, .... /„ ~ 0 

are satisfied, jirovide/J also that those first minors of J which do not involve 
/i, i.e. the .seif of Jacobians 

HU-Jn) 

do not all rmnish when f., - 0, - d. 

'I’u })rove thi.s let us suppose that 

Hf, /„) 

is a minor of J that does not vanish when f., /„ vanish. Then, 

by (21), ^ 2 . ■■■--„ <'an he developed in some .suitable domain as functions 
of and the other eleinent.s of /j,. say 

2r^<*r(2i-) (r-2,,..,n). 

Substitution in /j 0 gives 

\ I use this no(ution to rejiresent the Ret of m tleterniinaiits 

?ll ^ ■ 

' rr, * ’ ' 

ifn ffu 
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There is certainly an eliminant, then, if drops out of this relation, 
i.e. if ^ ^ ^ 

fZj 

Now + 

8zi 8<fi^ 8Zi 8<f>^ c*Zi 

But, by definition of we have identically 

= 0 (r = 2,...,n), 


(36) 


and so 


8z^~^ e<l)2 8<j>„ 8Zi 

If we solve these equations in 

8z,’ ■■■’ ez, 


(r=2,...,n). 


and substitute in (36), we get 

e(/„...,/„) 8F ^ 8(f„U....fJ 

^(^2v) ^n) ^Zj 

Now z^ = <f> 2 , ..., Zn~ 4‘n ^3’ definition, consequences of /j = 0, 

/„ = 0, Accordingly, when/, = 0 /„ — 0, we may write (37) as 

8{U...,f„)8_F^8{f„U...,fJ 

8(Z2,...,Z„) 8Zi C?(Zj,Z2>"-,"n) 


(37) 


(38) 


But, by hypothesis, the first Jacobian in (38) does not vanish, and the 
second Jacobian does vanish, when f 2 = 0,..., /„ = 0. Thus dFjSz^ 
vanishes, and consequently Zj does not appear in the relation F — 0, 

which is therefore an eliminant of /j, ••.,/„ with respect to Zj z„, and 

the theorem is proved. 

The conditions of (35), though sufficient for an eliminant, are not 
necessary. For consider the pair of equations 


/i s zf— z^— 2azi+26z2— 1 =0) 

ft s zf— zz— (a-)-6)(zi— Zz)— 1— a*+6* = 0 1 
We have for the Jacobian 


(39) 


^(/ii/z) 2zj 2o 2zj a b j 

^(Zi.Zj) — 2Z24-26 — 2z2H-af6j 

= 2(a— 6)(zi-fz2— 0-6) 

= 2(/2-/,). 


Thus the Jacobian does not vanish when either /j or vanishes alone: 
nor, we may observe, does any first minor of the Jacobian vanish, even 
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it f^~ 0 = /j. The conditions of (35) are therefore not satisfied, but 
nevertheless the pair of equations (39) can be seen to have the eliminant 
(a— 6)(a*— h*+l) = 0. 

We have thus obtained, in (33), conditions that are necessary but not 
sufficient for the existence of an eliminant, and, in (35), conditions that 
are sufficient but not necessary. It only remains to add that I do not 
know any way of bridging this gap and of finding exact conditions, 
i.e. conditions at once necessary and sufficient. 

1 1 . Elimination of more or fewer variables 

The foregoing arguments can be extended to discuss the elimination of 
more than n variables between n equations; let us say n+r variables 
Ixstween n equations. In analogy with (33) and (35) we can establish 
the following theorems which I give without j)roof. 

(40) If ihe n+r larinble^ ij,..., can be eliminated between the n equa- 
tions f^ ~ 0, = 0, then it is necessary that the set of Jacobians 

^n4r)) 

all vanish when fi,...,fn all vanish. 
and 

(41) The /?+r variables eliminated between the n equa- 

tions fi — 0, ..., f„ — 0, if the set of Jacobians 

<'’(( 2 ,,..., 2 „„)) 

all vanish whenever n—l only of the gh-en equations are satisfied, say 
/u ~ 0, . /„ — 0, provided only that the minors independent of f^ in the 

above Jacobians, i.e. the set of Jacobians 

?(/* fn) 

are not all zero when f,^ = 0, ...,/„ = 0 simultaneously. 

Here again I cannot, of course, give an exact theorem bridging the 
gap between (40) and (41). 

On the other hand we do not require conditions for the elimination 
of less than n variables between n equations: let us say the n—r 
variables between the n equations /j = 0, ..., /„ = 0. For 

either (i) we can eliminate between the n—r equations 

= 0, = 0, getting one eliminant of the given equations, and 
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obtaining, in similar fashion, other eliminants (not necessarily all in- 
dependent) between every set of n—r of the given equations; or else 
(ii) we can solve at least one set of u — r of the equations in 
The substitution of these values for the z’s in the remaining r equations 
provides r eliminants. 

We ought to suppose that the elements, otlier than in the 

given equations are distinct, for otherwise the given equations may be 
redundant, i.e. no further condition is needed to make them consistent, 
as, for example, in the set of equations 

z^-^-z, = ci-f-l, zj-f-z] — ^jZj = d. (42) 

In such an example it is better to begin with the more general set 

which has the eliminant — B-\-2C\ and then to say that in (4:2) the 
corresponding eliminant vanishes identically. 

It may happen exceptionally in ease (ii) that the implicit functions 
3i,...,z„_ have a domain that in the real field is restricted to a single 
point. The substitution of these unique values in the other r equations 
is still sufficient to furnish the eliminants. If in the extreme case the 
implicit functions z have no real domain, the given equations are incon- 
sistent in the real field and we had best say so at once. 

12. Elimination between functions 

We may proceed from elimination between eqmtiom to elimination 
between functions. Given n functions of Zj z„. 

it,(zi,....zj (r -= l,...,w), (44) 

we shall say that the variables z have been eliminated between the 
functions u, if we have found a function of the w's onh^ 

^(Wi,...,«„) (4.1) 

which is independent of tlie z’s. This function tji is thus defined by 
a relation of the form 

=„) M„(Zi,...,zJ} -- C, 

where G is independent of Zj,...,z„. We may therefore absorb C into 
the function by writing 

4>(u^,...,u„) ri ^(Mi,...,m„)— G, 

so that now .^{mi(Zi,...,z„),...,m„(zi,...,z„)} = 0 (46) 

for every Zj,...,z„. 

We may go further and investigate the conditions that the z’s be 
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expressible as functions of the m’s, i.e. that functions found 


such that 


2 , == (r = 


We may, if we please, call this ‘solv'ing the functions’ in terms of the z’s. 

Tliis can be made part of our ])revious theory of solving and eliminat- 
ing between eqiuitiona, if we suppose that the n variables z are to be 
determined by the n equations 


f,{zi,...,z„;ui,...,u„) - = 0 


(-47) 


The desired functional relation (4(>) now apj)ears as the climinant of 
the n equations (47). 


The Jacobian . <K-An) ( 48 ) 


is now independent of the n parameters and tliercfore, if it vanish 
at all, vanishes indepimdently of the equations (44), .since eacli of thc.se 
contains just one parameter w,. which appears neither in the Jacobian 
nor elsewhere in tlie equations. The Jacol>ian. tlien. either vanishes 
identically or not at all. Similarly, if its first minors vanish, they too 
vanish identically. 

Thus, by (33) and (35), the vanishing of the .Jacobian (48) is both 
a necessary and a sufficient condition for the existence of the eliminant 
(40), unless every first minor of the Jacobian vanish identically. If 
every first minor vanisli identically, the Jacobian itself vanifshes identi- 
cally; the identical vanishing of the Jacobian is therefore certainly a 
necessary condition for the existence of the eliminant (40). This, of 
course, can be j)roved directly by differentiating (40) with rcsi)ect to 
every in turn. 

Conversely, we have so far proved that the identical vanishing of the 
Jacobian is a sullieient condition for the existence of the climinant (46), 
unless every first minor vanishes identically. But, by repetition of the 
argument, identical vanishing of the first minor 


c (^2 — J ’i'n) 

1 (~2 — J "n) 

is sufficient to establish the existence of an eliminant 


(49) 


0(Mj.,..., «„) = 0, (50) 

unless every first minor of (49) A’anish identically. 

Proceeding in this way we at length arrive at an eliminant (or more 
probably a set of eliminauts) unless every (w— l)th minor of the 

Jacobian vanish identically. In this extreme case every f is independent 



318 THE DIFFERENTIAL CALCULUS [XI § 12 

of every » and we may say either that there are n eliminants, or, with 
more candour, that the given functions were merely fraudulent. 

At any rate, the identical vanishing of the Jacobian is to be regarded 
as sufficient for the existence of the eliminant. Observing that, in 
virtue of the equations (47), we May write the Jacobian (48) as 


®(«l."^,W„) 

3(2j,...,2„) 

we may sum up our conclusions in the theorem: 

(61 ) Given n functions of n variables z„ 

«r(2i.-.2„) (r=l,...,n), 

the identical vanishing of their Jacobian 

S(«i^-. u„) 
a(z„...,z„) 

is a necessary and sufficient condition for the existence of an eliminant 

^(Wl,-.M„) =- 0. 

From (51) we deduce a theorem fundamental in the study of the 
linear first-order partial differential equation 

V ^ I Y 4- 'A' — 0 

where u is the unknown function and Xi, given functions of 

the independent variables namely: 

(52) If are n— 1 functionally distinct solutions of Ike partial 

differential equation 

= 0 , 

^ ’‘cx„ 

then the general solution is of the form 

u = <^(Mi,...,m„_i), 
where if> is an arbitrary function. 

For, if « be any solution, W'e have 




"dx. 




Y ^1 I 4_ Y ^^1 




and 
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Elimination of gives 

S(xi,...,xJ 

i.e., by (61), m, % m„_i are connected by a functional relation 

= 0. 

If u is absent from this relation, then are functionally con- 

nected, which we have excluded by hypothesis. We may therefore 
suppose it solved for u, and write 

u = ^(Mi,...,W„_i), 

which proves the theorem. 

We may without difficulty extend the foregoing arguments to prove 
that 

(53) Given n functions of n-r-r variables 2i,...,3„ 
the identical vanishing of the set of Jacobiajis 

f («!,...,!/„) 

c((Si,...,2„.,)) 

is a necessanj and sufficient cosidilion for the existence of an eliminant 

4>(Ui,...,v„) = 0. 

It follow s as a corollary that 

(54) Given n functions of n variables z^,.. , 2 ,„ 

«,(2l,...,Z„) («=-!,...,>!), 

a necessary and sufficient condition for the existence of r distinct eliminants 
^sK'Wr+nWr+ 2 >->“n) = 0 (« = l....,r) 

is that every {r—l)th minor of the Jacobian 

t(«i,...,M„) 

c;( 2 j,..., 2 „) 

vanish identically. 

Finally, it is a mere restatement of (21) or of (61) to assert that 

(55) Given n functions of n variables Zi,...,z„, 

«r{=i,-..,z„) (r --= 1 ....,j0, 

we can express the z’s as functions of the us, in the form 

(« = I.-.W). 

in a region in which the Jacobian 

c>(Mi,...,m,.) 


does not vanish. 
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WORKED EXAMPLE 


Obtain the envelope of the siraighi hne 

where 6 is a variable parameter and A^, A, constants. 

In the several regions into which the plane is divided by this envelope, detemiine 
the number of branches of the implicit function 8(x,y) di fined by the above qumlie 
equation. 

Obtain criteria for the number of real roots of the guintic equation. 

Differentiation in d gives for a typical point of the cnvolojie 
a- - + 1 

y ^ --e'-bA^e^~tAj r ' 

We look fii'st for cusps and nodes. At a cusp dx ~ 0 — dy, i e. 

2(I{e* + '3Aj^ + AJ)de = 0 - -4(6^ . 3 Ijfi VAf)de. 

Tho parameters of the ciisjis are therefore gisen l>\ flu cuhic e(|UQtiori 

A, 0 (2) 

The discriinmaiit of fhis cubic is known lo lu- 4.li) 1’hus tlie cusps an' 

all real, if and only if 4a 4.ji p (3) 

It IS, of couiNc, incidcnlalh neccssaiy, but nof sulla u nt. that (> 

Again, a node coi-rcsponds lo a pair of iloubic loots of the cjumtic. which aio 
real or imaginary according as the nodal tangentb aie real 01 imaginaiy, so that an 
isolated or conjugate point corresponds to a doubh jiiiir of coniiuiiilt 1 oofs Thus, if 


(j!, y) IS a node* at which the two \ahies of the poranicti i an giM n Ip 

^-2a^4j3 0, (-1) 

W’C have an ideiititj of the fonn 

5yd j, (d ‘ 4a)(d* 2x9 /?)=, (-■.) 

tho residual factor on the right being chosen to scc-iirc the disajuicaraiice of the 
term in d*, Efjunting coefficients, we have 

- 5A,. 2 c; 8 ^Ki= , 5.13, ((1) 

r>y, 4ajS-- - r (T) 

From (6) we get 4a’'r2Aja-Aj h («) 

and P = 6a* r 5-4 j. ( ',) ) 

Substituting for (j3) in (7) and reducing bj means of (8), we hn\e 


X IbA'ia i 42.4j.43 

y “ 2Aja* — S.Ijot r 5.4| 


The throe values of a, real or iinnginarj’, given by (8) deb'iiuine, when substituted 
in (10), three real or imaginary nodes. Tho envelope is, from (1), ol degny fi\e 
and, from its defimng equation, of eloHs five. It is unitui-Hal, sinti' its cooidinutes 
are expressed rationally m teirns of tho pariuiiotor 9. It is therefore of delieienc v 
zero. Plucker’s ecjuations then give, if 8, k dc-note, as usual, the nuinbeis of 


nodes and cusps. 


28-i-3K =- 15, Sd K 6, 


i.e. S = 3, 1C = 3, the numbers of nodes and cusps that we liat e just found, which 
are therefore complete. 

From (4), (9) we have for tho pair of nodal paiariioti rs 

d*-2adf6c.» + 5Aj 0. (11) 
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These are real, if and only if dc‘-\-A '' 0 

But, from (8), wo get by scjuaring and rc-an-anging 

(a* + ,4j)(16aM 4A‘i) --= iAl + A'l 

Thus the tangents are real at a real node, if and only if 

iA\ \ Al '0, 
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( 12 ) 


which IS the inequality (3) alreadj obtain<*d as the condition for three real cusps. 



.Aetuallt, the liiiiiliiig ease Kites l■olneld■■nl tanceiits at the node, 

as It also giM’s ( oiru iderit i iisjis As we shall set, in this ease two cusps and 
a node bate iiioM'd uji to coincidence in a multiple ])Oiiit of the eiu elope. We 
fiiither note that the niots of (8) will all bo real, if 

0. (13) 

an iiieqiialit t necessitating (3) but not m eessitated In it Of these two in- 
I'qiiahties it is (3) that is the iiii)>ortunt one. as we slmll iiltiniatelt sis‘. 

The en\ elope can therefore hate three possible ttqies of figtu’e. 

(i) if 4.-1 j ^ .1^ 0. fheie is one real cusp and one isolated jKiint J, but no other 

real singularitj (Fig. 1): 

(ii) if 4.45s -15 • • 8 . 1 * - 27 . 45 . there are three real eiisjis and one real node 

with real tangents, but no othei n-al singularity (Fig 2), 

(ill) if 8.45' 2^.45 h, then' are thn'e real cusps and three riiid nodes witli 
real tangents (Fig 3). 

There are also the two inteiniisliate liiuiting eases Figs. 1-2 and 2-3. where in 
Fig. 1 2 two eiis|is and a node of F’lg. 2 eoineuie in a single multiple point P, 
and in Fig. 2 3 two nodes and a oils]) of Fig. 3 coinciih in a single point Q. 

In drawing these curv<-s we should ri'ineinber that there are no finite jxiints 
of inflexion, .since the ‘slojw' of the tangi'nt Yarn's inversely ns 0, and the tangent 
3661 V 
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therefore rotates steadily as the parameter 6 moves steadily along tho curve. At 
infinity the curve is to a first approximation 

X ~ 46^, y — —6*, 

i.e. J/‘ = 0. 

With those indications wo can obtain the figures of the fuc curves given in 
the text. 

In each of these figures the en\<>lopc (shown by the full line) divides the piano 
into a number of distinct regions ranging Irom two in Fig 1 to five in Fig 3. 



To determine the number of braricln s ot the iinpliiit fuiution iii tliisi 

several regions w< obHorvt that the numix r of real \ nine-, of (1( r, ?/) at a gi\ en iHiiiit 
{x,y) 13 the number ol n al tangents that lan be dinwii to the cur\e from that 
point. These we determine bv inspection, i e mkwuIK Vii are hi Iped in doing 
this, if we regard the curve a.s dividoil up by consi>cut iv e i usps into a hi ru s of 
‘arcs’. To such an are we can draw no iral tangents from jioints on its eonrave 
side. From points on the convex side of the am m the r(>giim bounded bv the 
arc and the cuspidal tangents two real tangents can be drawn to the an Jf vv(‘ 
leave this region by crossing one of tli<- cuspidal tangents, one of the tangent s to 
the arc becomes, of course, a tangent to the npighlxiiiring arc tenninateii by the 
cusp. Thus one arc loses a tangent and the otlior gains one, the aggii-gaf i- miiiihi'r 
of real tangents remaining unnltcrtfl. But, if we cross an arc bj jiassing from its 
convex to its concave side, wc lose two real tangents. Morcover, it is onlv by 
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crossing Die envelope itself that we make any change m the total number of 
tangents to the envelope liy working on those principles we at length assign to 
the implicit function 8{v,y) the numbers of real branches 1, 3, 5 as shown m 
brackets f ] m the various ri'gions of the several figiiret.. 

It should be remarked that in the limiting case shown by Fig. 1-2 the whole 
region [5J of Fig 2 has shrunk to the single jxiint P. We must remember, too, 



to nscrilie the an s of tin i riv i lopi it si If to th< regions on the <om r r sides of these 
arcs, since the two tangents wiiidi become imnginarv as we cross to the concave 
side of the are rf main real but coineident while we are ai tuallv on the arc itself. 
For this leasoii the point (f m Fig 2 3, although it is tin limit of region [3] of 
Fig 3, must be assigiud to the legion f,!] In point of fiut the qiimtic repre- 
scntfsl hv P has lour roots (J I,) and one root 4^ while the qumtic 

repi esentf*d h\ Q has threi roots 2^ 4, and two roots -3^ Ij 

We jiiosS on now to istabhsli eriteiin for the number of leal and unagmary 
roots of the given (|uintir We should observe that, smre .I,, .4^, x. i/ an' inde- 
pendent Iv at our disposal, anv quintie can bi nxluei'd to the given form by 
11 tnov al of Its second ti rin, and that consequent Iv ei ilct la obtained for the given 
qumtic lue, in effeet, ciitena for the general quintic The eoelhcients .Ij, .4,, a , }/ 
are seiniiiv aiiants of tho eoeflieients t>f the general quiiitie, and therefore any 
eiiti'ria that we obtain for the geniml qumtic will be iiatuially expressed m 
terius of its snainvuiiants 

Now, in the first place, we know from algobiaie considerations that the sagn of 
A the discnrnmiint of tlie qnintie distiiiguishes the i-esjM-et i\ e eases of an even 
iiumbi'i and an odd nuinbet of conjugate jiaiis, of nnagiuar\ roots. More pre- 
cisely, if A ' 0, the <iuiiitie has .’) oi 1 real route, if A -< 0, the qumtic has 3 
real roots. Since A 0 is the condition for equal roots, it is, analytically, tho 
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ocjuation to the envelope, and we luid in the fiifuren, as we should exjieet, that the 
envelope separate the regions [5] and 1 1] on the one side from the region |3) on 
the other. Thiw m Fig. 1, in which there is no region [.>), the sign of A is a sufii- 
cient cnterion of the nnmbc'r of real roots. But in the other figures the sign of 
A does not suffice to distinguish tho regions f5] and (Ij, wliiih both correspond 
to positive A. Wo must therefore look for some further criterion to separuti' this 
pair of regions. 

Now these two regions are mutually aecossiblo only through the nodes of tho 
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envelop*'. Thns any curve that pasties tlirough all the nodes of the envelope and 
does not cut the envelope I'lstiwhere in roal [loints will sf'rve as a curve of separa- 
tion of tho region.s [5] and [1]. 

Now tho nodes are given above b\ ( 8 ), (10), i.e. by 

X - lf..45a t 42A^A^, 

y - 2-lj0[*~3.1,ai - nA% 

where 4c<’ + 2.'l2a- A, 0. 

Any a-eliminant of thesi* thie*' efjuations gnes a euive through the nodes. The 


simplest such curves arc‘ the thris' eonics 

36.1-;,/ , S0.U_ .jiA^Aj -0, (14) 

.,,/ 4.-1;,- ISdj.dj,/ 40.41. Ij -27.1; ^ 0. (15) 

72 . 4 j.l 3 ., -(128.4 j- 108.4 ;)v- 640.4 , * 432.4 -.41 0. (16) 

\V e must consider the ‘ 1 esidiiiil ’ mt, rsections o( t hi sc , ur\ ( s \v ith th,' i Iiv elop*', 
i.c. the mti rscctioiis othei than the nodes. Now the elimination of a between 
(8), (II) gi\cs 

2(»«s 22.1j((^ 14.430“ - 08.1:1^^ 724j.l30 - 40 ! • - 27.4( - 0 (17) 


as the scxtic whosi' touts are tin si\ p.iramiters of the nodes 11 we substitute 
fot ,, ,/ (nun (1) into (14), (15), (16) iispietiviK. we gt t (17) together with 
residual factors r, [uesenting th<‘ residual mtt isss t ions of the conics with tho 
c'nvcloiu' The' n sidiial fuctois ate 

2(0* -.4j) 0 for (14), 

- 20» - .4j 0 for (15); 

8 ( 0 <-A 30 “- 2.430 2.4;) t» for (16) 

Hut in none of these three ecpiatioiis are all the roots imaginary undc'r the single 
condition 4.4^ • - 1 ^ ■ 0 , whicii is the only condition w, ha\e to impose on the 
ccM'fTicients of the equations. 

If, lioweccr, we eomhine (14). (16) into the InjMihola 

H rS 16.4j,/= 7(ilj.43, (272.4 !- 168.1“),/ 24 l-(4h.l* 27.4;) - 0, (18) 

we find that the' lesidual iiitc-rsts-tioiis are gneii by 

0“-2.l30 - 3.4; 6 (19) 

Now, by Newton's rvile of signs, if this cjuanie base any ri'al roots, the\ have 
the sign of .4 3 and me at most two m niimliei Hut the discriminant of the 
(luartic IS a positive numerical multiple ol 

Hi.Uj - A] 

and IS therefore jxisitivc. if 4.45 1 .4^ - 0. 

Hence, undi-r the conditions of Figs. 2. 3. and 2 3, the quartic (19) hu.s no rt'nl 
roots and (-) 0 is a suitable curve' ol sejmrntion. Actually only one branch of 

this hyperbola is relevant, namely that shown in liroki'n line in Figs. 2, 3, and 
2 3. The rc'gion [5] is on the' coiu'ave side of this hviM'rbola, that is on the side 
(-) (I. 

Hetnornbering that t-) I) pasaevs through every node of A — t), mchidmg tho 
isolated point of Fig. 1, we cmi now rt'ud fnmi the figure's the followmg necessary 
imd suflicient criteria for ival and iinaginary root.s of the quintic: 
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[6] F%ve real 

A ■> 0. iA*+Al <0, 0 < 0, 

A = 0, iAl+Al ^ 0. (■) ^ 0 

[3] Three real, tuio tmaqinary 
A < 0, 

A -= 0, iAl+A% > 0, 

iA\-\-Ai - 0, © /- 0, 

4Al+Ai 0 , 0 0 

[1] One real, four >maginary 

A - 0, 4A1+A5 0, 

4AU Aj 0 , (-) 0 , 

A - 0, 4A]+Al ,0. 0 0 

This last condition is necessary but not lufficieni, siine a further inequality m 
needed to dtstuiguish the isolateil point J fiom tho tuo non teal nodes Such 
a further inequality will not be simple, and, since the piintijile is tlinr, I shall 
not go to the pains of elaborating it for such un exceptional ease 


EXAMPLES XI 


1 If z IS defined inijilicith ns a function of r,, .J",, 1>\ tin equation 

z - a- r,<^,(z)i 

where the functions <iXz) are difliientiabk in z niurz a, show that the implicit 
function zfXi. ,r„) is bounded mar the oiigin (i, 0, , r„ (I), and, if the 

deri\ati\es i^r(-) ‘ite bounded mar z a, is aNo om viihiid and continuous 

2 Show that the implicit fiuic tion z(a,.x_„ J 3 I dt fined ht tin equation 


X 


1 

1 


d 




has three branches Zj, z,, z, such that 


("l "2 "1) 


2^ " “3 ^3* 

and determine for what \ ului s of or,, Cj, Tj thi so bianc lies i oinc idi . 

Show tliat, m n bounded region of tho (j'l.j'j, Sj) sjiiw ( thiil excludes tin planes 
Xi — 0, z-j - 0, z-j 0, the branches are distinct and continuoas 

3 Show that, if S is a xanable iMirumcti r. the cum lope of the stiaight hue 


IS a curve with cuspis at ( — 1 , [-2) and a ncKle at (3, 0) Ski tch the figuie of this 
envelofie and show how it divides up the plane into thris* ri'gions in which the 
implicit fimction d{x,y) defincsl by tlio above quartic equation has respectively 
4, 2, 0 branehos 

Explain how tho number of rL*al roots of the quartic dt pends on tlie values of 
X, y, and prove, in particular, that all the roots of the Cjuartic are real and distinct, 
if and only if its discnminont la positive and, in addition, z. '' 3 
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4. If 0 IS a variable parameter, skoteh the figure of tho envelope of the straight 
6® — 10^^ — 6^^-* 4x - 0, 

showmg that it has cusps at (0,0) and ( b6V3, — 9), and nodes at (0, —5) and 
( )-2V2, -4). 

Indicate, for tho \ ai loiis regions into which tho (x, j/) plane is divided by this 
envelope, tho number of Viranches of the implicit function d(x, i/) defined by the 
above quuitic equation. 

Show that the nceissaiy and suflicii lit condition that all the roots of the 
quintic be real and distinct is that its discriminant bo positive and, in addition, 

< bi/d 40 


,) Sketeli the eiiM lojii of thi straight line 

e«-15^rtj0^' tjey-5x 0, 

wlieie 0 is a \ariable paiameter, showing that it lias four tiisps and six nodes at 
the icspeitivo points 

(-18 HU-), H\2); (- lOJ 2\.-),0), (_ i_l_ ^5, _ ^.3) 

Iiidicati, 111 ihf Muious legions of th<‘ {r.i/) plniii . the iiumbtr of branches of 
the implicit hinction 6{(.,i/) ditimd b\ tin abo\esi\ti( (>qiiatioii 
Show Ibiit the si \tif has six juil loots, jf and onK if 


( 1 ) A 

0, 

rui/‘<(x 2)(jS 

20i - 

80), ( 

2 

" 0, 

A 

0, 

57(/S (i 2)(jS 

20» - 

80), 1 

2 , 

■ b, 

i‘qm\ 1 

aleiitlj 






( 11 ) A 

• 0. 

2/S 40i IhO 

3{ \ - 

-7)7= •' 0, 



A 

0. 

2tS I 40x IWt 

3(.') Vo - 

■ 7)7= 0 



(i Sivi 

tell the 

i live lopi of the straight 1 

line 





d> 150* 

150*- 

(i0i/ or- 

0 . 



when 0 IS 11 \Hrnihh paniiiietii. --bowiitg that it has a jiaii of nodes at (2, --9), 

a pair of cusps at (7, Hi), and a double ensp nt ( 2,">,0). Indicate, 111 the 

various ri gioiis ot thi'(t,y) jilain , tin iiumbei of brain hi s of the implicit function 

B(t,y) deiincid bj the above sevtii equation 

iShow that till loots of tin si xtie are all 11 al, oiilv il it leduoes to the limiting 

form „ 

((IS - 0 . 


7 (1) U (r.6) and (r,0,<l>) are [Hilai coordmatis iii two and three dunerisions 
rospeetiv'ely, evaluate tin .laiobuiiis 

i{r,d) €{r.B,(ji) 


where (x, 1 /) and ( i, i/.z) aie the ( 01 1 cspondiiig rectangular ccntesian eoordmates. 

(11) If Cl, b, c, .-1, li, (' ate the sides and angles it'spc'ctiv ely of a spherical 
triangle, prove that 


c(.4,K,C) 

c{a,b,c) 


bin .4 
sin a ' 
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8. (i) y, 2 , w)t y, are such as to satisfy three identities of the form 


show that iff are themselves functionally connected. 

(ij) If <f>{Xty,z,w)i ilt{x,yyZ,w) aro such as to satisfy two identities of the form 

F{ji,\}f,.rty) - 0, — 0^ 


show that \js are functionaU> connected, unh‘ss Ihey satisfy the differential 
equation 


otji c'tf> (<f> 

cx d'Z tytiv ' € y cw tic'z 


( ^ ()tj> c ^tj> 
c t ( w( ycz 


( y Cz extw’ 


9. (i) If /(y, 2 ). /(z, 0 *), /(a , v) ure coimected by a fiinetional n'lation, the fonn 
/ being the some for all thro(‘ functions, prove lliat /(j ,^) is independent of x. 
(n) Prove a similar rt'sult if 


f{z,x)f{x.y), f(r.>i)f(y.z) 

are functional) j related, and again, if 

/(l/.2)/(-.2/). /(-.'•)/( I, c). 

are functionally related. 

(lu) If/(r, 4/, 2 ), /(y, t, r), /(;, r. y) me fiiiu'tioruvilj related. proNc that /{r.i.i) 
1.S independent of a-. 

If /(a-j.Xj.a-,, Jj, /(x„a-a,a- 4 , r,). /(rj.a^.aj.aj). me funetionall> 

relatcxl, jirovo that either /(r.a-..i.r) or /(a. a",!,— a) w nidi pendent of r 

[Non-real functional fonns are to be dei'incil inadinixi-ibli .] 

10. tiivon the four functions «. i\ w, t in a held of (liiee lanuhlfN (i,y,z), 
jtrovc that 


(1) 

iw. 

a. 


U 


(n) 1 a, 

1 

a. 

iij ti It, 


’■’a 


n 

r' 


'V 

'll 

'V ' 





Wf 




U'. « 



'r 


t ' 



>, 

1, 0 




(ni) 

Mj- «y 

u. j 0, 







^'x * V 

7 *- 




are respcctivol 3 ’ the conditions that 

(i) u, V, w, t be connected bj a honiogeni’ous relation, 

(n) u, t', w, t bo conni'cti'd b\ a relation homogenisms in u, r, w, 

(ill) u, V be funetionallj' conn<‘ct<-d in the held of flint' variables 

11. Use the theoi'y of § 12 to prove lliut the general solution of nn ordiiiarv 
differential equation of order a cannot contain more tlimi n indejiendent aibitnii.v 
constants. 

12. Applj' theorems (33) and (35) to the following pairs of equations, and 
determine whether the equations are suluhle in z,, 2 , or have an ehminant; 

(i) (2. f2,-a)» - 0. (2, -2,- 6)* = 0; 

(ii) (2, f 2,-0)* -= 0, (2f-t-2,2,-aZi-6)* -- 0; 

(ill) 2,-b2, — 0 — 6 — 0, 2j — zj— 2 o 2, -}-26z,— I — 0. 
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CHANGE OF COORDINATES: JACOBIANS AND HESSIANS 

1. Coordinate -systems 

Analytical Geometry consists essentially in the representation of 
points, lines, and other such geometrical elements by systems of co- 
ordinates, and the solution of a particular problem may be materially 
assisted by the apt choice of a coordinate-system. On the other hand, 
if the problem is really one of geometry, the choice of coordinate -system 
is extrinsic to the problem itself, which should remain unaltered in 
essentials for any other choice of coordinates. We are led therefore to 
consider the effect, on the analysis, of change of coordinate-system, of 
invariance under such change of coordinates, and so forth. 

With the notable exception of polar coordinates, the various systems 
of coordinates normally used in Analytical Ueometry are hnearly related. 
In Differential Geometry, however, we recognize systems of coordinates 
of widest possible generality, restricting them, in fact, only by condi- 
tions of differentiability. Mathematical Physics, in so far as it is based 
on methods of Differential Geometry, introduces us to differential equa- 
tions in such systems of coordinates, and we have therefore to consider 
the effect on differential equations and other differential expressions of 
general transformations of coordinates. 

Wo have already, in chapter VI, discussed the liehaviour of partial 
derivatives under certain changes of variable. Thus, in the simplest 
case, we considered three variables x, y, z connected by a relation 
J{x,y,z) — 0, and, in particular, expressed the partial derivatives of x 
(with respect to y, z) in tc*rnis of those of z (with respect to x, y). In 
this case there was an interchange of status between dependent and 
independent variable. In the systems we are to consider here the trans 
formation is essentially one of mdejmidenl variables only: to emphasizt 
this we have spoken, intentionally, of a transformation of coordinates 
The dependent variable, a function of these coordinates, thougl 
changed, of course, in form by the transformation, remains essentially 
unchanged in meaning: in geometrical language we may regard it a 
a function of |>ositiou, for example a potential. 

2. Curvilinear coordinates 

In a plane of cartesian coordinates {x,y). we define a new’ system o 
coordinates [u, v), when we define a pair of functions 
u = u{x,y), v = f(x,y). 


(1 
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Suppose, oonvenie.Mtly, that these functions are onc-valued. Then to 
a given pair of values x,y corresponds a definite pair of values u,v, 
which are the coordinates of the point {x, y) in the (m, v) system. The 
points of constant w-coordinate or constant tJ-coordinate trace out the 
coordinate-curves 

u{z, y) — constant, v{x, y) = constant, 

which take the place of the rectangular network of the cartesian 
coordinate-curves 

X = constant, y = constant. 

For this reason these general coordinates are termed curvilinear co- 
ordinates. In similar fashion the honiographic coordinates of analytical 
geometry may be distinguished as rectilinear coordinates. 

To determine the cartesian coordinates of the point or points of inter- 
section of a given pair of coordinate-curves u -- constant, v =- constant, 
we have to solve equations (1) in x, y, i.e. to determine the functions 

X = x{u, v), y = >j(u, v). (2) 

This is possible in a region in which the Jacobian 

d(u, v) 

^(x.y) 

does not vanish. In a region throughout whicli this Jacobian vanishes 
u, V are connected by an identical relation <l>(u, v) = 0: betv^’een them, 
therefore, they dispose of but one degree of freedom and are incom- 
petent to define a tu o-dimensional system. Accordingly, the generality 
of the functions (1) must bo restricted by the condition that their 
Jacobian do not vanish. More generally, we ma}' say that the region 
of validity of the substitution (1) is delimited by the curve 

To this point we return later. In similar fashion the Jacobian of the 
functions (2) cannot vanish, since x, y are, by definition, essentially 
independent variables. 

We may, if we please, regard equations (2) as an alternative definition 
of the curvilinear coordinates {u,v): in actual practice it is convenient 
to have both sets of erjuations (1), (2) available for easy passage be- 
tween the two systems of coordinates. Equations (2) now define the 
coordinate-curves parametrically, for which reason they are sometimes 
called the parametric curves. 
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In three dimensions we can similarly define curvilinear or surface 
coordinates by either of the reciprocal substitutions 

u~.u{x,y,z), v — v{x,y,z), w = w(x,y,z); (3) 

X = x{u, V, w), y = y{u, v, w), z = z{u, v, w), (4) 

provided that the Jacobians of each set do not vanish; and so on for 
any n dimensions. 


3. Orthogonal systems 

The superiority of rectangular axe.s for metrical work in analytical 
geometry persists with curvilinear coordinates. Orthogonal coordinates, 
i.e. those in whicli the coordinate-curves and surfaces cut everywhere 
orthogonally, have natural advantages when we are dealing with dif- 
ferential forms based on the metrical quadratics x^-\-y^-i-z^, etc., 

as, for e.xamphs 


L!I’ 

c‘x^ cy- ' cz-' 




Til the plane the normal to the coordinate-curx’e u{x,y) = constant 
has direction-ratios Mj., Uy, and an orthogonal system (u, v) is therefore 
defined by the single condition 

Uzi'j-+Uyry = 0. (5) 

Similarly, in three dimensions an orthogonal system (u,v,w) satisfies 
the thrc'c conditions 

and so on. \ii{n— 1) conditions defining an orthogonal system in n 
dimensions. 

If, on the other hand, the coordinates («, v) are defined as parameters 
by (2), the tangent to u --- constant has direction-ratios x,, y^, and the 
orthogonal condition (5) takes the alternative form 

■^'u^.-xyuVr-^ 

Similiirly, (4) loads to the set of conditions 


^ r ^ 1 

alternative to (0). 

We discuss these conditions more carefully in a subsequent section. 
For mnemonic purposes we may note that the differentia] expressions 
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in (6), (6), (7), (8) are homogeneous in u, v, w severally, while, if these 
letters are suppressed, the fundamental metric or a;*+y*+ 2 ® is 

formally reproduced. 

It may be remarked that in a system of orthogonal coordinates the 
Jacobian vanishes, in general, oiily at isolated points. For, under 
the conditions (5), 



ul+ui 

0 

Wx,y)\ 

0 



which vanishes, in the real domain, only at the points 

% = 0 = Mj,, = 0 = 

and similarly in n dimensions. Of course, if and or Vj. and Vy have 
a common factor, we shall get curves and not isolated points. 

As examples of orthogonal coordinates in the plane we may mention 

(i) polar coordinates; 

r = e = tan-»Q, 

X — rcosd, y — rsin0. 

in which the coordinate-curves arc concentric circles and their dia- 
meters; 

(ii) confocal coordinates; 

_ l(a^+u)(a^+v) _ j(b^+u){b^+r) 

V a^—b^ ’ *J b^—a’^ 


in which the coordinate-curves are tlic elli])8es and iiy]ierbolas of the 
confocal system , , 

^ , r ^ 1 . 


(iii) ‘coaxal’ coordinates; 


u = 


X 


2x ’ ‘ 2y 


in which the coordinate -curves are the circles of a coaxal system and 
of the corresponding orthogonal system. 
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4. Total differentials 

We base our discussion of the transformation of coordinates on the 
formula of the total differential 


Du = 


du 

dx-i 


Dx,+... + ^^Dx^, 


(9) 


and we therefore suppose that the functions defining the curvilinear 
coordinates are all fully differentiable. f 

It is clear, of course, that this formula (ft) is unique: in other words, 
if are functions of x^,...,x^ such that 


Du = ot^ Dxi +...+a„ Dx^ 


for all Dxi,...,J)Xf^, then necc8saril3' 


Su _ 

For wo have only to take Dx^ = 0 ,..., = 0 to get the first of these; 

and so on. That is to say, the differential coefficients £ujdx^ are, in fact, 
sufficiently defined as being the coefficients of the differentiale in the 
formula (9). 

1 find it simpler and more convincing, in what follows, to develop 
the analysis for the field of three coordinates only: the results appro- 
priate to n dimensions can then be written down by analogj*. In trans- 
forming, then, between the sots of coordinates (x,y,z) and (u,v,w) we 
have the total-differential formulae 


Du = Dx Dy +u^ Dz 
Dv = Dx +v^ Dy +v^ Dz | 
Dw = Wj, Dx +v;y Dy Dz ) 


and Dx = Du -j-x^ Dv -f x,„ Dw 'j 

Dy = yyDu -j-y^ Dv +y^ Dw 
Dz = z„ Du -{-z^ Dv -|-z„, Dw j 


Solving (10) in Dx, say, we get 


J Dx — 


S{v,io) 


Du-{- 


d{w, u) 

S(«/,3) 


Dv + 


e(u, v) 
s(y,z) 


Dw, 


where 


J ^ e(M,v, w) 


( 10 ) 


( 11 ) 


t 111 the hoiiio of chapter VI § 2. 
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Since the formula of the total differential is unique, we can identify 
this relation with the first equation of (11), so getting 

dx 


du 


2(v, to) /0 (m, V, w) 

~ ^y,z)l d(x,y,z) ’ 


(12) 


with other similar expressions. For mnemonic purposes we may observe 
that (12) is necessarily homogeneous in each of x, y, z, u, v, w. The 
corresponding formula in n dimensions is 

/a(Mi,...,Mj 
S{x„...,xJ- 

It is just worth while to notice the corresponding formulae for the two- 
dimensional transformation from {x, y) to (u, v), namely 


8Ui e(x^,...,xjl c 


dx _ I j. 
8u ’ 


where 


3u 


= -^IJ. 


dx. 


J = 


dx 
dv 

d(u,v) 




cnj 

dv 


du 

dx! 


J, (14) 


d(x,y) 

There is a result due to Jacobi,t deducible from (12), which we shall 
need subsequently: 

d , 


dx\ duj ' dy\ duj dz\ d-uj 
The proof is immediate, for by (12) the left-hand side of (15) is 


(15) 


d ld(v,w)) 
dxXdiy, :)1 


dy\d(z,x))^ dz\c;(x,y)y 


Differentiation gives 





VzT 

W'cxl 

1 





Vs 

Wz 



^y\\ 

' t! ''x 



^2 


+ 



V-'zx 



V’jz \ 

II t';, 



t’x 

Wx 1 


in which the determinants cancel in pairs. Corresponding to (15) we 
have in n dimensions the formulae 


where 



(8 !,...,«), 

11 

CD 

J 


^(Xi,.. 



( 16 ) 


t J.Jur Math. 27 (1844), 201-9; ColUcUd Works, 4, 317. 
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5. An Important analogy 

From the general transformation of curvUinear coordinates we can 
derive an analogy with the linear transformation which is of far reaching 
importance. For tliis purpose we regard the point {x,y,z), and there- 
fore the partial derivatives cujdx, etc., evaluated at this point, as 
fixed, but we keep arbitrary the direction of differentiation D. This 
leaves us with Dx, Dy, Dz as the three ultimate ‘coordinates’, and Du, 
Dv, Dw as the three ultimate transformed coordinates. The equations 
of transformation are the equations of total differential (10), which, by 
a characteristic projierty of the total differential, are linear. Tliese new 
differential coordinates accordingly transform by a linear transforma- 
tion: they are, we may say, rectilinear coordinates, and we may assign 
to them the well-known properties of such coordinates. 

The determinant of the tran.sformation is the Jacobian J, and the 
condition J 0 of linear independence of Du, Dv, Dw is the condition 
of functional independence of u, v, v\ The conjugate or reversing sub- 
stitution is (11), in which the coefficients are bxt'cu, etc. The relation 
(12) then appears as the usual formula giving the coefficients of the 
reversing substitution in terms of those of the original substitution. 

We may illustrate this principle in physical terms by taking time as 
the tacit variable of the differentiation D. The differentials Dx, Dy, Dz, 
Du, Dv, Dw become components of velocity: let us say, of a fluid in 
some hydrodynamical system. The linear equations are now those con- 
necting the components of velocity of the fluid at a point of one system 
with the components of velocitj' of the fluid at the corresponding point 
in the other system. As we change from point to point, the coefficients 
of the linear transformation, and therefore the transformation itself, 
change also: the relative frame of reference of the two sets of com- 
ponent velocities or displacements Dx,..., Du. .. modifies in scale and 
shajie. But, so long as we are able to consider only displacements 
at a fixed point, the transformation retains the features of a linear 
transformation. 

6. The transformation of orthogonal coordinates 

The foregoing analogy retains its force, and the formulae themselves 
simplify in a transformation of orthogonal coordinates. Such coor- 
dinates, by definition, are subject to the set of conditions 


( 17 ) 
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Define, in addition, 

vi+ul+ul = \ 

= F® }• ( 18 ) 

These six equations show that 


[u’u’ur [v’v'vf \w'w’w) 

are the cosines of a triad of mutually perpendicular directions. 

^ K ^’z ^£z\ 

\C/’ F’ w)' \u’V’ W)' \U’ V' w) 


(19) 

Hence 


arc the cosines of another such triad, and we have the six further 


equations 


and 


UyU. v^v w^w. 
[/2 + p2 + )P2 


{72 e J/2 I" }p2 


= 0 


Uj Uy f’j. Vy Wj. Wy 
fji ' p2 e (p2 


0 




— +— + 
fri' 1-2 ' 


cr^+-p+ 

(72 T 


p ,2 

(P 2 

IF* 


1 

1 .. 

1 


( 20 ) 


( 21 ) 


Write the total differential equations as 


Du 

IT 




^ _ 
V ~ 




Dy + 



IF 




( 22 ) 


in which the coefficients on the right are, as we have said, the 
nine cosines of an orthogonal triad. This scheme of transformation 
of differentials has therefore the exact form of a transformation of 
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cartesian coordinates from one set of rectangular axes to another: let 
x' — liX+miy+n^z ' 
y' = liX+m^y+n^z . 
z' = l^x+m^y-irn^z _ 

To solve these equations for x we multiply by ly, I 3 and add. This, 
on a geometrical argument, gives the conjugate substitution 

X == l^x'+l^y’+l^z' 

y = m-i^x' +m^y' -{-m^z’ . 
z == n^x'+n^y'+niz' . 

Thus the transformation conjugate to (22) is 


J)x = I)u Dv + ^^^Dw 
Dy^^^Du+^^Dv+^^Dw 


(23) 


We can therefore replace (12) by the formula 




(24) 

where 

«?. 


Evidently 

^u+2/u+2; = 

(26) 

and we can 

give (24) the symmetrical form 



^ «i 

Again, (24) enables us to write the orthogonal conditions (17) in the form 

etc., (26) 

already given in (8) above by a geometrical argument. We may re- 
gard the triads of equations represented by (25), (26) as being the 
conjugates of (18), (17). 

For the Jacobian of the orthogonal system we have 



U„ 



0 

0 

1 



\ 0 

Vi 

0 

•Wx 


W^' 

0 

0 

1F2 


in virtue of (17), (18), and so 

J = ±VYW. 

seej j 
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Since U, V, W have been defined only through their squares, their signs 
are still ambiguous: we may therefore sufficiently take 

J = vvw. (27) 


This has the effect of securing that the orthogonal triad (19) is a positive 
or right-handed triad. 

The defining properties of rectangular cartesian coordinates can be 
epitomized by stating the invariance of the quadratic form 


In similar fashion the defining properties of orthogonal omrvilinear 
coordinates are all deducible from the identity of total differentials 

(Du)^ (Dv)^ (Dw)^ 








which we may obtain either from (22) or from (23). 

In n dimensions we have the in(n— 1) orthogonal conditions 

^*^ = 0 (a, <= !,...,«;« ^ <) (28) 

CX^ OXf 

and we further define 


2 


Id:)’-'': <'-■ 

Corresponding to (20), (21) we have 

2 §5/^-='' 




(7^=1 (a=l,...,n). 


Corresponding to (24), (26) we have 


a*, _ du, , 
du., dxj 




Vt". 


The orthogonal conditions may also be written as 

2l;l;-» 

r-l • ‘ 

JJ 

s(xv,...:xj M 


<). 


(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 


and the Jacobian is 
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7. Properties of Jacobians 

The association of successive linear transformations gives rise, as v 
know, to simple relations between the determinants of the transform, 
tions. Analogy indicates corresponding relations between the Jacobiai 
of curvilinear transformations similarly associated. These relations ma 
be deduced by analogy from the corresponding formulae of the iineJ 
transformation. There is, however, no difficulty, except a certain ui 
handiness of notation, in proving them directly. 

The formulae in question are as follows; 

(36) // the n Junctions 

(r-=l n) 

are dejined as Junctioyis of through the relations 

^ CjUy 

In particular, 

(37) If Mj u„ are given as functions of x^,.. 

relations 

X, = - “J. “"r = , 2-J 

then = 1 . 

c(Ui,...,«„) c(xi r„) 

More generally, 

(38) Given n functions 

«,«.») (r = I n) 

of m-\-n variables Mj ,. whirh are Ihetiiselres functions of n variabli 
Xi,...,x„, then 

‘(•Ti r„) Mj ?(Xi,...,a-„)’ 

ivhere the summation 2 ** taken ot'er all distinct sets u^,...,u^. these bein 
any nof 
Lastly, 

(39) If u^,...,u„ are defined implicitly as functions of by relation 

<l,,(ui,...,-u„;xi s:„) (r=l,...,n). 


.a-,, and vice versa b 
[r = !,...,«), 


then 


'’(J’l T„) ^ e(Xj^,...,xjl d(ui,...,u^)’ 


provided that the denominator does not vanish. 
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For conciseness we use the notation |a„j for the determinant in which 
a„ is a typical element. Then, in (36), 




dx„ 


2 ^ 

dii, STg ’ 
/-I ' 


&Uj 


dUf 

dx. 


by the formula of the total differential, 
by the determinantal product-formula. 


“ 8(ui,...,u„) e(xi,...,x„)' 

This establishes (36). We prove (37) as a corollary by taking 

ZB z^{ui,...,u„) (r n). 


e(a-i,...,xj a(Xi,. ..x,.) 


Then 
In (38) we have 


This last determinant is the formal product of the two arrays 


0n)_| 



1” * " -iJ 

d(p^ (Ml 




Z, dv, bx. 
1-1 ‘ * 



{r = 1,. 

.,71 \ 

bUj 

It - 1,. 

.,7n-j-7d 

dUf 

\t= 1,. 

.,7n-f-7i/’ 

bx^ 

\S - 1,. 

.,71 / 


But, by the theory of determinants, this formal j>roduct is e.xpressible 
as the sum of products 


l^r 

V 


\dUf 

A 

ar. 


lr,s — 1 ») 


where 2 is taken over all a,..., CO, these being any 71 of 1,...,7«4 n. Hence, 

at length, ^ ti(.^j„..,^„) b{u^,...„u^) 

c)(xi,....x„) Z, d[xi,...,x„)‘ 

In (39), partial differentiation of any ^,.(M^,...,M„;Xj,...,.r„) =; 0 with 
respect to any x„ gives 

bA. , ai. c>u, „ 
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= _ V ^ 
„ (-,#! X 1 ? 


_ ^ ^7i) ^7i) 

and we have (39), provided, of course, that the denominator does not 
vanish. 

When n = 1, tlie formulae (36) to (39) take the elementary forms, 
which are fundamental of their kind: 

(i) ^ 

(ix du dx ’ 


.... dx du , 


(iii) 

dx ^ oUf 


?<!> 


— 7 -/^> ii (i>{x,v] ^ 0. 
c‘x cu 


The analogy of the Jacobian formulae with the elementary formulae 
is emphasized by the form of the Jacobian notation. 

The fundamental theorem that, if vanish identicall}', then 

C!(X„...,X„) 

are connected by a functional relation <f>('u^,..., u„) = 0 has for 
its elementary analogue the proposition 
(f'?4 

(v) if — =0, then u is constant, i.c. .some (A(w) = 0. 
dx 

Vfa may employ (39) to give for this theorem the following alternative 
proof, which is more immediate though less fundamental than that of 
chapter XI § 12 (ol). 

Between the n given relations 

= «,(.Ti,...,x„) (r = l,...,n) 

we can eliminate the n — 1 arguments a: 2 ,...,x„, getting the relation 

<l>i{Ui,...,u,d,Xj) = 0 . 

By similar ehminatioii of Xj x„ respectively, we obtain in succession 

the m— 1 other relations 


^,(w„...,M„;x,) = 0 (r == 2,...,n). 
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We may look on these n relations as defining the m’s implicitly and 
apply (39). Then the given condition 

^ gives = 0, 

n 


i.e. 


nS=«. 


since involves no x except a;,, and the determinant consequently 
reduces to its principal diagonal. 

One factor, at least, must vanish, say 

8<f,, 


tr. 


= 0 . 


This gives us that is independent of a,. Hence <!>, 

isactuaUy _ 0 ^ 

an identity connecting the n functions 


0 


8. Second -order derivatives 


We have so far dealt only with the transformation of partial derivatives 
of the first order. Formulae, analogous to (12). (13), but, of course, less 
simple in character, can be obtained for the transformation of second 
derivatives. As before I discuss in detail only the field of three inde- 
pendent variables (x,y,z) or {u,r,ic). 

Now' a single differentiation of in an arbitrary parameter gave us 
equations (10) of the form 

Du — Uj. Dx +My Ihf -|-M, Ih, (40) 

which, solved for Dx, Dy, Dz, gave equations of the form 


J Dx = 


p(y.2) r^(j/.«) 


equivalent to Z>x = Du q-x,, Dv -|-x„ Ihv, 


(41) 

(42) 


where 


(>{u, V, v>) 
c>(x,y,z)' 


A second differentiation in the same arbitrary parameter gives 
Dhi — D^x -ftty D*y -j-Wj DH + 

+ 2 {“xx {Dxf-\-2Uy^ DyDz), (43) 

x,V,t 


with corresponding equations for D^v, D^w. Now Dhi,..., D^x,... enter 
these equations exactly as Du,..., Dx,... enter equations (40). We may 
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therefore solve for D^x, getting, as in (41), 

Ilf)’ ‘>'--1 2 1“« +^“- w 

^ ' n.v.to ' x,y,z 

or, as in (42), 

jy-x = Ifiu +*,. DH -\-x^ Dhx — 

-.7 2 tyt 2 

^ x,y,z 

But, as in (43), we have 

D^x = a:„ Dhi +x„ DH +x„, D^w + 

+ 2 {Xuuil^'U')- ( 45 ) 


Comparison of (44), (4r)) shows that .t„„ and x,,,, arc respectively the 
coefficients of {lJuY and of 'iDrlhv in 


_ 1 ?(v,y) 

J 2-, t{y.z) 

u . r. « *' ' 


2 {«.„ (Bxf -f 2 m^, Dylh}. 
r.u.: 


Substitution from (41) for Dx, Ihj. Dz in terms of Du, Dv, Dw there- 
fore gives 


-J 3 


CJ^X 


■sr c(v. V') 



({r.ic) 


z 




c{r, w) c{v, w) 
"■c(r,x) £:'(x,y) 



-J* 


tvc'ic 


Z ?(y,z) Z (" 

n.r.u x.y.z^ 


f(w. «) c(M,r) 
'^c(y,z) e{y,z)' 


[’(’(iC, M) c(w, I') 

c'(c.x) ({x.y) 


(■{u, v) c(w.u) 
.y) ' ([z.x) ?(x,y) 

We can rewrite these results rather more concisely as 



-y* 


5 *x 

dvbw 



«xx 

^xv 

«x. 

»v 



«XW 



^'v 

M'v 

2 ciy,z) 




IV 

itv 

«,r.7/ 



tv 

0 

0 


«v 

«v 

“r 

0 

0 ' 





Wx 

’V 

?(n, «-•) 





rV 

A' ?(!/--) 

U„ 

«V= 

«« 


f-'z 


' «’x 

«v 

W'x 

0 

0 





0 

0 


(47) 


(48) 


(49) 
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fxnss 


We effect a further simplification, if we write 

[ap,y,z)=\u^^ m>„^L 


l Mj t), Wj I 

where a, /S are any of x, y, z and repetitions are allowed. Then we have 


{xx, y,z) 

{xy,y,2) 

{xz,y,z) 

rv 

Wx 


{yy,y,2) 

{yz, y.z) 



(a«. 2 /,z) 

iys.y.^) 

(zz, y, z) 

V. 

Il^z 




0 

0 



n 

0 

0 

(xx,y, z) 

{!>:y,y,z) 

(a- 2 , y, z) 

«x 

■>'x 

(xy,y,z) 

(yy,y,^) 

iyz.y.z) 

“l/ 


{z^,y,2) 

{y-,y,-) 

{zz,y, z) 

M, 

V, 


Wy 

w. 

0 

0 




0 

0 


These formulae simplify, as wo might cxjH'ct, for ortliogonal coordinates. 
We begin now with the formula (24) 

U-^, 

where — M;-f mj+m':. 

Differentiation in an arbitrarj' parameter gives 

^uu ^ -r^uv +^nw 

= Dx Dy Dz)- 

-2«, U-^U, Dx + 1; Dy + lA Dz). (52) 
But Dx = ar„ Du -j-x^ Dv +a‘„. Dw 

— Uj. U~^ Du Dv +«'j. l^”^ Dir, 

where V*, If* are defined similarly to U^. Substituting this, and the 
corresponding formulae for Dy, Dz, in (52), we obtain from the coefficient 
of Du 


*uu = U-*(u,^u^+u^^u„-{-u^u,)-2u^U-^{u^U^-ru^U^+u,U.). 
But, by differentiation of the formula for U^, 

and we may therefore write 

g = U-^{U^U,-2n,{u,U,+u,U^+uM) 

= - f7-5{(«J-u“-M|)17,+ 2w,,M^ yj. 


( 53 ) 
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We may also note that 

u^U^+u^Uy+u,U^ =- 17-1 2 (u^^ul^2uy^uyu,). 


Again, from the coefficient of Dv in (52) we have 
= U-'^V-\u^^y^-Jt-u^yV^+u^,v.)- 

— 2u^ U-W- \v^ 17r+ 1',/ Vy-ir U.). 

But from symmetry in m, v we must likewise have 
a:„r = ^+v^'iiyyr^,u^) - 

-2vJJ-^V-^{'u,V,-LVyVyyv,K). 

Now, in virtue of tlie orthogonal property, 

^ Urx '>'x + ^'-xu ”i/-r«x: '---f “r '^'xy-'r I'rs- 

Thus, if we add tlie two expressions for the terms in dis- 

appear, and we are left with 


dutv 


-uj: ^v-^(r,v,-YvyVy~r,i:;:- 

-?v r'-2r-»(H^ i;-f m^F). ( 54) 


We may also ot)serve tiiat 

-- r 1 V --My, («„)•_- M.l-y)}. etc. (.">5) 


The analogous formulae for derivatives of the third and higher orders 
are even less plea.sing. 


9. The transformation of differential operators 

'riie transformation of the linear operator is immediate. In our usual 
threc-dimen.sioiuil field of coordinates (x,ij.~) and {u,v,u) we have 


— “j- I'u — 'V I’r -T M'r c „ . 

etc.. 

(56) 

and conversely ?„ ■=^ 

i.e., in virtue of (12), 

etc., 


' ru c(y,z) Px'^ c(z,x) ty'^ 

c{r. M') d 
c(x,y) cz' 

(57) 


If W’o compare the associated tramsformations of differentials and of 
differential op<‘rators, namcl}', 

Jhi = I)x -TVy Dy -f H; Dz 
Dr = fj. Dx -f fy i>*/ -i-r, T>z 
Dw = ir^ Dx Dy -j-tCf Ds 
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= Ml, I , 

Sj = u^d^+v^d^+w^d^, J 

we observe 

(i) that the two transformations proceed in contrary senses: one from 
[u,v,w) to (x,y,z), the other from (x,y,z) to {u,v,w)‘, 

(ii) that the matrices, or schemes of coefficients, of the two trans- 
formations, namely 


'Mx 




'Mx 

»'x 

M'x'l 

Mx 

IV 


and 


«v 


,«'x 






V’sJ 


differ only in the interchange of rows and columns. Two linear trans- 
formations so related are said to 1x3 contragredieMi or dual, and the 
relationship has importance in invariant-theory. Here it may be noted 
as helping us to remember the formulae of transformatif)n for linear 
differential operators. 

The theory of transforming the quadratic ojx^rator v.e u\ay discuss in 
terms of Laplace's operator 

V'! = dl-^rdl+r- 

as being sufficiently typical and of cla.ssic interest. Detine, then, 

A , B, C - 2 u'i. 2 t". J "'?■ 

F,G,H -- 2 «’x «x- Z Mx ’’x- 

where 2> in this section, always denotes summation over x, y, z. Xow, 
if we square both sides of (.5(5) or form the product of two such ojx'rators, 
we get operators quadratic in <>„, together with ofurators linear 

in them. The linear terms arise where o|)erator8 of one factor have 
ojjerated on the coefficients of the other factor; the quadratic terms 
arise where the operators operate only on the ojx'rand. the coefficients 
being unaffected. The set of quadratic operators is formed, then, by 
mere algebraic combination of the coefficients. Thus from (56) and its 
corresponding equations we get 

= Adl + B8‘i+Cdl+2Fc>,r>„,+2Gb^.c^+‘>nc),^+ 

where a, )3, y have still to be determined. Operation with (58) on m 
itself gives at once ^ 

and so for )3, y. 
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To calculate regard the three equations 

as linear equations in Uy, u.. They give 

A b(v, U') H u) fr b(u, v) 

J (>{y,zy J e(y, 2 )^J c>(y,z)’ 


etc., 


i.e., by (12). 


A 

Ux---jU 


ov] J \ cvj J\ (ll'l 


Differentiating these (“quations in x, in y, and in z respectively and 
adding, we get 

A sr' (I 


V“u 


“ 7 Z f-j 


rwy J ^ix\ C7'l J cx\ c'vi 

jyi:L y V Z Lp 

Z-> (u f'x\J I zLi dr' dxyj j ^ bw dx\J 


Bv (15) above, the coefticients of AlJ, H J, GjJ vanish and we are 

Substituting this for .i. and similar exj>ressions for y. in (58), we have 

I - I- ^ ^ '' ^'1 _ il I + ? £ + zz 

J cu\J cv ./ ( r J cii'l ct \J cu J cv J cu'l 

(5», 

('u-\j cu J cT J dit'l 


For the general homogeneous quadratic operator in x, y, z, 

wjiere a, li, c, f. g, h an’ constants, a corresponding formula holds. We 
have only to make the following interjiretations on the right of (59); 

.4 (a,h,cJ.g,h){u^,Uy,n,)^, 

F . ((iJ>,c.f,g,h){r^,ry,r;)(w^.ri'y.rc.)A 
and similarly for Ji. C. G, //. The generalization to many dimensions 
is straightforwaivl. 

If, in the transformation of V*, the coordinates are orthogonal, then 

t I USD this lo lionotD iho ‘polar' form 

2;ai>«’T I- 
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F, 0, H (in their old senBes) vanish and we write C7®, F*, for B, C\ 
moreover, J is VVW. Thus, in orthogonal coordinates, we have 


'7^=.VVw\—{^ ^ ^ 

\du\VW du)^ dv\WU dv)^ dw\UV dwjj 

In n dimensions we have similarly, in orthogonal coordinates, 


where 




Z-i dxl ^ dti, 


= ?(S)' 


\J duj' 


(60) 


(61) 


uj 


As an illustration of (60) consider V® in spherical -polar coordinates 
a: = rsinflcos^, i/ = r sin 0 sin 2 = rcosfl. 

Then x^+y^-\-z^ = 1, 

If we take u, v, w r, 6, <f>, these give 

ljU, 1/F, 1/lF = 1, r, rsinB, 

and so 


cosec 0 ' . 

d<!>, 


i.e. 


r®sm^(cy\ drj'c$\ odj ‘ 

V® ^ — /r® -I- ^ -^/sin^-^-^ 4- ^ ~ 

'r^dr\ ci-rr^siaOteX ■^r®sin®t' 


(62) 


10. Conjugate functions in the plane 

For the transformation of Laplace’s operator in two dimensions we 
have similarly 

Si+dl = Aei+2Hc\8^+Bdl+{v^^uJd^+{r,^+vJ^ 

where ^ = m®+mJ, II ^ u^v^+u^v^, 

J = u^v^-u^v^. 

Let us now determine, if possible, the coordinates (u, v) in which the 
corresponding Laplace’s eqwation 


Sx* c^* 


(64) 


retains its form: that is to say, in which the transformation (63) is 
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for some A. The conditions necessary and sufficient for this are 

A = B, fl = 0 (66) 

^'xx+'U-yv = 0 . V^x+^yy = 0 . ( 66 ) 

The last three conditions tell us that u, v are necessarily orthogonal 
solutions of Laplace’s equation (64). To consider the full effect of the 
four conditions let us, however, begin with the two relations (65), i.e. 


which give 


- == v~ -1- v% Vj, = 0, 




i-1. 


The choice of sign in 1 means merely a choice between u and v. Take 
the positive sign and so write 


“x '’i,- (67) 

If between these two equations we eliminate u and v in turn, we at 
once get the two equations (66). Thus the four conditions (65), (66) for 
the invariance of Laplace’s equation are redundant and reduce to two 
independent conditions; but not to less than two, since the two equa- 
tions (66), for instance, are evidently independent. The two equations 
(67) represent the most convenient form of these two independent con- 
ditions and we therefore enunciate: 


(68) Laplace's tvo-dimenswnal equation 

cx- i'y- 

is invariant for a change of coordinates from (.T,y) to (u.v), where u(x,y), 
v(x, y) satisfy the j>air of differential equations 

cu iiv ctt cv 

Px Py’ dy ix’ 

and only for a change to such coordinates. 

These equations (67) are known as the Cauchy- Riemann equations 
and are fundamental in the theory of Functions of a Complex Variable. 
A pair of functions u, r that satisfy the Cauchy -Riemann equations are 
called conjugate functions. We might theiefore restate (68) by saying 
that Laplace’s equation is invariant for transformation to coordinates 
that are conjugate functions of x, y and to such coordinates alone. 

An interpretation of the Cauehy-Riemann equations can be given in 
terms of complex number: that interpretation here must necessarOy be 
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purely formal, since our theory has been throughout a theory of real 
functions of a real variable. Write, then, 

w = u-\-iv. 


where i is the unit of imaginary number. We may combine the two 
Cauchy-Riemann equations in the form 


which now may be written formally as 

8w , .dw 
— + x — = 0. 
8x dy 


Again, a formal solution of this differential equation is 

w =f{x-{-iy). 

Thus we may formally define a pair of conjugate functions by the 
equation w+n- = /(ar+iy). ((i!)) 

This equation, of course, carrie.s with it the conjugate equation 

u—iv = f{x—iy), 

if we suppose / to be constructed out of purely real elements, so that 
we may write explicitly 

u 1 - 2i - • 


The further implications of this theory and, in jiarticular, the meaning 
to be ascribed to f(x+iy) a ‘function’ of a eomj)lex variable are funda- 
mental to the theory of Functions of a Complex Variable. We shall 
find, however, when / is an elementary function, e.g. a polynomial or 
exponential, that the imjilications of the formal relation (09) can be 
substantiated in real terms without much difficulty. 


1 1 . Invariance of Laplace ’s equation in space 

We go on to inquire whether conjugate functions can be similarly 
defined in three dimensions. The transformation of Laplace’s operator 
is now, it will be remembered, 

+ { Wm )f)„ -p ( V2n)f>„ + (Vhr)c\„. 

The conditions necessary and sufficient for invariance are now 


^ = jS = C’, 


(70) 

jr = 0, G = 0, 

// = 0, 

(71) 

V*M = 0, V% = 0, 

= 0. 

(72) 
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Since, by (71), the coordinates are orthogonal, we may write (70) as 

(72 = Fi* = IF* = 1/^2, say. (73) 

By (60) we may write (72) as 



()u[Vwj ’ 


= 0 

c>u\uvj 

i.e. 

o' 

II 

o' 

II 

- = b, 

CV' 


by (73). Thus 0 is a mere constant, doing over now to u, v, w as 
fundamental coordinates we have 


= 6, etc., (74) 

for the orthogonal conditions, and 

*u+yft+2u — constant, etc., (70) 

from (73). Differentiation of (74) m u gives 

I ^u.+ S •r.r.,-'-,- - 0. 

where the .summation ^ is over x, y, z. Similar differentiation of the 
two other orthogonal conditions gives 

^ ^ru**^u“r ^ a b, 

-= 0 . 

l.r„„x, = 0. 

Differentiation of (75) in c and in «• gives 

"^^ur^u b, b 

with four similar equations. The three equations 

ll b, ^ 0, ^ ~ b 

give =- 0. y„,, = 0, = 0, (76) 

c{r,y,z) . „ 

since — - 3^ 0. 

c{v,v,u') 


Similarly, •^tru' Vuv 

are all zero. 

Again, differentiation in u of (75) and the two orthogonal conditions 
2 *«■*■» = b, 2 == 0 gives 


2 ^«U^U b, 

2 ^uu = b, since = 0, etc., 

2 = b, since ar„„ = 0, etc. 

Hence also we must have 

~ Vuv “ *“«« 
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since 


d(u,v,w) 


Similarly, x„, y„, z^, x^, y^, z^ all vanish. Thus every second 
derivative of x, y, z in u, v, w vanishes, and the transformation is a linear 
one. We may therefore write the transformation in the form 

y = hu-\-m 2 ,v-\-n^w |, (77) 

z = l^u-\-m^v-\-n^u' j 


where are all constants. The conditions (74), (75) are now 


®tc., 

= n\-\-n\-\-n\ ~ say. 

Thus (x, y, z) transform to {ku, kv, Irw) by the standard transformation 
of rectangular cartesian coordinates, and so (w, v, te) themselves arc also 
rectangular cartesian coordinates, but possiblj- with a changed unit of 
length. We may therefore say that 


(78) Laplace's equation in three dimensions is invariant only for a change 
to other rectangular axex. 


The foregoing arguments extend, it can b(“ seen, to the generalization 
of Laplace’s equation to any dimensions 


The existence of conjugate coordinates other than rectangular cartesians 
thus appears as a peculiarity of two dimensions. The analytical clue 
to this peculiarity is to be found in the behaviour of the terms A jJ, B/J, 
which in tw'O dimensions become U/V, VjU, i e. unity, under the con- 
ditions ~ V^. Thus the pair of conditions for invariance 



d 

du 



= 0 , 



= 0 


are satisfied automatically. This reduction in the number of conditions 
leaves room for the existence of curvilinear conjugate functions in two 
dimensions. 


12. Hamilton’s dual transformation 

Given f(x, y, z) a differentiable function of (x, y, z) we may consider the 
special transformation to coordinates 


dx’ 


cf 

dy 


df 

W -IS 

dz 


(79) 
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It is prerequisite that the Jacobian of the transformation do not vanish; 
this Jacobian is the Hessian 


d^f 



bx^ 

bxby 

bxbz’ 

by 

b^f 


bxby 

by'^ 

bybz\ 

b^f 


b^f' 

bxbz 

bybz 

bz^ 1 


an expression we liave already considered in the theory of maxima and 
minima. We shall shortly turn to discuss it a.s the Jacobian of this 
transformation. For the moment we merely suppose it not to vanish. 

We began, in the field (x,y,z), with a special dependent variable /. 
Let us consider also, in the transformed field, the special dependent 

variable F{u,v,w) xu^ij\)^zw—j{x,y,z). (81) 


Total differentiation gives 

DF = xDu 4- yDv -rzDw -f uDx -\-vDy loDz — Df. 

But, by definition of u,v,w, 

Df = u Dx ■\-vDy f w Dz. 

Hence DF = z Du -\-yDv + z Dtv, (82) 

and so, since F is expressly to be considered a function of u, r. w, we have 


X = 


cF 
du ’ 



dj^ 

dw 


(83) 


The complete transformation may therefore be given as 


u 







F-{-f = xu+yu-}-zu', \. (84) 

8F dF BF 

X — — , u = — , z = 

du dv bw 

It is evidently symmetrical as between the two sets of variables (x, y, z), 
(u,v,u'). and is conveniently called the dual or reciprocal transforma- 
tion : it is also known as Hamilton 's transformation. The transformations 
in two and three independent variables can be shown to correspond 
to geometrical reciprocation; in the plane with regard to a certain 
parabola and in space with regard to a certain paraboloid. 

In extension of (83) we may go on to express the second derivatives 
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Total differentiation of, say, the first 


Dx = 


d^F 

Sit* dudv 


Bv Dw. 

dudvj 


( 86 ) 


Total differentiation of (79) gives 'similarly, in briefer notation, 


^ = fxx Dx +/^ Dy +/,. Th, 
Dv = f^y Dx -\-fyy Dy +fy, Dz, 
Dw=f^Dx +fy, Dy +/,. Dz. 
Solving these equations for Dx we have 


H Dx ^ 

U 

Du-\- 

\fvz fzz 

Dv-{ 

t/ 

fj 


1 /yy fxz 



fj. 


(86) 


where H is the Hessian (80). The coefficients of the differentials on the 
right are, of course, minors in H and may be written as Jacobians of 
a pair of fy, just as H itself is the .lacobian of all three. By a 
principle already invoked we may identify (85). (86) and so get 


d^F ^ d{fyj,) 

c'u^ ^(y,z) 

Huh' c'{z,x) e(y,z) 


13. Vanishing of the Hessian 

The dual transformation becomes improper, if the Hessian vanishes, 
for then the u,v,iv of (79) arc no longer independent. Bearing in mind 
the analogy of the vanishing of the Jacobian, we inq\nrc the meaning 
of a vanishing Hessian. Alternatively, w-e may regard H 0 as a dif- 
ferential equation defining / and seek its solution. 

If the Hessian vanishes, then m, r, w are functionally connected, as 
we have just said, and we may write 

ic = ^(M,r). (88) 

We may still define an F by (81), though it is no longer a function of 
three independent variables, and we still deduce from that definition 
the differential relation (82), 

DF — X Du -\-y Dv -f-z Dw 

= (*+#„) Du +(y-h#J Dv, by (88), 

= A Du +/r Dv, say, for brevity. 

This gives at once 

•fj = = ^Uy+y-Vy, F^ — 
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K^,y,z) 

Thus F also is a function of u, v only, say F = x(“> 

from (81) f = xu-}-yv-\-z)}i(u,t!)—x{.u,v), (89) 

L 0/ ,/ V 

where -- — u, ^ = v, -i- = Mu,v), 

ox dy 8z 

and i/i, X Are two arbitrary functions (equal in number to the order of 
the differential equation, as we should expect). It is, however, better 
to increase the apparent number of arbitrary functionsf and write more 
symmetrically 

/ — x(>[n,v)+y4>(u,r)A-z^{u,v) — x{v,v), (90) 

where now /^ = 0(«,r), f^^4(u,r), f.^\jj{u,v). 

But actual differentiation gives 

— ^(w. !•)-!-«,— -r«V — , etc. 

^ du dr 

We must therefore have 


I'U 

These give 
either (i) 

or (ii) 


-1-- 0 
' 'dv ’ 




"ai "dr ~cu ‘dv 




0. 

= 0. 


= 0. (91) 



0. 

cr 


“i/ 


C'r 




Under (ii), x, y, z can all be eliminated between a, r, say v = a>(u). 
Then d. jt, i/i, x “b become functions of a single variable «. and we may 
most simply imagine tliat r is merely suppressed in (90). In this case 
equations (91) become 

<f 


‘f. 


Cl( 


Vm 


0 . 


■u, 0. 

' cu 


These again give 
either (iia) 


du 


= 0 , 


or (iib) Uj. — 0, «[, = 0, rq = 0. 

Under (iifc), m is a mere constant and it is simplest to suppose that 
both M, V are suppressed in (90). 


t Wo do not, of course, increase thou* actual number. 
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Thus all three cases (i), (iia), (ii6) are covered by the general form 
(90) with the added equations 




(92) 


which may be regarded as equations to determine u, r when suitable 
forms have been given to the arbitrary functions 0, if>, <!>, y. We get 
(ha) by choosing arbitrary functions independent of v. the second equa- 
tion of (92) is then satisfied automatically, but the first remains to 
determine the single unknown u. Wo get (iit) by choosing functions 
independent of u, r, i.e. mere constants: both equations (92) are then 
satisfied automatically and there remain no unknowns u, v to be deter- 
mined. 

The asymmetric form (89) first obtained ff)r f does not lend itself so 
well to such a comprehensive statement. We sum up our results in the 
enunciation; 


(93) If the Hessian of f{x,y,z) vanishes identically, then f must he of 
the form ^ 

where u, v are defined by the eqvations 

xd„ +y<f>u+z<f>u-Xu ■= (>■ + U4>v -r -Xv- 0 • 


14. The bordered Hessian 

If, in (90), we define a new set of arbitrary functions 

h SF e/x- fi -- 4>ix, V =: <l>lx, p ^ — i/x. 

we can WTite the relation between /. x, y, z in the form, syjiimetrical 
in X, y, z. f, ^ _ xX{u, r)+yfi(u, ?’)-)- 2r(«, i')-{-fp{v, v). 
where 0 ^ ■=. 

The relation given by the vanishing of the Hessian of / with respect to 
X, y, z is therefore symmetrical in x, y, 2, /. 

To prove this directly we discuss the ‘bordered’ Hessian, and to abbre- 
viate the working we now diminish by one the number of inde}iendent 
variables. Consider, then, the function of two independent variables 
2 = z(x,y) defined implicitly by the relation f{x,y,z) = 0. We shall 
prove the following theorem connecting the Hessian of z{x, y) wdth the 
bordered Hessian of f{x, y, z ) : 
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(94) If the function z = z{x,y) is defined implicitly by the relation 
f(x,y,z) = 0, then 

^xx ^xu\ fx \fxx fxy fxs /a-j' 

\fxy fyy fyz fy^ 

\fx~. fyz fzz fz 
\fx fy fz 0 

This theorem may be deduced as a particular case of the more general 
theorem (20) of chapter X. It is, however, useful for present purposes 
to give an independent proof. 

Denote the Hessian and the bordered Hessian above by 

H{z\x,y) and H'(f\x,y,z) respectively. 

We then have by manipulation of rows 

ir(f;x,y,z) =fl d_^{fjf,) £„{fjf,) £,{fjf,) 0, 

i'x(fyfz) Mfylfz) Wfz) » 
fxz fyz fzz fz 

fx fy fz 0 

i.e. 

n'{f-,x,y,z) = -fi d,{fjf,) £^(fpf,) (95) 

<>Jfy!fz) CyUyfz) Dzifyifz) 
fx fy fz 

- -/?(^'x + 2x?-)(/x//.) i^y + -y»z){fxJz) ^zifxlfz). 

,{^x + ~x^‘z)ifyifz) (^ + ~y^z){fylfz) ^ylfz), 

0 0 f^ 

by manipulation of columns. 

Now in the field of the two independent variables x, y we have 


p t « 

~8x 


— = fy + ZySi, 
cy " " 


^=-/x//. 


-/,//*■ 


H'{f-,x,y,z) = —fl dh j = —f*,H[z\x,y), 

j 0x* 8x£y'^ 

I 0®Z 0*2 j 

^dxdy 0y* I 


which establishes the theorem. 
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We see, then, that the relation 

H(z;x,y) = 0 

impUes the relation H'(f,x,y,z) — 0, 

which is symmetrical in x, y, z. This confirms the point made at the 
beginning of the section. 

More generally, with n variables, the theorem takes the form 

(96) If Xi,...,x„ are connected by the relation /(x^ x„) = 0, then 

H(x^-,x^,...,xJ = x„)lf^+\ 


0 . 


(97) 


We consider, finally, the interpretation of the condition 
H'if -,x,y,z) 0, 

regarded as a differential equation in/. By (95), H'(f\x,y,z) = 0 gives 

/.//../) _ 

Hx,y,z) 

Again, write F = xf^+yfj,+zf.. 

Then 

f'z =■ ^fxz+yJvz+-fzz+fz- 
Thus, by manipulation of columns, 

//'(/; X, y, z) = I /„ /„ 

'/x„ fyy fyz 
\Lz fyz fzz K 
'/x fy fz F 

Manipulation of rows, as in the proof of (94), then gives 
H'{f;x,y,z) = _/* 

('{x, y, z) 

so that H'{f\x,y,z) = 0 leads to 

^ifrlfzJylUFn ^ 0 

y, z) 

From (97), (98) we see that 

/. fjfz, fylfz, F/f, 

are all functions of the same two parameters. Take / itself as one of 
these and let u denote the other. We can therefore write 


(98) 


^(7.W) W.w) x(/.«)’ 


(99) 
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where 6, if>, if>, x aJ"® arbitrary functions. Substitution for F gives 
xe{f,u)+y,)>{f,u)-\-z^{f,u) = x(/.w)- 

Differentiation in a;, in y, and in z gives 

= 0 , 

= 0 , 

= 0 , 

where A - xdf-\-y4>j+z4ij-x/, M ~ xB^-\ #„+2<Au-A«- 
Substitution for d, (ft, i/t from (99) gives 

M /x fu A J = 

«x 

i.e. cither ja = 0 or else x, y, z can be eUminated between / and u, i.e. u 
is a function of /, and d, <!>, ifi, x are functions of / only. This is merely 
a particular case of the general form and gives g. — 0 automatically. 
We may therefore sum up our result into the theorem: 

(100) If the bordered IleJisian 

/xx Ly Jr: Jr 

Jxv Jyy Jy: J\i 
Jr: Jy: J:: J:' 

Jr Jy Jz 0 

mnishcs identically, then f(x.y,z) w of a form given, implicitly by 
xdif.a)+y4,if,u)+zili{f,u) = 

where 6. f>, fj. x are arbitrary funclivns and u is defined in terms of x, y, z,f 
by the relation „) u)+z,/.Jf, u) = Xu(J, «)• 


Transjonn the operator 


WORKED EXAMPEE 

,J ,3 


c x* c 


to curviUniar cuordinatis («, v). 
As in § 9 above, wo may wiite 


c x^ ^ c 7® 


where 


“o — I a " r 3^2 — , 

t ciAr lurv* 






<3o 


2<d 


2“Dv 


«> 


2«xr|- 




(1) 


(2 denoting siiinination ov or x, y). and |3„, )?,, )3,, y^. y^ liave still to be detennined. 
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Operation with A on u, i;, «•, oti, «• in turn gives 
Am — yo. Aw - yi, 

Au* = 6)3„+2Myj, Aw’ = 6^5 + 2wy„ 

Am® 6 j 8 ,+wy„+Myi. 

But Am* = 2MAM-f 6 2 

Amu = uAk+wAm+ 3 2 t 
Aw’ — 2i)Aw+6 2 *’ 11 ’V 

Thus o v- \ 

Po ^ ”«! “it I 

~ ^ i^Kx^x i ^x'^xx) I* 

Suppose now that A, /a, X, T oro any functions of t, 1/ such tlint 

A = XMi+yj/,, fi --- Xv^ !- yw„. 

Then X = g)„„-(£)n,. r = 

^here Thus 

c(x,y) 


c'x cy \ cyf\J/ \ ^cx ^cyi\J/ 

the other terms cancelling. 

Tlmt is to say, - -< - (4) + - ( 7 ) ■ 

J\cx <y/ cv\JI 

In (3) put in succession 


1, 

I'c'.Y ^ 

c'Fi 


^ ^ (p\ 

7 ' 

Vex 

'7^) 

- 

('‘W 'c 



(i) X L ul. 

r-- 


then A = a,), 


ap 

(ii) X MjjWj, 

X- 

MvVy, 

then A - a,. 

P = 


(iii) X ^ wj, 

y 


tlion A Oj, 

/* “ 

03. 


We have correspondingly from (4), using (2), 

-!:(?) - 4 ( 5 ) 

^ ~ - |;( 7 )+ 5 ( 5 ) 

Write now 2 oj = 2 (ei*«ir— m^w^), 

then /So = Z A—*" Z 'Xxx'>’x< 

and ^i+tu -= 2 / 3 , - 2 ”b.”z- 

Thus, again by ( 3 ), ( 4 ), 

J <>u\jl^do\ J / I 


Write now 
then 
and 


J 'cu\j/'^dv\ J J 
J dux J / ' (v\J I 


(Xll Exb. 

( 2 ) 

( 3 ) 

(4) 

( 6 ) 

(«) 

( 7 ) 
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So far, then, 


' cu\j du J ct/ cv\j cu' J Cl! 

— iL(?s i Pt><> . Pi s\ 

oUyJ c’W* J ducv J ov^ J cu J cvl 


-) 


'^-d 


-) 


IM. 

ct/ 

cy' 

<J cu 

J 

cx / 

c u\J'oo 

dv \j / ( 




J OX^ J CU J cv\ 


d jcti cJ^ , 2a2 

f* ttj c* 

J C/tt 


r f") 

d /ox\ 0 

' <Ji;w cu^ J 

CXIOX) ' t/ C«“ 

' J dll 

cu\J/ci 

eiAjidu 

Honci , again by (5), wt may write 





Ja 

«/ cu\J du^ 

2ai aj 


c /a:i 

2oC2 c* 


J cut V J 

twV 

cl\j t a- 

»7 ct^cv 

' J rt'V 


ai c/\ c^ 


(Xi f) \ 

/Aj 0 

“3 

CU^ \J ( u 

,] CVf * CW<?f 

\t/ c^tl 

J Cl) 

ci-\J cu 

del'"’ 


c /2aj\ o ( /2a»\ 

( u\ J )ci dv\ J f c 


It romaim to consider a» No \orj simpk fxjiHsMoii for w in terms of qlq, aj, 
ocj, (Xz s» erns to exist Wo sliall be content witli oin or t^\o equivalent forms which 
n call the (oefficients lu Uk covariant«< H and G of the bmar> cubic 

{(Xo,rn,at,a,){X, Yy 
W'e find, on difftrentiating and cancolling that 


(V:.Vy)-U^V^ ^ (I'lt-irT 
C JC C •I' C 

and sirmlaTl\ , on Jiitcithunging x and y, that 

Wy “ Wyly — ( Uy, X y X ^ “”(^2 




{Uyl\y~Uyy Vy)j 




-dj) OLqX^ vXl WjfMyl/* 

2-li li Xj (Mj-^ J/~*“ ^ 


\ CJ. 

Again, from (1), 






wuO 


“o’y — “l“v -= 
a,n„— ttgU, — Vj-V^J, 
<x,w^— cx,u, - tJJ, 


oi^tj. — a,Uj, = u\J, 

“it’*- = —UyVyJ, 

a.jtv otjU- ~ 1-^,1 


Hcncc, writing 


-j.(„.£x„,£), 



3ff2 
we have 
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2aiJ‘ = + 


Again, from (10) we got 

— v^A„+u^Ai =- 

A\—A„Ai 


and 

Thus 


-v^Ai + u^A, = 
v^Ai—u^Ai = 

iJ«. 


- Ai-), 

\ c^u cv/ 

iJc’ ^ + + 

- j(a,— + a^-). 

\ du di!i 

Hence, at length, 

2{uJ* - (aa<-'-aic)(^j -2h,r'- 

where 


ig.-). 


(II) 


(i^jf ' -a^f) 

2(Ao — ^A:-). r- ^(a,- A,-) 

\ CU Cl'f \ ( II III 

Substituting for r, c' we may also write this as 


C„_a5a,-3a,aiaj-2»J. 
Cj (Id oj Mj — 2a[ Hj - a, xj. 

Since, by (10), 


Oi otgOias -2a„x^ ! ajoj, 

('3 n(„4-I*a,n:2aj 2a) 


' i- 

0 i 


0^.42 — (Xj^o 
CKj ,^4 2 SOkj j4 j [“ Otj ^ Q 

we rna> rewrite (11) in the form 

2a>J‘ = -A,o'g<')-KA3C^ 2Aic')(“‘) (2A,, , --I»'')(^)-‘ ■Idrg 
i.e , at full length. 


(13) 


i(Al-A^A,)oi = -A, A 


/“o' 


'du\j 


~<f3h 




-3AdA,-^";)-(2A?^AdA3) - 




c r\J 




(14) 
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Now (13) shows that the operaior 


tU3 


A^{a„c)'—(Xib) — 2Ai(aiCi' — atj0) + Ao(£i,S' — cc^S) 
vanishes identically. That is to say, the operator 



vanishes idt‘ntiea]ly. We liave therefore the identical relations 

T Aq Cg — 0, 

and wo may rewrite (12) in the form 






( 1 . 0 ) 


By using in (8) one oi other of the foregoing forms for to we at length complete 
the transforinntion of A into eur\ilinear coordinates (u, e). 

In 1 12), ( 14), ( l.T) we can, of eoiirse, .siinjihfy the formulae for to by tramsfeixing 
J and it.s powei-s from the denominators on the right, past the operators, and 
across to the left: this is js'emissible in virtue of the identical vanishing of the 
operator noted above. It is in better conformity, however, with (8) and with 
the analogous transformation of to state results in terms oi^jJ, aJJ,,-. rather 
than in the a’s themselves. 

Hy iiniiosing a suitable linear tiarisfonnation on tlie variables x, y, we can 
traiisfonn the euhic ojieiutor 

,3 f 3 

C.I-’ ry’ 

into the geiieial eubie oiieriitor with eoii-stont coeflieients 


0(1 g 1 .3U( — 30g 

r j’ ( u ■< y <x<y 


<-r 


(16) 


The expressions for cig, Oi. Og. ti, are eorresjKindingly changed. We can define 
them most completi'ly by the idi'ntity of eubics 


(og.Oi.aj.oigKl.t)’ («„.«,. fig, a,)(ii^-( ) /i’^)“, 

wher(> t IS arbitrary. 

The definitions of A„. .4j, Aj. namely, 

Ag OflOg— aj, 2A, ogoij— otgUj. A, “ ajOg — oj. 

remain unehanged; so too do the definitions of Cg, C,, O,, C, m terms of o^,, a,, 
aj, uj. With thase changes the formulae (8), (11), (12), (14), (16) become applicable 
to the more general eubie operator (16). 



364 


THE DIFFERENTIAL CALCULUS 


[XII Eis. 


EXAMPLES XII 

I. For transformation between coordinates and {x,y), show that the rela- 
tions between differential operators 


a 


cu 

8 


dv 

8 


8x 


% 




8 8 
'■ Vt + 

a.i 8y 


lead to the relations between differentials 

X du +y dv — udx dy i 
y du —X dv ~ vdt — u dy I 

Show also that the most general transformation of coordinates compatible with 
these relations is 

11 — ax, V ay, 

where a is some constant . 

2. For transformation between coordinates {ii.v) and (.r, ?/), prove the equi- 
valence of the relations 


8 8 ^ ' 

u— -f V — = X h y — 

■ CM 8X -’ey 


8u 


to the relations 


8 8 8 <' 

V- u— — y x~ 

cu Cv cx c<y 

y du -{-X dv — V dx tu dy 
X du —y dv == n dx — r dy 


and show that the only transformation of coordinates compatible with tin sc i elu- 
tions IS u — ax; — by, v ~ bx-^ ay, 

where a, 6 are constants. 

3. Show that the equivalence of operators 


/ c) , (8 8 \ 

iilii pn — 1 — nulx 1 V— ) 

\ c'u c'v/ \ 8x vy/ 


D U— — 1/ X “ 

ou cu ■ cx cy 
gives the equivalence of difierentials 

Dciii— udi’ ydx—xdy 

" x’-i-y‘ 

udu+vdv xdx-\-ydy 
xy(x^-^y*) 

and that u(x,y), v{x,y) are then defined by 

u _v _ a 

X y a;‘— y»)’ 


where a is a constant. 
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4. Show that the equivalences of operators 

(i) « — -!«— = a:- — f-v — 

Hu rt! dx ^ dy 


{ i) Id 

uv\v u— =- xvXij -X — 

\ vu dv! \ bx by! 

(ii) (« |o)(— 4 -= (r4-2/)(^4 

'c’w ovJ \(X dy! 


f be 

( a c cx c y 


<" - 4 ru- - 4 hc-h) 

(u . ,,)/i , 

< tv 'vx cyi 

lead rchpi'idu ely lo llii ti'ansfoniialion-forrnulae 

« _r_ laix^ -j/2) 

a" Vx“-rh-2/M’ 

(u) « - (ft . 1)J -• n^-5 ^ 

V ax ■{ (a -l)ij—h I 


(111) It - ax ■ hi/ \ 

)’ — bx ~ ay I 

wlii rc «, h arc arbitiarv constants. 

.'i. For troiisfonnation hetween coordinates («,e) and lirove that 

cu cx < r 01 / 
c r (11 <y cv' 

For transformation la taccn coordinates (it,... ,it„) and (J',... prove that 


t'(lt,,. 

.»r) 

<("l 


«„) f'(j, 



C(j- 1 ,. 

■ .-M 

'•(■I'l 


■r,,) r(«r t- 

-.«») 


c‘(?t,,. 

...II,) 


G) 

<(«r.l.- 

...ttj 

^ (-^r ■* I* "t^n) 

‘(•>1- 

■ ,Jr) 

c(«,.... 

“r 

1 t(J-rtI- 


t(«t-l «n) 

( (it,,. 


t'(j-,.... 

■t.l 

((it, ... 

•■T "Wfl) 

t'('1'i-+l •‘n) 

c(.r,.. 

..,.IV) 

til/,...- 


) t(-f, I- 

■•.••rn) 



t). Kslubliah tlic following propositions hy arguments in the field of the real 
\ariablc; 

(i) if It, ?• are conjugate functions of j-, i/, and ti', r' are also conjugate functions 
of X, y, then u ■ r ■ r' are conjugate functions of .r, ;/ and so also are tiu'—rv', 
itc'- it'f; 

(ii) if Ft, r arc conjugate functions of .r, y, then .r, ;/ are conjugate functions 
of 11 . v; 

(ill) if It, I’ are conjugate functions of x, y and if f, V are conjugate functions 
of u, r, then U. V are conjugate functions of x, y. 
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7. Show, by arguments in the field of the roal variable, that the functions 
1+a: _ oosxcoshj/ _ * -i 

” Y + 2r-fr”-p3/®’ ** co8^+cosh2y’ ** 1— r*— y’ 

are ‘harmonic’ functions, i.e. that they satisfy the two-dimensional Laplace’s 
equation ^ ^ ^ a 

dx^ ^ t)2/* 

If w is a harmonic function, show that 


tan-aV-) 

wf.rt 

is also a harmonic function. 

Find the functions v conjugate to the above harmonic functions u. 

8. (i) If u(x^y),f{x^y) satisfy Laplace’s equation in two dimensions, sliow that 

Uj., oni^+yUy, yu^-Tt{^, )- 

and /(“i.n,) 

also satisfy the equation. 

(ii) If u{r,y,z) satisfies LaplaceV equation in three ihinension<. show that 
Uj, xu^+yu^TZu., yvj. -xu,, >/ht„-2xy^j^„ \ \ zu,. 

and the quadratic “»z’ •'vi* ”«)( .'/> *)* 

also satisfy the equation. 

If F(Uf,u^,Uj) satisfies the equation whenever tt does, .show Hint F is merely 
a linear function of it.s arguments. 

9. (i) For the transformation of coordinates 


X y 

Us - , »• — 

.r“-f 

show that Laplaco’s equation VU' — 0 becomes 

, , , f'l' / fl' 

uHr- + «“)(— -i 2 ■+ — j) -- 2 Im — 

\Su^ tv~ cu-z' \ fit 


J-* , ,1/2 ( 


1 

1 - ta-— I 

fit rv CM’ 


(li) Transform Laplace’s equation to ‘confocar eoordinate.s «. r, le. nmnely 
the roots of the cubic in 0, 

r2 . i/» 


bZ-^-0' c2 t-0 


10. (i) If 


exty! tx cy 


is a function of z alone, show that 


„ 

ext ey 


satisfies the differential equation 


1 . 


exey i x 'ey 

(ii) The variables x. y, z arc connected by an implicit relation f(x,y,z) - 0 

5*2 jpz bz 
dx^l dx by 


which is such that 
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IS a function of z only Show that 

\dx 

<)ydzl dy dz 

IS a function of x ijnl> , and that / itself satisfies the diifcrential equation 
i(y,z) c(z,x) 8(x,y) 


3»7 


11 If 


i <)^\ 


show that B 1or(i/j./ii„) satiatus the diffi rential equation 

-*( 0 ’^ 01 


c,^ ty- 


and find the differential iqiialion satiifiid b> u itself 

If u(r,y), e(3, i/) form a sv-ti iii of oithoponn! eoordinati s such that V^J(u) — 0, 
show that we (an lind q{i ) such that V^j(i) 0 and thdt/(n), g(v) are conjugate 
functions 

12 If u Is d( fined as .i funetion of r,, j-„ 1)\ the equation 

(1) 1. 

<1 , u It , u 

■where n,, ,o„ are constants, show that some function T' — I (u) can be found 
to satisfy the g< raralued Lupine c (>quation 


(") 


0-^ 0. 


and de tcnrimi this fuiutioii 1 as an inti gral or othe'rwise 

If i/i, , ii„ are the « roots of (i) rcgardes-l ns an equation in ii. and 1 ',, , T,, 
arc tile ( orre'sponding \h1ucs ot I (le) show that the differential equation (ii) may 
be wi ifte 11 as 

‘ _ lii > 

(ill 11^) (te, a, )el, 


13 If 


(?(„-«,) (ie„-w„_,) el „ 


- 0 


that, fur a smtalih \aliK of j) time, is a fiinction 1 (m) that satisfies the 
gnu rallied l^ijilan s (Miuatiou 

— — O 

.Ji " crj 

and eh te nuiiie thi .qipiopi lUtc p and 1 (el) 

II (i) If u Is defuK'd as a function of r, 1 / by 'ho ecpiation 


a‘ fu h‘ ‘ u 

determine a function /(u) sueh that 


I, 


0 ‘ ,0/' 


•(«) It 

(11) If « IS defined as a fuiie tion of r, ly by the equation 
i“soch*« — iy'ooseeh*u =- 1 , 
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show that it satisfies the differential equation 

8^u Shi 
8x* dy*’ 

and express u in the form /(3:+y)+ff(x—y). 

15. Show that functions of 

(i) -Ti/), 

(ii) log(l-2a:y)-)og(l-a:-y) 

can he found to satisfy the differential equation 

0*3 


[XII Ezs. 


and express (i), (li) in the form F{<l>{x) )-0(i/)j. 

16. Show that functions of 

, , .r* + y»i 1 , , .r*-?,* [ J 

(0 (u) -2^-- , 


' ' 2x ' ' 2ry ’ 

, , cos*a:-f cosU*i/ , , sin*j: T- ctwh*v , . siiix 

(ill) -r-- , (iv) — , (v) . 

2 cos I coshy 2sinxcos|iiy coshi/ 

can be found to satisfy Laplace’s equation in two elmiensions, Dctennine the 
corresponding conjugate functions, 

17. If « is defined as a function of by the equation 


* -1 • " _ 1 

I “t ••• r , 
u+a, 

show that a function V -- F(a) can bo found to satisfy the difieicntial equation 


0»r 6, 8V 


b„ev 

" ' 0X,,’ 


where o„, are constants. Obtain tins function in explicit terms when 

for every r, {>) b, - -1; (li) =- 1 ; (iii) b, •■= 3. 

18. (i) If « IS defined as a function of x, y, s by the equation 


n ' u+a u~a 

show that V ~ scc“‘(«/a) satisfies flic differential equation 

tx‘ 0y* 63* X cx ’ 

and V -- co8h~'(«/a) the differeiif la! equation 

clii 1 4- ^ _ 0 

cx* cy* 03* X 8x 

(ii) If tt IS defined as a function of Xj, ij, Xj, aq, x^ by the equation 

], 

u «-fo M — a b u — h 

show that V — !og{.y/(u*— a*)-(-.J(tt* — (i*)} satisfies the differential equation 

0*F , I _ i 

dx'l 0X5 0xj 0xj 0x5 X, pxj’ 
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V - log 




~ ^a^(u^-b‘)+by/(u‘-a‘) 

satisfies the differential equation 

dx'f exl Ctrl cx| cix'l Xi bx^ 


V“- + - + »•'- xt+...+xi, 


and if f{xi a-„) is homogeneous of degree p in its arguments and also a solution 

of the equation V|/ 0, show that, for a given positive integer wi, we can find 

$(ln) such ihat ^y2jm-l^y ^ _ 0 


20. (i) If 




and /(T[ i„) IS a solution of the equation 

VV - 0, 

show that a solution of (he equation 

V*!-’ =- r^/(x. X,) 




2p + 4 

a 

jirovided that t a is a zero of 

and show also that V^{r-^-^F) — 0. 

(ii) Show that any solution of 

(V*rCf = 0 

con be svritten as U - ^ t 

wliere «i, are solutiotLs of V*u - 0 . 

21. Show that 


/f 2 (. 2 WJI 

\rn<2-V 


(xVi/r 


(?/i > r?), 
(»» ?<). 


and ('vaUiato siniilari\ 


/^2 ,2 £2\JH 

/ f ’ c’ c“ t™ 

' ' \c.r“ ' c'y^ (2^ ixcijc'zl ' ' 

/ t* < c‘ f “ e’ c’ 

(ill) — f— (a*-( 

\ca-“ ( y'- I yix tzc'x exty 

, a b e ”> " 

(iv) I— . — Tj Jj . Xp . 

iC'a-, exj c’Xp • , 

, f 3 3 ; 

1,1,- .1^ ' ,1,- • *1>-J 


_ A 

f^a*a (jr« * (j*, 


26 fil 
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22. Shotr that 


V 2 2.4 *\2* 

re D denotes differontiatioi 
ij){x,y,z) denotes a homogi 

^\fix dy c'z) \ 2 / 


where D denotes differentiation of F with respect to its argument. 

If il>{x,y,z) denotes a homogeneous polynomial of degree n, show that 


= ]£>» I I 




with tlie convention that V* operates onlj’^ on ip, and, a.s abov e, 1) only on F. 

23. (i) If the families of surfaces 

u(x,y,z) — constant, v(x,y,z) ~ constant 

are both cut orthogonally by a third family of surfaces y, z) constant, show 
that the functions u, f are connected by the differential n latioii 

V(Vy)-V(v^) r(rj)-V(a,) 0, 

u. 


where TJ, V denote the operators 
U -u 


fi e t) 
t ^ — i" tbir» 
<:x "c'y ‘iz 


? S , 0 

• tv — 4 4 t'r 


(■y 




(ii) If the surfaces u, r, w = constant are mutually ortliogonnl, show that u (and 
therefore also v and u;) satisfies the differential ctjuation 


'V(u„)-\ey^ 
V[u^) — \6^ 


ttiic 

"k» 

ttvi: 

“^xv 


1 

1 

1 

0 

0 

0 


211, 

0 

0 

0 

«« 


0 

2u 

‘■Uy 

0 

Uy 

0 


0 

0 ‘ 
2 m, I 
«v 

0 I 


0 , 


where the operator V is dolined above and ff £ mJ+uJ f m|. 

Show that we may replace the above determinant by a detemiinaiit of the 
third order m which a tj^iical column is 

«?{U(M„) - idyy) - 2Uy Uy{V (Uyy) - jP,,} d" Uj { C7(U„) - j 
Ul Uyy-2UyUyU„+ U J U„ 

24. If M, V, Ml are a set of orthogonal parameters in siiaco of three dimensions, 

show that an* a. al. a- 

dx S*x , du S*y & 0*2 

f- -£. — £- j 0. 

&U, dv'dv! Ou tivdw c'u Svenv 



XHExs.] CHANGE OP COORDINATES 371 

Show that tho differential equation of lines of curvature on a surface 
u — constant, namely 


dx 


dy 


dz 


“( 1 ) ^(S) -(t) 


= 0 . 


\dy/ \ dz) 

I I 

c>u cu ou 

dx ( y cz 

can be written dvdw — 0. [Dnpin'H theoieni ] 

25. TJie ‘measure of curvature^’ X on a hiirfaco w(x, 2 /, 2 ) — constant is given by 


K 




V 


Xif 


*G|~- 


‘^vv 


u 


Jtt 


u, 


■yz 


“*'1 

Uy Uj 0 

If (c, )i ) are paiarncf < rs (not not ossarilj orthogonal) on the sui fare, show that 


latz 


and 


b - 


K 

(BC- F-) (br-/^)\ 

whoro 


Vrr *rt ’ 

C ^irto 2 /mv; ^uti ’ 

— XtnD 

2/ruj ^vw 

Vv 

yv -V 


yp 

I/uf "IT 

V«J 


ViC 

- v? -1 4. 

-Tu -y'« lit / 



Show fiiitlier tliat 


ijH^K 

(lew \ cr 


if--. 




Vie 

t «’/ cv 1 

^ cw 

cc) 


c^b 




Cl"* cvcwl)' 


y. 


It a to t 0 t It’ \t' 

when' H — bc—/^ 

26 In the ‘dual’ tiansformation (8-4) of § 12, if x, y. z and therefore it, r, w be 
txprtssod in terms of a third set of coordinates (^, i), 4), show that 
t(j,it) c(y,v) _^((z.xi) 

<(i,T]) c{^,r)) t(f,i7) 

27. 11 p, g, r, s, t have tlitir usual mcamiigs of partial dernati\cs of i with 
reapert to x, y, and if new variables A', 1^, Z are di fined by the relations 
oA't hY-^ g - p, hX xbY—f = q, 

Z^z - (ax~r>iq ^ g)X (/ix + by - f)Y r{</r 
whore ti, l>, < ,f, g, h are constants such that ah /i*, show that we bate 
P ~ ax~, hy+g, Q — hx + hy *-/, 

bR-2hS \_aT ab-h^ RT-S'- 

fir — 2/is+a/ rt — ah — h^ ’ 

<i{St — 8T)—h(Kt—Tr)->(-b(Rs — ST) - 0, 
hR-aS _ bS-hT _ aT-bR 
hr— as bs—ht at—br ’ 

where Q, R, S, T denote the partial domatnes of Z with respect to X, Y. 
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28. If u(x,y,t) IS homogeneous of the first degree, show that its H^ian 
vanishes. 

du 


If 


show that 


and 


where 


cX' 


du 

doc' 

_ 

I'-Y ■ 


-A 


<-y ’ 


du 

% 

X SZ 

' Tj’ ' 

cXdY dxc>y' 


_v 
"* » 
Z 


dz * 


d^Z 


d^ti 


dY* ~ ^e.r 


A-i - V) 

^\dx*€'y* \d£dy^ / 


If, further, u eatisfies the partial differential equation 

OM„ t bu„ -f o«„ + 2/ + 2 ^ 23 . + 2hu^ 0. 

obtam the corrasponding partial differential equation sntistieil by Z 

29. (i) If «(a:,y, 2 ) IS homogeneous of degree n (n / 1 ) and its Hessian vanishes, 
show that it can bo written in the form 


u - {xfii) + y g{l)-\-z hit)}”, 0 = xj’(t) f y q'{t) + z h'{t). 

Express in this form a homogeneous quadrat le that is tbi' jirodiiet of two linear 
factors. 

(ii) If u(x,y,z) IS homogeneous of digreo n (n -x 1) anil its Hessian docs not 


vanish, and if 

X 

dz 

("U 

, r z 

<y 

( u 

T i 

dz 


cHt 

show that X — (a — 11— r-,, 

< A 


z - (n 

-"S 

, „ chi b*u 

and H ; 

cX^ <y 

Cl*i< 1 , r r ““ 

< ydz j €^X c j 

cxci/ 

C»ii 

CJCZ 

l^U 

(^t4 

fhi 

chi 

cycz 

I? 

(y<z 

77- 


30. If u{x,y, z) IS homogeneous in sr, y, z, and if i (r , i/, :) is a funr tion of u onlv , 
show that H{r)IH{u) is a lunction of u onlj. 

31. If u(x,y,z) satisfies the partial difliiential i quation 

F{u^u^.u.) - 0 , 

where is a pol^niomial with constant coeffieients, show that the Hessian of 
u vamshes. 

If the coordinates of a jxnnt on the surface F{X, Y,Yj) 0 can bo wiitUsn 
parametrically m the form 

X=J(t,i'), Y ^ g(l.t'). Z=rh[t,t'), 


show that the general solution of the above differential equation ean be written 
m the form ^ ^ 


du 

di 

where ^ is on arbitrary function. 


= 0 , 


du 

w 


0. 
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allow that u is of the form 





Ujy 

“lai 



«» 

u 


where 

More generally, if 


u - exp{.r(;l{«) i x(«)}. 

0 ~=x4,'(t)r>/<P'{t)-\ x'U)- 

u„ «x' - h {n -r-\), 

\^Tv ^i/y 
' «j. nu 


allow that u la of the form 


w help 
33 


(I .1 ^'(<) r y ^'(/) 1 x'(0- 

If a(j,y) iintl e(j.y) aatisfy the att ol ihffereiitial eiiuatioiia 


llyy h, 

IVr ^'tv **yy 

show that they have either the aiimilfaneous forms 

u V - a<l,{j) i-a^(y) + Ar C. 

where it, A. B. C are eoiistaiita anil i/i arbitrary function.^ ; or else the simul- 
tanoouh fonns 

>' ■> f{l) ry<At)-rh{t) 

r - X J/'( 0^(0 iB - 1 / j" fj'(t)k[t) dt 1 [ h'(l)k(t) dt, 

where 0 j f'{l} ‘ >J g'(t)-^h'{l), 

and /, y. It, k uie arbitrary functions 

34. The Hc.ssian of a hoiuogeiieous cubic m(x ,tj,z) winch is the product of linear 
factors IS the cubic itself, save for a constant factor; and. conversely, a homopcntS)u.s 
t ubic ii(x, y, z) Is a proilui t of linear factors, if its Hes.sinn differs from the cubic 
itself only hj a constant factor. 

35. (i) Show that evciy solution of 

anj l-2/i«j.if,+h«y — 0, 

whcic a, b, h are constants, is also a ijolution of 


au,j.+ 2hit„+btiyy - 0, 

but that the converse is not true. 

(ii) Deteriniiic the solutions (if any) coinmon to 

nuj.-! huj + cu’ f 2/u,u,-| 2yiij -r 2hU;t = 0 
ct/jj + 2/u,- + 2gu^ + 2A = 0- 


and 



XIII 

DIFFERENTIAL OPERATORS 


1 . The polynomial differential operator 

The subject-matter of mathematical analysis is, in essence, twofold. 
It is concerned on the one hand with numbers (derived ultimately from 
the natural numbers), and on the other hand with operations on numbers 
(built up from the foim fundamental operations of arithmetic). The 
peculiar elegance and simplicity of analysis depend largely on an apt 
use of symbols to represent number, and a similar advantage is to be 
gained from a convenient symbolic representation of operation, It is, 
moreover, an important mental economy that symbols of operation 
should, as far as possible, follow the same law's and processes as symbols 
of number. 

The special contribution of the Differentia] (!alculu.s to the theory of 
analytical operations is, of course, that of iliffercntiation, and we have 
already found it convenient to introduce the ‘differential operator’ 1) 
and subsequently to apply the index notation to this operator, writing 
D”y for the nth derivative of y. We now define and discuss the general 
polynomial operator 

^{D) = + tv,,, ( 1 ) 

where «(,, aj,..., a„_i, a„ may be functions of x, the variable of differentia- 
tion. If f is any function of x, n times differentiable but otherwi.se 
arbitrary, we evidently define 


^(D)f =. evo +oti^ 


-1 j ^ • 


2 ) 


It is convenient to include the case in w-hich the coefficients tvQ, aj,..., 
ci£„_j are zero and the operator reduces to It is clear from (2) that 
in this degenerate case the effect of the operation is merely to multiply 
the operand ^ hy a„. 

We may combine these polynomial operators by the algebraic opera- 
tions of addition, subtraction, and multiplication. For addition and 
subtraction it is sufficient to define 


(3) 

or alternatively 

{ 2 0‘rD^-')±{ 1 - 2 (a.±^.)D"-^ (4) 

In virtue of (2) the two definitions are equivalent. For multiplication 
we define {<I>{D)^{D)}^ s <f>{Dmm- (5) 
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That is to say, we first perform the operation <I>(D) on f, and then, on 
^(D)f as new operand, perform the operation <f){D). Multiplication thus 
denotes succession of operations, the operator nearest to f coming first 
into action, and the order of the succession being therefore from right 
to left. The definition presupposes that the coefficients in ^{D) are 
differentiable at least to the order of We shall make the general 

assumption that the coefficients in the operators are differentiable as 
often as we may require. 

From (5) and Leibniz’s theorem it is clear that the product of any 
two polynomial operators is also a polynomial operator. From (4) it is 
clear that the same is true for the sum or difference of two such 
operators. Hence for the three algebraic oj)erations of addition, sub- 
traction, multij)licatic)n the polynomial operators form a closed group. 
Division, in general, wottld take us bejond this group, and we exclude 
it from our preatmt consideration 

Now the o]ieration.s of addition and multiphcation defined for arith- 
metical symbols P, Q, R, .. lead, as we know, to the fundamental laws 
of arithmetical combination: 

2>4.Q = 

P(Q + R)^ PQ-PR ] 

(QtR)P = QP-tRP I’ 

P{QR) = (PQ)R. 

PQ = QP. 

It is not difiicult to verify that the operations of addition and multi- 
plication, as VIC have defined them for polynomial operators P, Q, R,..., 
also obey the same laws but with the striking exception of the last of 
them, PQ — QP, the commutative law of mulli plication. That this is 
not satisfied in general may be seen from a simple example. Write 

P _ D, Qzz aD. (6) 

Then PQ cJJ^+<x'D, QP == xD^ 

and PQ QP, unless a' = 0, i.e. unless a. is a constant. 

Tw o operations are said to be commutative or non-comm'uiative accord- 
ing as they do or do not satisfy the commutative law of multiphcation. 
Thus differential operators are in general non -commutative. So too we 
know that in a repeated limit the two operations of passmg to the limit 
are not necessarily commutative, and it is, in fact, because differentiation 
ultimately involves passage to a limit, that differential operations are 
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not necessarily commutative. In geometry non-commutative operations 
are frequent. Thus, in the plane, a pair of inversions is commutative, 
only if the inverting circles cut orthogonally. In space, rotations are 
not generally commutative, and a special non-commutative algebra, the 
theory of quaternions, exists for their analytical representation. 

In a non-commutative algebra, then, we may freely use all the 
machinery of ordinary algebra, except that we must be careful never 
to disturb the order of factors in a product. 

If the operators P, Q are non-commutative, the operator PQ~QP 
is an important associated operator and is known as their alternant. 

2 . Commutative operators 

We now inquire what sort of differential operators arc commutative. It 
is convenient in tliis connexion to make a notational distinction between 
constants and polynomial forms with constant coefficients on the one 
hand and variables and polynomial forms with variable coefficients on 
the other. For the former we shall use the English ‘lower-case’ letters 
(x, y naturally excepted); for the latter the Greek ‘lower-case’ letters. 
Capital letters in eitlier aljihabct we shall generally reserve for operators 
(as already D itself). Thus we write 
P ~ J{D) =r 

where the a’s are constants and the a’s are variables. We can now 
prove that 

(7) Operators f{D), g{D) tcith constant coefficients are commutative. 

For suppose 

n VI 

f{lJ) - 2 a, D”-', g-(P) ^ 2 

r-=0 

Then 

f(D)g{D) = 

'r»-0 ^ 

n rn 

r«-0 
n m 

= 2] since the 6 's are constants, 

= g(D)f(D), by symmetry. 

More generally, if P is any operator a similar argument shows 
that /(P), g{P) are commutative. Is this the most general form for 
a pair of commutative operators? 
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The answer is in the negative, but it is not easy at this stage to give 
examples to the contrary. The general theory of such operators leads 
us to the consideration of Abelian functions, but it is possible to estab- 
lish some of the important theorems by elementary methods. 

Suppose, then, that we have two commutative operators P, Q of 
orders m, n respectively, and consider the differential equation 

^^—p)y = 0. (®) 

where p is an arbitrary constant. 

Let Tjj,..., 77„, be a linearly distinct set of solutions. Then 

{P-p)Qy]r Q(P -p)nr = d. 

Hence Qri^ is also a solution and. by chapter V § 3 (20), 

Qvr ^nVl ('' = I-” -™)- 

where the a’s are constants. 

Thus, if (/ be a root of the w-ic 

«ii- 3 "12 • Olm , == 0. 

I Ojj f*22~3 • ®2m ' 


■ ^riil ^m2 * ^7wm 3 

then also 

{^-3)Pl «I2 • 

{Q-q)V2 «22-- 3 • «2m I 

1 

1 

[Q~-<l)Vm «',«2 • «mm-3 

and consequently 

Vl ^12 • ®lm 

I '32 ®22 3 • ^2m I 

I I 

! 

Vm ^m2 ' ^mni ? 

is a solution of the differential equation 

(Q—q)y = 0- (Id) 

Sinc(> it is linear in the r]‘s, it is also a solution of (8). Hence, 

(11) If P, Q are commutative operators, then, given p, ire can find q such 
that the equations {P-p}y = 0,‘(Q— 5 ’)y ^ 0 have a common soluiion 

viP’Q)- 
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The constants p, q are therefore connected by some functional rela- 
tion. A form of this relation is given by (9). It is evidently of degree 
m in q, but its form in p, which enters through the a„, is not clear. 
More directly let us form the eliminant of the differential equations 

{P-p)y = 0 , {Q-q)y = 0 . 

Then common solution y will be, more generally, a common solution 
of the m+n differential equations 

jy(P—p)y = Q (r = 0,...,n— 1), IP{Q—q)y = 0 (a = 0,...,7ft— 1). 
These equations are all of order not e.xeeeding ?»-)-«— 1, since the 
operators P, Q are of respective orders m, n. Accordingly, performing 
the differentiations ZF, IP, we may write them as 7n-\-n equations linear 
and homogeneous in the m-\-n ‘unknowns’ 

D>y (« == 0, — 1). 

Elimination of these unknowns gives a detcrminajit of order in 

which p enters to degree n, and q to degree m. Since p, q arc constants 
with one degree of freedom, x must disappear from this eliminant and 
we are left with an algebraic relation 

F(p,q) = 0 (12) 

of degrees n, m 'mp,q respectively. 

Form the differential operatorf 

F(P,Q) (13) 

and operate on the 'rj{p,q) of (11). Then 

F(P,Q)y = F[p.q}rj ^ 0. 

Hence the differential equation 

np, Q)y = 0, (14) 

which is of order not exceeding is satisfied by every such Since 

p is arbitrary, these are infinitely many, and so (14) is an identity, 
unless the ij’s are linearly connected. Sui)pose a linear relation 

where ry, is a solution of {P—Pr)y = 0 and the p’s arc all distinct. 
Operation with P, P*,..., P*'^ on this relation adds the s— 1 relations 

«iPi’7i+«2Z2’?2+-"+»*P«’7» = 0, 

t Since P, Q are commutative, no difficulty ariacs about the actual form in wliich 
P(P» Q) sbould be written. 

J We clearly need not allow for more than one solution of each distinct equation 
{P’~pf)y 0, since a sum of solutions of tho same equation is itself 

a solution of the equation. 
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Since no tj, is zero, the determinant of these a equations must vanish. 
But it can be written as the product of the differences of the p’s, which 
are by hypothesis all distinct. Hence F(P, Q) vanishes identically. Thus 
(15) Any two commuUdive operators P, Q are connected by an algebraic 
identity F{P, Q) = 0, with constant coefficients. 

Wo can prove the converse of (11), namely that 
(10) If for every p we cnn find q such that (P--p)y = 0, {Q—q)y == 0 
have a common solution 'fi{p,q), then P, Q are commutative operators. 

For operating with PQ—QP on this jj we have 

(PQ-QP)-g = Pqrj-Qp->t = pq-q-qp-q 0 . 

Hence the equation iFQ—QP)y = 0 

has the infinitely many solutions 7j(y). q), which, we have seen, are linearly 
distinct. It is thus an identity, and P, Q are commutative. 

The converse of (15) is also true, but the proof is rather tedious, 
since, until P, Q are proved commutative, it is necessary to be careful 
of the arrangement of P. Q in the polynomial form F{P, Q). 

If we interj)ret F{P.Q) — 0 as the equation to a plane curve in 
coordinates (P, Q), the problem of finding expressions for the operators 
P, Q is seen to hear analogy with the problem of expressing the co- 
ordinates of an algebraic plane curve parametrically. Since this para- 
metric expression is obtained most naturally in terms of Abelian 
functions, their entry into the theory of commutative operators is 
accounted for. The S])ecial case of the unicursal curve evidently corre- 
sponds to the case of a ]iair of 0 ]>erators expressible as/(H), g[R), i.e. as 
functions with constant coefficients in some common ojierator R of 
lower order. 

As an example of a pair of commutative operators not reducible to 
this form write 

p = rp-2e, Q = iP~-3eD-i9', (i7) 

where 0'- — 40 ^ — g,0 — g^ (18) 

and the accents denote differentiation. Then 

D(P-p)-(Q-q) = {0-p)D-(W~q). 

But 

{{0-p)D- {W fq)l{e-p)D- (W'-g)] 

- (0-p)w^A\e'^-q--W{B-p) 

— (6—pY(P—p), on reduction from (18), 

4qi = 


if 


(19) 
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Thus ■q[p, q) given by the equation 

Dti _ l$^-q 

t) 6 — p 

is a solution of both [P—p)y = 0, {Q—q)y = 0, Hence, by (16), P, Q 
are commutative and by (15), (19) they satisfy the identity 

4^3 = ^P^—g.^P—g^. 

Other examples of commutative operators will be given in § 4. 


3. Adjoint operators 

Associated with the theory of commutative operators is that of adjoint 
operators, which are also of importance in the theory of Differential 
Equations and elsewhere. 

Two polynomial operators P, P' are said to be ‘adjoint’, if. for every 
1 } sufficiently differentiable, 

iPr)-7jP'i 

is an exact derivative, i.e. if 


|Pt) — rjP'f = some 1>{ ^ 
where denotes etc. 

Two different operators P', P" cannot both be adjoint to P. For, if 
they were, then = Pf I 

and therefore 

v(p"-p')i = 

But clearly the right-hand side cannot have y &s a factor. Hence 


(20) The adjoint, if it exists, is unique. 
Now 

Writing for $ we have also 


at^D’^y — r){ — Z))”a^ = P{...}. 

Hence 


(21) <xD^ and (—YD’^a are adjoint. 

Again, more generally, 

(22) If P and P' are adjoint and also Q and Q', then Pjz Q <itul P'rt 
ore adjoint, and also PQ and Q'P'. 
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The first result is obvious. To prove the second we have 

iPv-vP'i = D{-}- 

Replace i) by Qij. Then 

iPQr}-m(P'^) = o{-}- 

Likewise, since Q and Q' arc adjoint, 

(P'mr))—nQ'P't = 

Hence, by addition, 

iPQrr-r,Q'P'^ = 

which proves PQ and Q'P' adjoint. 

It follows from (21), (22) that 

( + and Z)c«„„i+...( — )“Z)"a:|„ 

(23) I otj, i)atj X) j;*. . . ila,, and ( — D...ot2DiXil)(XQ, 

[ {D-a,)(l)-a,)...(D-^„) and (~nD+^J...{D+c,^)(D+cc^ 
are all pairs of adjoint operators. 

By (23), an operator such as 

ocq Day Da^ Day DaQ 

is identical with its adjoint, and is therefore said to be self-adjoint. 
Such an operator must evidently be of even order. But we may extend 
the term ‘Belf-a<ljoint’ to such an operator as 

Jig 

that differs from its adjoint only in sign. 

By (22), the adjoint of the alternant PQ—QP is the alternant 
Q' P'--P'Q'. Hence, if one alternant vanishes identically, so must the 
other. Also the adjoint of F{P.Q) is ^a^^Q'^P'’’, i.e. 

F{P', Q'}, if P\ Q' are comnmtative. Hence 

(24) Jf two operators arc commutative, their adjoints are also connmutative 
and satisfy the same identity. 

It must be observed that two adjoint operators 4>{D), i(i(D) do not 
remain adjoint, if the independent variable be changed. For such a 
change replaces D by some .aD. and hence the identity that defines the 
adjoint becomes 

i<f>{<xD)ri — r}ilf{aD)i = atZ>{...}. 

Accordingly the adjoint pair is now' 

a~^<l>{aD), a~^ili((xD). 

It can be seen from the second and third forms of (23) that an equation 
Py ~ 0 is soluble when we know the complete solution of the adjoint 
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equation P'y = 0. We can go farther and state the solutions of one 
equation explicitly in terms of those of the other. Suppose P is of order 
m, is written with the coefficient of Z)”* unity, and has as a 

linearly distinct set of solutions. Write 

for the Wronskian of all the solutions, and 


A, = (A Vr+V-’Vm\ 


for the Wronskian of all the solutions save 
Then we can prove that 

(25) Aj/A, Aj/A,..., A„,/A form a set of linearly distinct solutions of the 
adjoint equation P'y = 0. 

Now we can showf that the Wronskian of these m functions is just 
A“^, which does not vanish, and so the m functions are linearly distinct. 
It is sufficient therefore to prove them solutions of P'y ~ 0. 

The equation whose solutions are %,..., is 

if we write it so that the coefficient of D”'-^y is unity. Then 

{P-DR,)y = 0 


is also an equation of order m~l whose roots are 

therefore have t> r> 

P — — aPi, for some a, 

i.e. P — (P+a)Pi. 

Hence {D-\-a)Piyi ~ 

Now Pjrji = A-’(A 1)’“'* hi. Pa.-. ’I,,,! = A/Aj. 

Thus (Z)+a)(A/Ai) = 0. 

and therefore (2>— ot)(Ai/A) = 0. 


Wc must 


But P' = —R'i{D — a), since P — {D+a)Ri. Thus 

P'(A,/A) = 0. 

and similarly every P'(A,/A) = 0. This proves (25). 

If p, e are commutative, then we have seen that {P—p)y — 0, 
(Q—q)y — 0 have a common solution, if F(p,q) = 0. This is an equa- 
tion of degree m in q. Hence, fixing p, we have m corresponding values 
of q, say general distinct. Thus, as a set of solutions of 

{P—p)y — 0, we may take where y^ is the common solution 

of [P—p)y = 0, {Q—qr)y = o. As we have seen, these will be linearly 
distinct. 


t A« in chapter V Exa. 10 (i), 18. 
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Suppose that the leading terms in P, Q are respectively aZ)", j8X>". 
Then the coefficient of in the alternant PQ—QP on expan- 

moc^'-ncc'p. 

Since it must vanish identically, we have 

noL jo. — jp. 
and we can therefore find some ^ such that 

a = f"', js = i”. 


With I as new variable of differentiation, P, Q have leading terms 
Z)™, Z)". We can now prove, in more precise extension of (25), that 


(26) If P, Q are commutatn’c and have lending terms Zt™, D”-, and if 
is now the solution common to 

(P~p)y^0, (e-g,)^=0 (r =],..,?«), 

then AfjA is the solution common to the adjoint equations 

{P'-p)y = 0. (Q'-<}r)y = fb 

As in the proof of (25), define Pj as the oj)erator, with leading term 
that annihilates r] 2 ,...,q„. so that again 

P — p = (P+a()Pj, Pi’?i = A/Ai 

and therefore 


(Z;4-a)(A,Ai) = 0, {D-a){AJA) = 0. 

Now PlQVr -- Pllr^r ~ ^ ('" = '«)■ 

Thus K^Q annihilates •>},„, and therefore 

where is some operator. t Hence 

(P+«)<?xZfi -= (ZZ+c«)PiQ = {P-P)Q = Q{P-P) - Q{D+oc)lt2- 
Thus {lJ+<x)Qi = Q{D+a). (27) 

But, again, (9i-?i)Pi Vi = ■= 0, 

i.e. (Cl— ?i)(A/Ai) = 0, 

and so, for some operator 

(Ci-Ji) - S,{D+^). 

Hence, from (27), 

{Q-qi)(D + cc) = (Z)+a)((?i-?i) 

= (Z>4-(x)Si(i)4-oc), 
and so Q—^i = 


t For, otherwise, long division of BiQ by would give as remainder an operator of 
order wi-~2 annihilating the m— 1 Imoarly distinct fimctionn t/i,..., 
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By taking adjoints we have 

Q'—qi = —8[{D—a), 
and therefore (Q'— 5 i)(Aj/A) = 0. 

This completes the proof, since we have already shown in (25) that 

(P'-J>)(Ai/A) = 0. 

4. The operator xD 

The operator xD has many important uses and we now establish its 
elementary properties. They are readily deduced from the correspond- 
ing properties of the fundamental operator D. 

Since we have by Leibniz’s formula, writing (n ! r) for 

the binomial coefficients, 

Multiply by appropriate coefficients ol, and sum for r. We liave, then, 
for any polynomial operator the theorem 

(28) 4,(D) 

and in particular = ^(«) 

Again, since D^caaax — —a® cosax, 

we have cos ax — (—a^)’’ cos ax, 

and similarly for sin ax. Hence by the ])receding argument we may 
write 

(29) <f>(D‘^}{co6ax. sinox) — <f>{~a^){cosax. sinax). 

We come now to the operator xD u'hich we shall always denote 
by S, the conventions of § 2 notwithstanding. Write 

X — (f, 

and hence D^ = = 8. 

Thus, from (28), we have 

^{D^) ^ <i,{I\Ara)i, 

which gives the formula 

(30) <^(8)x“| = x«9l(S+a)^, 

and ar® — ^(a) x“. 

In particular, if /i./a.A, .. are polynomials with constant coefficients, 
A(8)x®| = x«A(S-ha)f 
x*'/i(S) xPfi(S)i = a)A(S)^ = 
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and BO on. Hence, generally, we have the theorem 

= ^’•/i(S)A(8+«,) .../„-i(8+«„_2)/„(8+s„.i), 

where ...+a^ (r = 

If a, = a and/,(5) f(h) (r = we have in particular 

(32) {r“/(8)]” - x'‘«/(8)/(S+a) .../{S + (n-l)a}. 

If a = — 1 and /(8) 8, we have, since x'^S = D, 

(33) X”/)” ^ S(8-1)...(8-7i-|-1). 

Commutative operators can be freely constructed in terms of the 
operator 8. Thus write 

7^ nr x-2 8(8-3), <? = 8(S-2)(S-4). (34) 

Then, hy (30), 

J^Q -= x-5 8(8-2)(8-3)(S-4)(S-6) = QF, 
pa x-®8(S-2)(8-3)(5-4)(8-5)(S~7) = Q’‘. 

The characteristic (p, 5) -relation is thus jF = and therefore the 
equations (P-r^);/ =: o, {Q-c^)y = 0 

have a common solution, which can be shown to be 


(35) 


■q = (8-l)f^* 

More generally, write 

P — .r-™ 8(8— n)(8— 2n)...(S— n!n-;-7i) ) 

Q -- .r'" 8(8— w()(8— 2m)...(8— mw-(-m) I’ 
wliere m, n are iriterpriine. We find in similar fashion that 
PQ - QP. P” = Q'". 

Thus P—c”', Q—c” annihilate a common -q. It can be shown to be 
r; - (S-fi,)(S-8,)...(8-8,)e--, 

where 6j, hj are the l{m -l)(>i -1) numbers less than (m— l)(w— 1) 

that are of the form nn-^-sn. where r. .s are positive integers. 

Again, if we write 

P-.r-=>8(S_l)(8-5) (^^a-‘S(8-l)(8-3)(8-6) | 

.r-5S(S-l)(8-3)(S-4)(S-7) /' ^ 


we find that P, Q, K are mutually commutative, and that 
P^ - Q\ P®=-P=, 

PR = QR = P®. 

We have thus a commutative trirwi and can contemplate similarly 
commutative sets of any extent. 

i«ei Q Q 
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5. Generalizations of Leibniz’s formula and others 

We collect here certain generalizations of Leibniz’s formula and of other 
formulae of the foregoing section. 

If 

r=.0 

we may write for the ‘derived’ operator 

r- 1 

in which the derivation is with regard to D and the coefficients a are 
accordingly unaffected. We shall interpret ^'"'*{/.)) in a similar 

fashion. Now write Ijeibniz’s formula as 

mr, = r{r ! l)r/>--'y H (r ! i hf^'v 

Multiply by and f’nni for r. We have the formula 

(37) ^(D)iri - 

the series on the right terminating, since is a ])olynomial. 

We may generalize this formula in terms of any two polynomial 
operators P, Q and their successive alternants. Write 

Q,~PQ-QP, Q, PQ,-Q,P. ... 

Consider the succes.sion of «+l oi)erators 

QP\ PQP'>-\ P^QP"-'\ ..., P"Q. (38) 

The first order of differences gives 

QiP'< \ .... 

Similarly, the second-order differences are 

PQ.,P’'^ ..., 

and generally the leading difference of order r is P" 

Hence, if A, P denote, as usual, the difference-ojierator and the 
succession-operator of Algebra, where 

E z. l+A. 

we may write 

^^{QP’‘) = ^l.P"-’-, E’>{QP>^) P"Q. 

But = (l-j-A)" = l + (n!l)A+(w!2)AM-...-rA’', 

where (n \r) denotes the typical binomial coefficient. Thus we lia%o 

P"G ^ (?P''-f(«!l)GjP'-i-j-(n!2)(<2P«'M ■ + <?„. (39) 
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If we multiply by any constant coefficients and sum for n, we have, 
since the constant coefficients are commutative with on the right, 

(+0) f{P)Q = Qf{P)+QJ'(P)+ , 

where rn is the order of J. 

If we write P " />, Q ~ so that — f then we may 

multiply up in (39) l)y rariafile cwfficients, since they are commutative 
with the debased operators Summing for n, we evidently iTjjroduce 
the previous formula (37). 

If we write the set of oi>erators (38) in tin reverse order 
P"Q, P"~^QP. P" ■'-QP-, QP’‘, 

and forju tlic corresponding .sets of difFerences, we get similarly 
yp"Q -- (-yP'i-rQ^ 

The formula E“ -- 1- (« ' l)A— (« !2)A--| ...t-A" 
now gives 

Qp,i _ p»Q-(n ! l)P"-'Q^-{-{v'.2)P"-'^Q„-...{-Y‘Q„. (41) 

If we multiply by con.stant coellieients and sum for n, we have 

1 ( V" 

(43) Qf{P) -- mQ-r(P)(h- 

Tf Q is a mere variable we may multiply \ip by variable coefficients 
in (41) and so get 

1 1 — 1 ’" 

(43) ^4>(P)r,- 4>{P)iy]~f,fP)P,y,^^^~r{P)P2V---- J r‘'(P)P,nV> 

where P, P£ -^P. A PP^ -P^P, etc. 

Finally, if P 1>. we get a formula in a way reciprocal to (37); 

1 1 — V" 

(44) ^4,(l))ri -</,{/;), ^7, -<^’(/))^'r/ 4 ^^"(7>)r7,-...^^J 
To generalize (28) write 

i)ri- 

Rejilaee by {UY P pry. then 

i.e. 

and generally />''(^7j) ^ 

If we multiply by variable coefficients and sum for n, we have 

(45) 4>{1)) ^7j ^ $4 ,{D-Y Pi 
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and therefore in combination with (37) 


(46) 




V{T)) g(>")f"»(J>) 

2! m! ’ 


where m is the order of if). 

To generalize (33) we have from (45) 

[4,(D) = 

= m(D+2ei^)if>(D+i'/iH 

since, again by (45), 

<f>{D)ev = e<l>{D+2i'IO. 

Also [i4>Wfv = 

if we write <j){D)ri for -q in (45). By successive application of (45) we 
thus have 


In the second of these two identities write I"’ for f and then 
for ^(D). On multiplying both sides by we get 
(48) 

and Z)«|" = (|Z>+r)...{f/)+(«-l)f}(|/>4-u.f'). 

the second identity being derived from the first by use of (45). 


6. Symbolic operators 

It is natural to inquire how far the foregoing arguments apply to 
operators that are no longer polynomial. Inverse operators, of which 
D~^ is the simplest, evidentl 3 ' require the Integral (Calculus for their 
proper development and are consequently beyond our presemt scope. 

On the other hand, infinite ilirect operators 2 rise, to 

X. 

difficulties of another order. The meaning to be attached to ^ 
depends on its convergence, and this must depend on the nature of 
We cannot therefore discuss the convergence of the operator by itself 
apart from knowledge of the operand. For instance, 

r^O 

and thus ZFf 

is a solution of the differential equation 

{V-D)y = 
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lim = 0, 

n— ►» 

i.e. certainly, if ^ converges. 

But there are other difficulties. Consider Taylor's formula 

J{x+h) toco 

= + ... tocoj/(a-) 

= o\\)(hD)f{x), formally. 

Thus, on a function sat^fying Taylor's foiinuln, the operator exp(AX>) 
changes x into x-fh. But, as we have already seen in chapter VIII, 
the conditions under which Taylor's formula is valid are far from 
simple, mere convergence of the .wries on the right being insufficient 
to secure validity. 

For reasons of this kind it is desirable to regard all such infinite 
operators as purely symbolic and to treat the results to which they lead 
as hypothetical results to be established, if possible, by other arguments. 
Such operators are none the less valuable and potent instruments of 
research, and may indicate results otherwise unsuspected. But we must 
remember that these results form the starting-point and not the cul- 
mination of rigorous analysis. 

In the restricted algebraic field in which the operand is merely a 
poljmomial in .r these infinite o[H.Tators and their results are above 
suspicion. For then the o{X!rators are only nominally infinite; since, if 
the operand is of the nth degree in x, the oj)erators etfectively terminate 
at D”. In this ca.se we can say strictly that e.xp(Ai>) is the operator 
that changes x into x^h, and hence we can identiEy e.xp(D) with the 
algebraic succession-operator E that changes x into x-f 1. If A is the 
corresponding difTerence-oj)erator, we have in this case rigorously 

exp(Z>) = l-fA. (49) 

Then, taking logarithms and expanding, we may write, at least sym- 
bolically, Z) = A-iA2-)-JA=-.... (50) 

But. if the operand is of degree n in r, its differences after those of the 
nth order vanish, and the series on the right therefore terminates at 
A". In this case w’e can establish (50) rigorously, for, if f(x) is such an 
operand and p is any positive integer, then 

/(x-hp) = (l-)-A)''/(x) 
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gives 

— {l+pA+Jp(j3-l)A* + |j)(i)— IKJp— 1)V+ +(p'n)A”}/(x) 

This, regarded as an equation in p, is satisfied by all positive integer 
values of p and is therefore an identity We may accordingly equate 
like [lowers of p on the two sides The coefficients of p itself give (50) 
The coefficients of p^ give 

iA^-^(1 + DA® + , (51) 

and so on 

It IS of interest to test the identities of operators (50) (51) on func- 
tions no longer [loly noniial On (1-*^ oy mo obtain from (50), (Til) 
Z>(l+fli)'^ = (a— to X )(1 -fn)'' - (1 +ri)-^]og(I |-ri), 
^Z)-(l-l-a)® — {la-— i(l + |)a“ to x}(l a)' = (1 -ru)''{log(l-f a))'^ 
if la] < 1, winch arc true 
On we obtain from (50) 

111 i' 

-L = _i ^ to X (52) 

a(r-H) , 1(1 M)(j-^2)^a(r+l)(r4 2)(r . 3) 

The remainder after ii tcnns is lound to be 

.rV-^1 )(•«•'--) ('!") I r i\ «/ 

The denominator diverges to infinity oi to zero according as r is positive 
or negative, and therefore (52) is tiue onU if a- is positive 

Finally since AsuiSiTr- 0 the identities (50) (51) an ioiiii>Utely 
invalid except at isolated values of r 

7. Partial differential operators 

We can extend our theory of polynomial operators to jiartial differential 
operators In a field of ?? indeiKUident V'ariablcs (cj writi*, as 

usual, f, for cjcjc^ Then the general poly noinial opeiator in this field is 

<») ft 

Addition, subtraction, and multiplication can be defined for these 
operators as for the ordinary ojierator No new jirincqile is involved, 
and the partial operators are seen without difficulty to satisfy the 
fundamental anthmetical laws, the conimutativ'c law of multiplication, 
of course, excepted, since the jiartial operator includes the ordmary 
operator as the siiecial case n ~ 1 The operand is to be supposed 
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differentiable (in the extended sense of chapter VI § 4) as often as may 
be required, so that, in particular, for every r, s, 

br^ix^ bXgbx,' 

and the fundamental operators f'j, b^,..., d„ are therefore all rauiaally 
commutative. As a eonRe<iucnce 

(.53) T%m operalmn f{b\,b., e„) and with constant coeffi- 

cients are commutative, 


the proof being similar to that for onUnary operators. 

Again, on a sufficiently difl'erentiahle operand /(^i, fj,), we have 

for every -.c c 'c -t 

‘ 1-L _ lii -4- 

'■i\ ' f.r, ' bx^ cf,,' 

Multiply by and Mini for .s Then, if P is the linear operator ^ “sS*- 

'I 

i.e. the formula of the total differential ertends to any linear operator P. 


(.-,4) 


f’l 

1 ^ ^ 2 




The general theory of commutative partial differential operators has 
yet to be v'orked out. The ea.se of commutative linear operators is 
covered by the following theorem. 


(.").")) (liven a set of p commutative, linearly independent linear operators 
in a field of n variables (p n). ire can transform to new variables 
(^,. f.j,.... f„) such that the operators become the fundamental operators 


<' i b 

Let P, Q be any two of the commutative operators and rj a function 
annihilated by P. Then 

PQij =- QPr, - 0. 

'I’lius (f-q i.s also annihilated by /'. But the general solution of the 
jiartial differential equation Py — 0 i.s y — /(ifs - -i y,,). where qo^ '-’Vn 
are ?i— I functionally independent solutions. We are thus led to the 
n — 1 eipiations 

QVr=JriV2 Vr,)\ (r = 2 «). (56) 

By (•'54), Q, operating on any function of the q's only, can be WTitten 

(QVi )-:^ — b — + 

t Here fr denotes an) indeponilent function aad not, os usually, a derived functional 
form. 



392 


THE DIFFERENTIAL CALCULUS 


[xni s 1 

and thus, in virtue of equations (66), is completely expressed in the 
field of n — 1 variables ■!}„). In this field the differential equation 
Qy = 0 has at most n —2 functionally independent solutions, say 

^3(V2>->Vn)’ 

Since these are functions of the tj’s, they arc also annihilated by P. 
They constitute, in fact, a complete set of w — 2 functionally independent 
common solutions of the equations Py 0 ~ Qy. 

If E be another operator of the commutative set, we prove in similar 
fashion that E^ is also a common solution of the two equations, that 
E may be completely expressed in tho field of w — 2 variables (^3,..., 
and that we may hence determine a complete set of n—S functionally 
independent common solutions of Py — 0, Qy ~ 0, Ey -- 0. 

Now let the p commutative operators be P^, P,,,...,Pj,. Proceeding 
in the above manner we can find 


a complete set of n—p common solutions of the equations 
Piy--=0, P22/ = 0. ..., Pj,y~-^. 

Again, by expressing in the field of w— p-i -1 common solutions of 
P^y — 0 ,..., Pj,y — 0, we can similarly obtain a common solution of the 
equations P^y ^ i, P^y 0 = 0. 

Call this and generally let 

(r=l,...,p) 

be a common solution of the equations 

■^2/ = 1. (« = 1, ...r— l,r+l p). 


Then in the field of variables - 

But P, anniliilates every ^ except and P^^, -= 1. Hence 


Pr 


b 


{r = l,2....,p), 


and the theorem is jjroved. 

It follows from ( 55 ) that, in a field of n variables, given any set of 
p(p ^n) commutative linear operators, we can always find n—p other 
operators sufficient to form a complete set of n commutative linear 
operators. For these remaining operators are in the 

transformed system. 
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The condition that the p operators be linearly independent is neces- 
sary to the proof, for, if P^, say, is expressible linearly in terms of 

Pj Pj,, it vanishes identically when express'd in a field of common 

solutions of P^y = 0, = 0, and the equations P^y = 1, 

P^y = 0, Pj,y — 0 arc incompatible and have no common solu- 
tion (i. 

To cover the more general case suppose tlien, that we have a .^et of 
'P+m commutative linear operators P^ of which P^,...,Pj, are linearly 
independent and the others Ppii,-..,Pp-r„, expressible linearly in terms 
of them. By the theorem {Ho) itself we can transform to a field of 

variables (^j in which the p oj)erators P^,...,Pp become 

f c 

■■■’ Wp' 

By hyiwthesis, any other oj)erator of tire set is then expressible as 

^-1 P 

These operators are ev-idently commutative with the operators 
{n if and only if every coefficient is annihilated by every 

i.e. if and only if every is a fvinction of variables 

alone. In this case, too, the m operators are also commutative 
amongst themselves. Thus 

(57) A set of p-rin commutatire linear operators of which only p are 
linearly independent ran, by transformation to suitable variables f,,), 
be ej'pressed in the forms 

(r=I,...,p), {s = p-\-l,...,p-rm) 

(ir '■-1 

where every is a function of alone. 

In a field of n variables there cannot, of course, be more than n 
linearly distinct linear operators. If p = n, it is a corollary of (57) that 
the ?H -f Ji coniinutative operators can be transformed into 

— (r =!,...,»), (s = 

Cir r~l C^r 

where every a„ is a constant. 

8. Alternants of linear operators 

For non-comniutative linear operators we are led to consider the 
alternant. We must first observe that 

(58) The alternant of tuv linear operators is itself a linear operator. 
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For, if P, Q are 2 “r 2 ^*> 

= 2 2 2 2 “r{^'rft)^*> 

r a a r 

QP = 11 A'’r«’«+ 2 2 

r s r a 

and the alternant is the linear operator 

2 2 1 1 

s r r H 

It is most easily written down, if we ojierate with P on the coefficients 
of Q, with Q on the coefficients of P, and take the difference. 

Let us denote tlie alternant PQ—QPhy tlie symbol (P, Q), the order 
of the letters being relevant. Then since (7^ Q) is linear, we can form 
its alternants with P and with Q n'spectively. namely, \P, (P, y)} and 
{41, (P, Q)]. These are again linear operators and may be used to form 
other alternants and so on It ma> be remarkc'd that given any three 
linear ojierators P, Q, B we have identically 
(oJ») {P,(<?.P)}4f4>,(ff P)}^|P.(7M^)} 0 

For, written at length, the left-hand side of (ob) is 
P(QB- BQ}-{(^I{ - B(^}P-t Q(IiP-l‘H) (KP-PB)Q-^ 

rB{PQ-QP) -(PQ -QP)R, 

and the operators cancel in pairs 

In particular, if P, Q are comniutati\<', we dednee that 

(60) \P.(Q P)} - [QAP-P)]- 

Now the series of repeated alternants that can be ronstnieted from 
a given pair of linear operators, ui general, does not lerminate. Con- 
sider, for instance, the pair 

P I'r- 14<r- 

r r 

The successive alternants are. except for numerical nuiltipliers. 

(P,4»)- 24 '<o 

r 

{PAP~Q)} = 14 -o 

T 

{{P^Q),Q) 24‘ etc. 

r 

A typical member of the .series is 

r 

where j), q are any jiositive integers. The e.vponeiit pk—p—q gives rise 
to a double sequence in all the terms of which are distinct, if 
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k IS irrational The alternants in such a case are therefore infinitely 
numerous. 


Now, if T) is a function annihilated hy two linear operators P, Q it 
is annihilated also by thtii alternant (P, Q) and so by every repeated 
alternant Hut. if rj is annihilated bj n linearly independent linear 
operators in a field of n lariables wc have n independent equations 


of tlie form 






C, Tj - 0 


which are satisfiffi only In <iij o ( ^Tj - giving the 

trivial solution t) corihtant 'Ihus if P Q are linear operators the 
pair of diffirenticil e(|uation Pi/ 0 Qi/ 0 has no common solution 
othei than i/ foiiitant iinl(s~ (ht succissnc alternants of P, Q 
form a rlosid groiqi of less than ii limarh indcjiendcnt operators 
E\identl\ a smiilar (onrhtion applies to the successive alternants of 
A ‘ quations I]y 0 (r 1 m) are to ha^e a com- 

mon solution otlu I than y constant We are thus led to consulei the 
jiossihihtv of <i gioup of o[>crators 1\ Pj such that for every pair of 


stifliM s r V 


PrP-J\Pr V„vP,- 


It can be sci n that wc obtain equations of the same form, if we replace 
anv 7' b\ ,i liniai coiubination 


of tlie P s Hence too vie must suppose the P s hiiearh distinct for 
otherwise soiiu of the 'p{/' 1) equ.itioiia aie icdiindaiit 

\Vc sliall sn that in virtue of the equations ((>1) we can determine 
p linear coiubin vtioiis of tlu /’ s that arc stnctlv coininutative and are 
theiefoie expressible as ( < cf,, To do this solv e the P s for any 

p of the fuiid.iiiu ntal o[Kiatois sav c c r, r cj-j, and so obtain p 
relations of the foi in 



(62) 
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Now the alternants of the Q’s are independent of 8p...,dp, since these 
have constant coefficients in the Q’s. But on expansion we have 

Hence we must have in every equation (G2) 

Pr = 0 (r=l,...,p). 

In other words, the ^'s are commutative and they are linear combina- 
tions of the P’s. Hence, by (55), the operators Q may be transformed 
by appropriate change of variables into djc^p...,djd^j, and accordingly 
the operators P into linear combinations of them. Thus 

(63) If the linear operators Pj,...,Pj, are such that every alternant is 

expressible as then we can transform to rariables ^„) such 

that ^ ^ 

+ (r = l,...,p), 

<?j> 

where is any function of the variables and. to avoid triviality, p <. n. 

If the P’s are not all linearly independent, the theorem can be applied 
to a linearly independent set of them of which all the others arc linear 
functions. This set, and hence all the P's, are then e.vprcssible in ttTins 
of some 8jc>^p...,tld^,^ where m < p, and so the theorem still applies 
but with some of the a's identically zero. 

As a corollary to (63) we have 

(64) If in a field of n variables the operators Pj,.. .P^ together with their 
alternants form a set of p linearly iwlependenl operators, then the equations 
P\y ~ 0 ,..., P^y — 0 have just n~p functionally iruJependent solutions. 

For, in the notation of (63), the variables that do not enter 

explicitly into the o{)erators constitute such a set of solutions. 

9. Adjoint operators 

Returnuig now to operators of any order, we may generalize for a field 
of n variables the definition of adjoint operators of § 3. We say that 
two operators P, P' are adjoint, if, given any i, q suflieientl}' dif- 
ferentiable, j, 

^Pq — qP'^ = 

r—J 

where (f>^ is a function of q and their partial derivatives. It is evident, 
as for ordinary operators, that adjoint ojxsrators do not necessarily 
remain adjoint for transformation of the indei)endent variable. From 
this definition we can deduce, as for ordinary operators, that 
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(05) (i) — 2 (— O're adjoini', 

(ii) given P, there is one and mdy one adjoint P'; 

(iii) if Q and Q' are also adjoint, then P^Q and P'±iQ' are adjoint 
and so are PQ and Q'P'; 

(iv) if P and Q are conimntatire, so are their adjoints. 

In the absence of a theory of the general solution of a partial dif- 
ferential equation of any order it is clearly fruitless to look for an 
analogue of (25) in the case of adjoint partial operators. 


10. Exact derivatives 


We conclude with the conRideration of a differential operator of interest 
in the Calculus of Vanation.s. Siipjiose y an arbitrary function of a single 
variable r, and, writing y,, for the wth derivative D^y, consider func- 
tions of the type /(r, y, Vi, .), where/ is a polynomial in every 

argument, save possibly r. Differentiation of such a function leads to 
a function of the same type with the highest suffix increased by unity, 
and we have, in fact, the identity of operators 


,, 0, <■ , f' , 

]) h.Vii ~ryz' 

cx -^ry "cyi 


or more eoneisely 


1 ) -= ( 




b 

^Vr 




(66) 


If in this way we have 

^{■‘'■y yi .v„ i) P(-T-y,yi 2 /,,-i S/J- (07) 

the form F is said to lie an exart derimtire. Clearly, not every function 
of the type / i.s an exact ilerivative, as, for instance, 

yl. .ri/j-, 2i/, ?/„sinr, 

and we are thus led to eon.sider criti'ria of exact derivatives. The 
following result is fundamental: 

(68) Exact derimtives are annihilated by the operator 
A - 

Tlie operator may be written as formally infinite, since it must cease 
at f’„, if i/„ is the highest derivative in the operand. This will be the 
case, if the operand is tlie exact derivative (67), where is the highest 
derivative in the primitive function /, Consider now' the alternants of 
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D with the operators d^, themselves mutually commutative. We have 
from (66) gjj ^ 


SjT) = Dd^-\-8, 

= Dd^+8^, 

S,.D^ n8„+8„^,. 


Multiply these equations in succession by 1, —D, {—]>)''■ and 

add. We get after cancellation 

A/>-- 


and hence, on (67), { — 0, 

since y„ does not appear in /. 

This prov^es the condition necessary. ('onversel.\', we can prove that 
(69) Functions F{x, y,yi,...,y^) annihilcited by A ore exact derivatives. 

First suppose that F is homogeneous of degree ?' in its arguments 
y, (/i,. so that, by Euler’s theorem, t 

(2/f+.yiri + . .4^„e'„)F - iF. (70) 


Introduce the set of operators 

A, = ^,-ZlcV^i-K..(-)'' 7>'' V„ 


('• - 1 «) 


We have at once 


A T f . 

- ("i. 


- ‘,r 

Hence, in (70), 

iF = y(^-^-D^l)F+y^{\-^D\)f i .V„ F 

yAF+D{y^^ F)^JJ0j^X^ F)-i ...-J I){y„ jA,, F), 

and therefore, if F is annihilated by A, it is e.\[)ressible as tJie e.vact 
derivative ^ f- V7(yAi-f-y, A^ ^ ... +y„ , \)F. 

If F is not homogeneous, se{»arate it into homogeneous (auls Fj, F.^...., 

AFjfAF;+. -t-AF, -- 0. 


F’, so that 


Now, by (66), the operator D is homogeneous in y of degree 

zero, and so the opei'ator A is homogeneous in them of degree* — 1. 
Hence, since Fj,..,,/^ are homogeneous of distinct degrees, so also are 
AFi,...,AF^, and thus their sura cannot vanish identically, unless each 


t Chapter V'l (47). 
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separately vanish. By the foregoing argument each is then an 
exact derivative, and accordingly every F anmhilated by A is an exact 
derivative. 

It is to be remarked that, when F is an exact derivative, the deter- 
mination of the primitive function / lias been accomplished by direct 
differentiation without need to employ the Integral Calculus.! 


FORKED EXAMPLE 
// A Id ttn>j f>nlutKjn o/ ilt( fhJJeruUtat iqnittion 

(6 »)f(S).V 

amJ n ritii) jios tut mliqi t . imu hn! 

1- "'Id I" ( )/()' 

Jn , ij til, 11 III' jiiistfiif ml((firi>, /dok thrit 

,'ir f_nr 

{!>" </“')■' - ( ,>l)"l)'{l-'J>'"-^j" . 


\Vnt> 

Ttieri 


'"" 'n f(h-r)ii)X. 

T () 


(3 m/i ~ ri)J(8)^„ ) ”'(8 «) 17 A(5— c/»).Y 


r "" n f(8 - nil) (8 -«)/(8)A' 


'"”"'11/(5 -rm)ki>"‘X, 1>> lU'finition of X, 


Thu-' 


1 n/(8 ~~rm)X 

T » 

"■(8 -o)/(8) / ',t, ” '"/(5)f„ 


— inn I-"" n/(5- inijX 

T B 

‘ ri/(s— 

} <> 

1 

tlvv" a u’cvivioiu’t formula Aud rorntMulnniuji thvu 
obtain |.i->"(8 -ay(8)-Aj"( ’"/(8).Y 

(-m)"(i';.t-'"/(S)!" LY, 

siiico I' '"AS)!" n'/(8- "»)- by (32). 

F' 0 

Foi llio'^orond ))ait lako 

f{h) 8(8 1).(8- »/-* 2), a ih — 1, I ~~ a^. 

t The siihjoft ih furtlioi dwmssmi in I'Hmtf, ’l/< of Math. 43 (1913), 87-92; 

45 (1915), 33-9, Chauinl), ibnl 45 (I9lb), IC8~7(i, 
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Thcai X satisfies the dififerential equation 

8(5-1).. .(S-»t + l)X = a’^x’^X, 

i.e. Jy^X = o™X, 

so that we may take X to bo c". Thus 

x-”‘(S-a)/(S) -= D". a.-’"/(S) = 

and the result becomes 

(Z)'"— 'e<". 
Since we may write this morei simply as 

f,OX -Mf 

(D^-a’")"— -= (-?w)"n!(r->D”'-»)" — , 
which is the second result. 


EXAMPLES XIII 

1. If y(j-) is any dilTerentiiible function, prove that 

v’ZPy® — 2D{y‘D‘‘y). 

2. If H IS odd, prove that 

(DM 32)(DM.'>‘)-(0’-i nMin'-r alsm.r, 

(D^-^ l)(D®-i 3®). ..{/)• f (n— 2)®!sm”x - (a— 1)' sin ii.r. 

3. For any positive integer r, prove that 

J{b)D^ = D'(/(S)-r/'( 8 )+ 2 -,r®/*( 8 )-...), 

U'f(S) - (/( 8 ) rr/'( 8 )+ir®/'( 8 ) ) ...)fA 
and more generally, if gr(.r) is q polvnomml and we wTite b'g(j ) g,(x). prove that 

/(8)!7(i3) - -lyjtWnb)-:., 

g(D)f(b) =/(8)y(D)T/'(5)?,(D) f ir(S)y,(D)-.,.. 

4. If Dj -■ xiD, Dj x~iD, prove tliiit 

x(Dj7>,-/).D,), DjD, + D,7I, 

are commutative, and that 

x*(Dj D, - D, D,), .t®(D, D, 1 D, Dj), a:‘(Dj DJ ft, - /)i D® D, ) 

are cominutativ^e. 

5. If m, n, p are positive integers, jirovc that 

(i) D"x'’“*logx - (n— 

(li) D"x"logx — nl^logar— 1 f t “)> 

(in) a 5 ’*+®/J"x“‘ log.t; ( — )"n'.^loga :— 1 — i — ... — -j, 

(iv) tn)"x™(logx)" - win!, 

(v) x"’~’‘D"x"(log x)” IS the coefficient of t” in the expansion of 

pl(t 4 -n)(td-n— l)...(/+n— ni-i-l)x®. 
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6. Show that 

(i) £>"x"~ioxp(a:”i) -- (— )"x~('*t*>cxp(x~’), 

(ii) - a(af l)...(a • 

7. If - tX 1 and y(x) i*- any diflorentiahle function, show that 

' ' dx“ ' ' dX" 

8. Pro\(‘ the ccjuivali-nce of tlio pairs of operator ^ 

(i) -- 

(11) ( t-'O)^^”’ - IP'*-', 

(ill) - L'V-'IO"+>, 

(iv) (J"-1'D"|’' 

y. Pro\C‘ tlio cquualencc of the pairs of operators 

^ . {„ ;)!.(«-?) . c... 


(111) (d4 




10. If o, h, r,... art' po-.iti\»' intoRors and wo write 

Aa - etc., 

prole that A^, A,., A^, .. an' eoiiirnututii e opc'rators and that 
■^u A,. ^ Aa , 

If III, II are positive integi i-s and m > ii, pio\C' the equiialenco of operators 

11. iSliow that the two fimition-, 

siitisfj the differential eijiiatum 

d‘i/ «(h-|-1) 

jp-d- -p-d. 

and that the three functions 

e'l-'cos i.rv3, ixs'3} 

satisfy the differential equation 


d’l/ 3(w»-r a) d*(/ j 3m(3n-i- D <f.y 
dj ■* .1 dj ^ .c- d r 


SDill 



402 THE DIFFERENTIAL CALCULUS [XIII Exg. 

12. If f, g are polynomial functions of their arguments, show that 

lim/(D) (?(»•) ^ lim g(D)f{x). 

®-^0 »-^0 

13. If P is a polynomial operator and Ui, a, a„ oro distinct numbers, show 

that any solution of (P^a,)(P-a^)...(P-aJy = 0 

can l)P written in the form 

y = biVi+^tVi+-+Kn>f 

where -q^ is a solution of {P—a,)y = 0. 

14. If P is a polynomial operator of order n, and qi arc n linearly distinct 

solutions of P™!/ = 0 not also solutions of — 0, show that a complete set 

of mn linearly distinct solutions of = 0 is giv'cn by 

Vi V«- 

Ptji, .... Pij„, 


P™-'r;i, ..., P™-’r?„. 

15. If A is the alternant of P, Q, prove that the alternant of Q” is 

r-O 

Prove that, if P,f{Q) are commutative, so arc P, Q. 

16. (i) If /, g ore polynomial functions of their argiirnent.s, show th.ar 

j(^+^)yiy) - 

(ii) If a,, (3, denote functions of x, and if 

^ i'pj pg o'’(/c7't 


show that 


21 py ey p/ j 

{x'd/r 

r-l 


d. 


if and only if the operators 
are commutative. 

(iii) If the operators '^a,^x^D’, arc comiiiutativo, where o„, are 

constants, show tliat the operators ^ ^ are also eommutatire. 

17. If P, Q, li are mutually commutative, pro\e that, given p, we can find 
q, T such that the equations 

{P-p)y --- 0. {Q-q)y = 0, (R-r)y -- 0 

have a conunon solution. 

18. Show that the operators 

Pr - (xiyi*- jnI>')x-iZ)’“ (r - 0, 1 m) 

form a set of m-i- 1 mutually commutative operators and that the equations 
(P, — = 0 (r = 0, 1, ..., w) 
have a common solution y — (cx — m)c“. 
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19. If P ( - D^ + ...) 18 self-adjoint, prove that the solutions of tl 

equation Py - 0 obey relations 

7n w 

2 = <• (p + y < Wl-1), 

T“1 B-1 

j- 1 (p + g = m~l). [Darboux.] 

If P ( and Q ( D*” 1 are commutative and each self-edjoirl 

and if t), IS now the common solution of 

Py - 0 (Q-q^)y (r - 1,,. ,m), 

prove that the above relations simplify to 

•^aAP''n,)(iy‘r,,) =■ 0. 3:1. 

20. Show that the express) n Py becomes an exact derivative when multipliei 
arij function tlmt is anrii' iluled by the adjoint operator P'. 

21. If |o„l dc iioies the deteimmant wdiobc tjqiicnl constituent is a,,, prove that 
(i) in the field of n* \ai tables (j, 1 

- 'i'. 

(li) m tiK' fiold of n v’nnablfs (X|» 


Prove that in the field of n variables (.r,. .J,,) the result of operating on 
the eir( ulant whose fii'^t row i- x,,rj, .,x„ by the circulant whose first row is 
t,,c,. IS a". 


22 If 


e 


c c c 

j , 

c V < y cz 


show that 


6(0 -1) 



where flit' sumiiiatioii i- taken over nil positive integer or zero solutions of the 


23 I’love tlint the operator 


cfTj.rjlcs:^ 


IS self adjoint, and show that any seIf-a<ljoint opciator uif )4-oit^^^ e:,?, can be 
put into this form bj propci choice of ij. 

24. If the p operators 

u,- c«ri'i-i • (r = 1, .,p) 


are eoiiiiiiutativ e, piove that by projxir choice of variables they are 


reducible to 




1, .P). 


wilt re a is the same for every operator. 

25. Piove that the pair of operators 

4. ^-‘4-4. where 

are adjoint, when transfoniKHl from variables (fi, ...f*) to variables 
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26. If $ is homogeneous of degree m in a:,,..., and if P -- 2 ^,8^, prove that 

If Q ss 2 where every a, is homogeneous of t)ie same degree n>, jwove that 
the alternant of P, Q is (m — 1 )(?, and of P, Q‘ is a(m—l)Q‘. Provo also that 

/(P)Q = Qf(P^ m-1). 
f(Q)P ^ Pf(Q)-{m-\)QnQ)- 

27. Show that, if p, q aro integers, thi' series of suoee.ssive alti'rnanta of 

is endless, unless one of 7 J— J, ^—1, 7 > f ? — 2 is zero. In tlieso cast's rcsiuco tliem 
to the 8 j>ecial forms of (63). 

28. Show that tho ojv'rators 


n^i 1 ^2 — 

cjt'i <.rt 




<:• c' . c 

CXi 




^'a 1 ^4 T r***h^'2 — 

cXi {‘.r, 


are commutative oxul rtHluoe thenx to the spcH!iftl forms 


($ 1 ' ffa' 'it 

Henee or otherwi.v obtain the complete M’t of >» eonumitative opernlors of which 
the thrcH' given operators form ^ttirt. 

29. Obtain the altemant B of the operators 


SI X, 

0- X 




,0- • 

‘ S I»_| < ■'/l-t ' 0 

and show that the thri'e operatoi's O, O, B hn\e no altenmnl linearly distinct 
from themselviv. 

Show tliat the oiwrators 

are commutative, if I-f I"' -- 1. 

30. If m, u are positive integers and P ilenotes the operator .it |,y< show that 

I p pt in 1 O' 

V ?n!(n - 111 )'. 

31. If f{x,y) is a |K)lynomial, show tliat 

exp(«x^-)exp( 6 y - /l(l I ah)x ’, hi/, a.r ^ yj, 

and effect on f(x,y) the operation 

cxp(-ax^^)exp(- 6 i,^yexp(o^,yexp(<.i//^). 
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on any polynomial replaeon x, y bj’ px-\-qy, rx 4 sy. 

Obtain an operator of this type that will ehange a polynomial /(.. . y) int< 

/(?/. -*)• 

33. Show that, apjihr-d to any polynomial, tVie operators 


<xp 




2 


(A ]f.K \-a'’ -\Yif 


'i:y‘ 

F »» r (► 

iuv ctjui\ alrjit , 1liat tlu-ir • tToct to roplacc* x, fj by A.^, A“^y. 

34. Prci\’(' that, if/ u u iiolyjirnnial. 


1 '' a Mjhition oi tla* fiftlorciitial equation 
uiui HO aro tla* n oxpr<*‘<siorK 


<z c'^z 

< X < I/"* 


2 f' 

ip "-!)■ 

T (J 

S-j. II /(t), g\t) are jKilynomiiiK in /, show that the partial differential equation 

:: - '(,y= 




has tin* scilution z exi)j.j 

3(5. ShcAv lhal tl»»' paiiial dilliiontial equation 

< Xi if 

has the f^ymhoUrnl •solution 

'X 

y{.’ »)'!/(■'•) 

rsO 

where /, f/ are arhitrarj' fimetioiih. 

37. If «. e, w denote function.s of .r, y, show that 1 he partial differential equation 


-r II — q- r— -t tt' = 0 
ext 1 / t'x cy 


has a irytnbolical solution 


y|^^. (iir+«j— tt-)-^(u+a^)| /(x). 


whore a, — — a and J(x) is an arbitrary function of z. 
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38. What conditions, if any, must be imposed on m, n, p in order that, in the 
notation of § 10, 

ynVn' + pH'l/nym-t p* 

may bo exact derivatives. When tho conditions are satisfied, obtain the corre- 
sponding primitives. Show also t hat one of 

l/m Itn ‘ pi 2 /m 2/m i p 

is always an exact derivative, and that, if ni + n and p are both odd. 


Hm 2/ft t p i 2/ft 2/m 1 p 

is on exact second derivative. 

39. Show that tho fractional cxprassien 

yyiiy\ 

is aiiniliilated by the opi'rator A of (68), Js it an exact derivative? At what 
point may the argiimi'iit of § 10 fail in being applii-d to fractional expressions? 


40. If (r — 0,1 « — 1) 


are all exact dernatnes, show that F itself is an exact nth deri\ali\e, and con- 
versely. 


If 


A, l)Df„ 


(r+l)(r-i 2) 
2 ! 


OV,,,-.... 


show that on exact nth derivative is annihilated by A, A,,.... A„_i, and, conversely , 
that a polynomial /’(x.y, i/j,...) annihilattHl by each of lliese n t>]-HTnfors is an 
exeict nth derivative. 

41. If F{r,y,y^,...) is an exact derivative, show that cFjtx, <F,cy aie also 
exact derivatives. 

If F IS an exact ntli donvativc, show that c F,cy, (r ti) is an exact (»i- r)tli 
derivative. 

Obtain III each ca.se an expri-ssioii for the eorresfionding jininitne. 

42. If there are two dependent variables ;/, z. prove that tlio eonesjKinding 
annihilator of exact dcnvatixcs F(x,y.z,y,,Zi....) is 


t - i' 

^Vt '"i 

f'y 


Vi/i cz^l Vi/j ez^> 


If P, Q are two ordmary differential operators and P', Q' their (uljoints, prose 


that 


^^J,yPz-zQy) ~ (P-Q')z ^ {P' -Q)y. 



XIV 

EXPANSION IN POWER-SERIES 

1. The practical problem 

In chapter VIII wo considered, at some length, the question of the 
expansibility of functions in power-series. The approach to the question 
was essentialljf theoretical: we were concerned with existence theorems 
which should decide what classes of functions are expansible in power- 
series and under what conditions. Rut those theorems, once they have 
decided the expansibility a particular function, give little help in the 
practical probleiu of obta.ning its expansion in concise and explicit 
terms. 

It is that practical problem which we are now to consider, completing 
the earlier theory with convenient methods of expanding specific func- 
tions. In applying these methods we shall not need to make a pre- 
liminary test for expansibility. For we have, in any case, to settle 
whether a particular method of expansion is applicable: if it is, then 
the c.xpansion itself answers the question of expansibility. 

The problem, of course, is not essentially a problem of the Differential 
Calculus: algebraic methods arc used with much effect in certain cases, 
but their general scope is limited, and the Differential Calculus, as 
a rule, proves a much more powerful instrument. 

2. Taylor’s series and Lagrange’s series 

Now, by chapter VIII (11), we know at the outset that the expansion, 
when it exists, is necessarily a Taylor's series of the function. The 
expan.sion can therefore be written down when we can evaluate the 
Taylor's series, that is to say, when wc have a convenient formula for 
the 7ith derivative of the function. As we saw in chapter V § 2, such cases 
are very rare. We may cite e^, sin.r, or more generally e'“sin(6a:-j-c); 
and certain algebraic cx{)rcssions that can be expanded equally well by 
elementary algebraic methods. Taking as sufficiently illustrative, the 
argument would run thus: 

< c^'’‘ < e, if n > r. 

Thus 

is bounded in any finite interval and therefore, by chapter VIII (19), 
is equal to any Taylor series, t and. in particular, to the Maclaurin- 

t The expansibility of f* haa already boon established (chapter VIII | 9). It is 
repeated hero for completeness in au dlustrative argument. 
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Taylor series in any finite interval of convergence. Since 
we at once have the expansion 



0 


( 1 ) 


Lagrange’s scries arises as a by-product of Taylor’s series, applicable 
to functions defined implicitly. Here, too, the actual expansion itself 
forms an integral part of the existence theory, and the practical problem 
is solved whenever certain nth derivatives have a convenient form. The 
theory is covered by theorem (10) of chapter X J. but is stated explicitly 
in example 20 of chajrter Vlll. It is briefly as follows. 

If y is defined as a function of x by the e<juation 

y = a+x4>(y), 

where, when y is many-valued, that branch i.s taken which converges 
to a at x = 0, then we can expand /(y) in the series 


M = /(»)+ 2 ^ ( 2 ) 

n 1 

provided that f(y), if>{y} are analytic functions of y. and 1 ~x^'{y) does 
not vanish. 

Here again we do not get a con; eni«‘nt form for the tyi)ical coeflicient 
in the expansion except in a few special ca.se.s of whieli the follo\;ing 
are sufficiently reywesentative. 

Take <f){y) “ t/"', /(y) _ y''. There is no los.- of generality if we jiut 
a = 1, so that y is a root of the equation 


1 -- b. (3) 

and the series is 

-(mnA-p - n | 1)^„ 

I ■ 

If now we take /(y) ^ log y, which of course corresponds to the limiting 
case = 0, we get 



{mn--\)(vin—2)..{mn—n-\ 1) 
n] 


We should perhaps note that p -= 1 in (4) gives y itself as 


(5) 
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If w is a positive integer, we thris obtain one root of the trinomial 
»i-ic (3). We could set about to apply this method to determine the 
remaining roots, but tlie complete solution of (3) is more easily dis- 
cussed when we can call in the methods of a subsequent section. 

Again, take c", /(y) zr a = 0, so that y is a root of the 

equation 

^ y = 3-cw, 


(h-tc)" 


^ 921 


(7) 


and the series is po/ = l- 

1 

We may eliminate r and write tlirs exjthcitiy as 

L'-'j - j y y ^ . (8) 

ri\ 

I 

Had we taken /(y) ^ y, we .should have obtained the similar expansion 

■J- 

which is therefon* the exjiansion of y{jc), the function inverse to 

•<■(.'/) ye-''. 

If, in ("), we vM'ite p" _ y'. and drop accents, we have 


?i! 

i 


where .r -- y ’ logy; let us say 

I ^ V ^ 'os.'/)" 


( 10 ) 


( 11 ) 


In ])articul)ir. c — 1 gives 


y 


- 1+ y 


(n-t-])''-V' 


(12) 


which is the cxjiansion of the function y{.r) inverse to the function 

Ay) - .v~'iogy- 

It is obvious that the .series (9), (12) are closely connected. 


3. The integration of a known series 

From the jioint of view of this book the method of this section is pre- 
sented rather ns the differentiation of an unknown series, but the dis- 
tinction is, of course, immaterial. We comjiarc a series 

on 

8(X) -- 2 

n-0 
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00 

with the series S{x) = na^x'^-^ 

n=l 

obtained from differentiating «{*) term by term. The known facts are 
these, t 

If S{x) converges at x = f , then s{x) also converges at a: = ^. More- 
over, both series converge uiiiformly over the closed interval (0, f ) and, 
throughout this interval, S[x) is the derivative of 8(x). It is sufficient, 
therefore, to write merely 

m = 

The intervals of convergence of the two scries are the same, witli the 
possible exception of one or both end-points; liere 8[x) may converge 
although S{x) do not. At such an end-jwint must be examined 
independently. But, by what has been said, s{x) conv'erges uniformly 
up to this end-point and so its sum is continuous there. If, as is generally 
the case, the expression we have found for s{x) as the integral of <S'(r) 
is also continuous at this end-point, then the e.xpansion still holds at 
the end-point. 

The constant term Oq in ^(.r) is absent from S(x)‘. it is, in fact, the 
arbitrary constant of integration. We determine it by setting - 0 
The following exami)lcs show this method applied to the exi)ansion of 
certain elementary inverse functions. 

Write sfx) rs logfl-j-r). 

Then s’(x) — (1-f-x)'^ -- l-r-fa-- - ... to 

and 8{x) -- af,-{-x~lz^-\~lx^— ... . 

But Og -- s(0) 0, and .so 

log(l-far) -- j;— ... to a . (13) 

The differentiated series converges in the ojk'u interval ) Tlie 

series (13) converges at a: -=- 1, though not at x- -- —I, But log(l-f;r) 
is continuous at x =■ 1, and (13) therefore holds throughout the half- 
open interval )~ 1, 1). 

W'rite .!(x) ~ tan“’x. 

Then s'(x) — (I-fx*)“* = . - too:), 

and 8(x) = 00 +^- • 

If tan“^x denotes, as usual, the principal value of the inverse function, 
then ag ~ 0 and we have 

tan~'x = X— Jx®-|-ix*'— ... tooo. 

I Cf. chapter IV (74). 


(14) 
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Here again the differentiated series converges only in ) — 1, 1(, but s(x) 
itself converges at x = 1, though not at a: = —1. Now tan-^x is con- 
tinuous at X -•= 1, and therefore (14) holds throughout )— 1, 1). 

The corresponding formula for the inverse hyperbohc tangent 

tanh-ix == (15) 

1 — z 

is at once declucible from (13). It is valid throughout (—1, K. 

Write ‘!(t) ^ 8in~*x. 

Then 6'(x) - (1 .. i-, .. toco, 

and •’(■?■)— «() I X 4--. — -f ^ + ..., 

33^2.45 

If airi"’ z denotes, as usual, the principal value of the inverse function, 
then 0(1 --- 0 and we have 

. , I x’ , 1.3 x5 

siiri.r - .r-f-. _.-.f ^ ^.- 4 -... toco, (16) 


== 1 - 




Again, the differentiated series converges in the open interval )— 1,1{. 
Now. if (/„ denote the coefficient of z^'‘~^ in (16), we have 

(2«-l)2 
»„ 2>i(2n-T-l) 

and therefore, by a standard test.f ^ n„ converges. Thus (16) converges 
at z - 1, and sin '.»• is continuous at these two points. Hence (16) 

holds throughout the eloK'd interval (—1, 1). 

Similarly for the inverse h\{)erbolic sine we shall have 

sinh '.r - log{.r-^(x--f 1)} =- x--.-^- 1 - 2 - 4 -- 5 - 
which, again, is valid if x! 1. 

We cannot, of course, expand 

cosh-’x — logfx-fy'fx^— 1)} 
in ascending pou'ers of x, since this is real only if x ; 
imstead ^ log|l_(.,^/(j_a-2))_]ogx. 

Take «(x) -Hr Iog{14•^'(l-x'*)}. 

-x/v'(l-x=) __ _ l-(l-x2)-4 


to CO, (16') 


1. We consider 


Then 

Thus 


«'(x) 


lfx'(l-x2) 


s'(z) 


1 

:)■»- 


1.3 


xV(l-.r^) 

. 1.3.0 . 

— z^ 


X 

to CO. 


2.4 2.4.6 

t Cf. Bromwich, Infinite Series (1926), 39-40. 
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Now «{0) = log 2, and so 




1 a-* 1.3 X* 1.3.5 


o z" 
2.T6"ie 


As with sin-^r, we can show that this is vahd, if \z 
sech“^a; = log{l-f-.^/(l— x*)}— logx 

x* 1.3 X* 1.3.5 x'’ 


.... toco. (17) 
1. Thus 


^2 
<> ' 


^'^^(x) 2‘2 2.4' 4 2.4.0' 6 


— ... toco, 


( 18 ) 


which is valid only if 1 > x > 0. Similarly 
coseoh-‘x = log{l+.^/(l+x^)}— logx 
x2_ 

\x/ ■ 2' 2 ~ 2.4 
From (17) we can deduce immediately the expansions of 
Iog{l - v( 1 - log{^'( 1 +3-) ± v( 1 - -r )} . 


= tooc. (19) 

2 2 4 4 2.4.0 0 


4. Two important trigonometric series 

We may consider here two other impf>rtant trigonometrical series of 
a different type. For the first, write 

/(x) = xsina+lx*8in2a-(- Jx®sin3x-h... toco. 

By Abel’s principlef tliis is known to converge when .r ■ 1 ; it therefore 
converges uniformh' over the closed interval (0, 1), and. in particular, 
is continuous as x 1 — . 

Term-by-term differentiation gives 

/'(x) — sin a-fxsin2,\-i-x^sin 3 a---.... 
which converges in the lialf-ojK'H interval (U. 1(. There is therefore 
unifonn convergence over any closed ink-rval (0, 1 8) where l> -0, S - ' 1 , 

and the term-by-term differentiation is legitimate throughout every 
such interval, i.e. at all points of (0, 1(. 

Elementary methods give for the actual sum 

^ 

1 — 2xcOSn[-f x^ ^x\ 

w'here, to avoid ambiguity, we define the inverse tangent to mean the 
appropriate angle l.ying between ^n. Thus 


tan-’/’^-T-^^^il, 

\ Sinrv /) 


/(x) = tan 


,/x— C 08 a\ 
\ sin a / 


(0 X < 1) 


where C is a constant. Put x = 0, and we get 
C -= tan'*(— cot^) 

= a+(m— J)»r, where n is some int('ger or zero, 
t Cf. Bromwich, Infinite Scriu (1926), 67-60 (§§ 20, 22). 
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If we now restrict a to the open interval )0, ■jr(, we have n — 0, and so 

(0^. x< ]\ 


f(x) = tan->(^^"i^?)-c.+i. (JJ 

\ sin a / \0 


a < 77 


Now we have seen that f{r) is continuous as x 1 — , and the inverse 
tangent is also continuous there, since sin a ^ 0. We may therefore 
proceed to the limit and get 

/{]) tan-*(tan la) — a4-i77 = l{7i~a), 
taking tan"*(tan Jr») = since f> < \y <1 ]7r. Thus 

1(77— a) — sina+4sm2i-)-_lsin3iv-f- • to x> (0 < a 77), 


since we may include th<‘ trivial ease v - - tt. 

If we write 277— n for both sides of this expression change sign; the 
result thorefoR- holds over the wider interval 0 < a < £77. If we write 
2n77+c7 for iv, wdiere n is an integer, the series is unaltered, but the 
expres.sion on the left is diminished by mr. We therefore have, for 
any c«, 

1(77— a)+7!7T - sinar:S'J^-’‘i'5'''n3a+... to x. (20) 


where 2«77 < < ( 2 «+ 2 ) 77 . 

Wlu'ti a = 27177, the .series still converge.s hut to the sum zero. Thus, 
as we have already e.xplained in an eailier cha])ter.| the sum-function 
of the series i.s discontinuous at all the points a -= 21177, where n is an 
integer or zero. 

We can deal similarly with the allied series 

(j(x) -■= .r oo.s n-}- lx- cos 2v-j-Ja^ cos 3a tox. 

Thi.s again is uniformly convergent in (0,1) and therefore continuous 
an X ] _ , The differentiated series 


g'(x) = cosa4-xcos2i+a:'eos3a-(-... 


converges in (0, 1( to 

1 log(l — 2.rcosaH-.r^), 

1- 2.reosa-f-»'" 

the differentiation being valid throughout this half-open interval. We 
therefore have 

g{.r) -= C-.Uog(l-2xcosa+x=) (0 sj x < 1) 
wliere C is a constant, wdiich, by jnitting x = 0. is found to vanish. 
As we have seen, g{x) is continuous as x-> 1 — , and the logarithm is 
also continuous there, if a 9A 2/177. We may therefore proceed to this 
limit, whicli gives us 

log A cosec ia — cos a-j-i cos 2ot-|- J cos Sa-f ... to X (at 21177). (20) 

t Cliapter II § 7, p. 36. 
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5. Expansion of certain products and powers 

This method may also be applied in repetition to obtain the expansion 
of certain powers and products of inverse functions. f Thus write 
S(x) ~ a;-(l + i)a:*+(] + i+J)a;3— ... to oo. 

The typical coefficient ' , , , 

l+^ + r>+-+- 
2 3 n 

diverges like log«. The series S(x) therefore converges in the oj^en 
interval jx] < 1. In that interval we have 

S+xS = x—\x--\-\x^~... — log(l-fx). 

Thus S{x) = ^ Hlog(l 

and so 

Klog(l+x)P = |'-{l-fi)"^+(l + .l + J)~— • tox. (21) 

To consider convergence at x = 1 write 

\ 2 «/«-)- 1 

, I , , 1\/ 1 1 \ I 

> 0. 

\2^ ^ «/(»+!)(« + 2) 

Thus v„ tends monotonicaJly to zero, and the alternating .series X ( ~ )”^ii 
is convergent. Hence (21) holds in the half-ojK'n interval )- 1, 1). 

More generally, if denote the sum of products, r at a time, of the 
first 7j, reciprocals 1, we can prove that 

{10g(i +3:)}'’‘^* C,.^ ..Jj *^r+l,r^-ri t_^'r+S.r TtS tox 121’i 

(r+1)! ~r+l r+2 ' r + 3 ■ ' ^ ’ 

For, by definition of c„^, we have at once that 


_ 'r-l.r-l 


' /i.r 


(n r). 


DifiFerentiating both sides of (21') we need to show tliat 
{log(l-fx)} ^ (l+x){f.,.^x^-r,^.,,x'^M-c,+ 2 „x'+==-...} 

_ ijf+ii , by (22). 

r r-{-l r-h2 

t Direct algebraic inetliods of obtaining the some resulta will also auggecit thonuieUtMi. 
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This is again (21') with r — 1 written for r . The formula therefore follows 
by induction, since we have already proved it for r = 2 (and r = 1). 

It remains to consider the convergence of the series on the right 
of (21'). We first prove inductively that 


Cn.r (l+logm)’-/r! 

This is true for r — 1, since, by a fundamental inequality. 


<log/l-l-— ), 

7ft+l m)’ 

1 ^ ^ / 1 \ 


and therefore 1 


i.e. j < 1-flogw. 

Again, suppo.sing (23) true for r— 1, we have from (22) 
(I+logw)’--! 


^r..r 

r Iog(i l/w)(l 4-log 


■ by (24), 


'23) 

(24) 


< 


{ 1 + log( 1 4- 1 /n ) 4- log w }'■— ( I + log «)’• 
r! 


Thus (l-rlog(n + l)}Vr!-c„+i_,. ( 1 4-log n)7r!-f„,,. 

Using this inductive^ we at length get that 

[14-log(« ^ > (1-r log r)',r!-c,_, 

> 0, since — 1/r! 

'Thus (23) i.s proved. 

Hence, if «„ =: fr^„-i,r,'(«4-»') 

is the typical coefficient in (21'). we see from (23) that -> 0 as 
?i -toc But 2 diverges, since evidently c„_, > 1/r!. i.e. the series 
in (21') diverges at x = —1 (as we should expect). At .r = 1 tliis 
series becomes ^ 

Now' 


1 — «„ 4 .» 


^r+n,r 

r4-a4-l 


^r- 1 -n-H.r 

r4-a4-2 


-'’^^r+n-fl r4-n4-2) (r-4w + l7(r+«+2)’ 

^r-f7i,r ^r+7i,r-l 

“ (r4-«-4l)(r4-«4-2)’ 
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Hence 




< 


*^r+n.r~t~^r+H,r-l 

(r-l-»+l)(r+m+2)’ 


and so, by (23), as n-yoD, 

!«,, n— (1 > a > 0). 

Thus the bracketed series (M 2 „ti~“ 2 »+ 2 ) converges, and therefore, 
since !(„->- 0, the full series — also converges, and (21') holds 
in the half-open interval )— 1, 1). 

In like fashion we can show that 


^(tan->a:)* = |“-(l-fi)^+(l-f to ot, (25) 


llog(l-(-a:2)tan-i3; = (1-f l)~_(l-f 1-f J fi)^--p 

3 5 


+(i- 


-h+i+l+i- 


■’)?-- 


tooo, (2(i) 


the expansions being valid over tlie half-open int<'rval )— 1,1). For 
further products or powers of tan~*a- and Iog(l-f j") the expansions 
are less manageable. 

A somewhat .similai expansion is that of 


We have 


log(I-f-a-)log(l -j)-J()g(l-a-2) 


;;-{log(l-r.t)log(l-a-)} 


]og(l-3-)_Iog(l-(-.r) 
1 t- X l—x 


Now, as above, 

to 3D 

i-j-X 

and so 


log( 1 -aO _ 1^(1 +«) 
1+r 1 — 3: 

Thus 


— 2{x4-(l — 1 (1 — l + J — 


log(l+ar)log(l— 3;) 

= tooo}. (27) 

and so 


log(l -f a:)log(l— a;)-log(l — 

= tooo. 

(28) 
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As an example of somewhat different type we can show that 
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_ ^ n+l (w+l)(w+2) 

(n+])'r 1! (n+2)! ”2!“ 

(29) 

For, differentiating both sides, we have to show that 

j.ng -1 j-n-rl j^+2 

n\ «!"^l'w! 2!n' ’ 

which is right. We adjust the constant term m (29) by setting x = 0. 
The expansion is valid for all values of z. 


6. Recourse to a differential equation 


To obtain the expansions of powers of sin^^x the foregoing methods 
must be somewhat extended. Let us consider first the expansion of 
(sin~^x)*. We WTite 

filTI — J ^ 

~n “i^+"3a^-r«53r'+... toco. (30) 

We may assume the series of odd powers only, on the right, since we 
know that the expression on the left is an odd function of x. Then 

.,,'(l-x«)sin-ix = aiX+(a3-ai)xH(a6— 

Differentiation gives 

1--^--^ = Oi+3(a3-ai)xH5(a5-a3)x^+..., 

and so, from (30), 

1 = aj-f-(3a3-2ai)x*+(5o5-4a3)x«-f ... . 

Hence we must have 


= 1, 


bUi — da3. 


and so (30) is 


^ to 00 . 

V(l-x*) ^3 ^3.5 ^ 


Integration gives 


yl y* 9 4 -.6 

i(sin-x)^ = - + “ 3 .-+“^g.^ + ... tooo. 


(31) 

(32) 


Of these two expansions, (31) converges in the open interval [x] < 1 
and (32) in the closed interval |x| < 1. 
aMi £ e 
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We may extend formulae (31), (32) to higher powers of sin~*a;. Thus, 
write 


(sin-* a:)® 
27(1^) 



1.3 

2.4 


a^x* + 


1.3.5 

2.4.6 


ttg *»+... 


to 00, 


the expression on the left heing clearly an even function. Then, as 
before, 

^(8in-ia:)V(l-ar®) = a, i(3a4-4ai,):^ + ^(Sag-da, • 
Differentiation gives 


sin-* a: 
i.e. 


a!(sin-*a-)® 

27(1 -x-n 


" 2 •'^- 1 - 5 (304 — 4fl2)a:» -f (Sflg — 6a4)x® -f . . ., 


+ = a2*+'(3fli- 302)r®4- '■^(5f/,-r)fl4)i-®f... . 


Thus a 
which gives 


Oj Ua 


1 

3®’ 


1 


2!7(l-r®) 2 \ 3®/2.4 ' \ 3® ' 5'*/ 2. 4. 6 


(sin- 


(33) 


3! 


2 3^\ :i-l‘2.4 5^1 ' 3®^r>®/2.4,6 6 

(34) 


The general formulae can l>e show’H to Ix' 


(sin-* a:)®'* _ „ 2.4...{2w — 2) x-” 

~~(2ny. 2»-2.«-i 1) 


2.4...2n 




‘^^®'''"~’3.5...((2n f l)'2rt-t 2'*' 


+Cj 


'2n f2,« -1 


2.4...(2w4 2) a-*''-"-* 
375~(2nT 3 ) ■ 2T-f 4 ’ 


to X, 


(8in-‘a;)®"+* „ 1 . 3...(22t— 1) 3 -®"'* 

’”(2m+l)r ~ "^2.4...2« ■2n4-l"'‘ 

„ 1.3...(2«+1) a-®"+* 

2« ■.!.« 2 4 (2n -t- 2) ■ 2w+3 

,, 1.3...(2n+3) ar®"ti; 

+ *«+an2,4..,(2n+4)'2w+6 


to X, 


(35) 


(36) 


where Cg„^ and (?2„+i_r denote the sums of the products, r at a time, 
of 2-®, 4-®,..., (2w)-® and 1, 3-®,..., (2nH-l)~® respectively. We give 
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subsequently another proof of these results that is more easily re- 
membered. 

The corresponding formulae for powers of sin.h~^ x, i.e. of 
can be written down by analogy. 

The argument underlying the above analysis has been tacitly tiiis: 
we know a priori that ( 1 — x*)-* sin ’ x is analytic and can be represented 
by a power-series of the form (30); this power-series and its first deri- 
vative satisfy a certain identity and, as a consequence, its coefficients 
must be of the form stat<-<l. \Vc ca;', however, recast the argument 
so as to dispense w'ith the ])rcsinnption of expansibility. The identity 
satisfied, for in.stance. by the function 

// (1— isin ’.r 

is actually /Jj//(l-.r-)} ^ 1— x?/, 

i.e. is the ditTcrential isiuation 

1. (37) 

By retracing our analy.si-- we can show that the .series (31) also satisfies 
this differential equation. Thus the scries and the given function are 
both solutions of the same differential equation. We have still to show 
that they aiv tlie same solution. Now the differential equation is linear 
and of the first order. Its general solution is therefore of the form 

y --- 

where n. r are given functions and A is thearbitrary constant. Actually, 
the general solution is 

y (1 — .r-)“i.sin'*.r-eA(I— .r-)^h 

Thus, if two solutions of the equation are equal for one value of x 
that i.s not also a zero of c. e,g, x =- 0, then they are equal for all values 
of X within their common domain of definition, 

d'hi.s is the method that we now develop; the formation of a dif- 
ferential eiiuation .satisfied by the given function; the solution of the 
differential eijuation by a power-serie.s; the identification of these two 
solutions of the differential equation. 

We mav, if we ])lease, regard the method of the last two sections as 
only a particular ease of this method, if we think of it as based on the 
formation and solution of a differential equation of the rudimentary 
form 
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7. Approximate expansions 

This method can also be applied to obtain an approximate or partial 
expansion when the complete expansion is unobtainable, that is to say, 
an expansion of the type considered in chapter VII § 9. For example, 
if a: is sufficiently small, we may assume, since tana; is an odd function, 
the approximate expansion 

tana: = fltja;+a3a:®+a,sa:®+... . 

By differentiation, 

sec* a; = «i+3ff3a-*-f-5a5a;^+..., 
which gives the identity 

aj+3fl3a'*4-5fl5a:‘+... l + (aia:-|-a3a-*+05a;5^. 


Equating coefficients we obtain 


fli = 1, 3<r3 — a-, 5^3 

Va, = ia^a^+al, ftog 20,0, + 20305, 
llo,i = 20 i0,+2030,+05 

Solving these equations in succession wo got the expansion 


, a’ , 2a^ , 17a* , C2a» , 13S2a-” 

ana- — a-+ 3 +3^5 + 5_7_t)+5_-_5,2+52_-_{)s_ jl + •• 


(38) 


Similarly for the odd function cota: we assume the cxi)ansir)n 
cota- = x"*— Ojar— a3a'*--05a-^ — ... , 
Differentiation gives the identity 

a:“*+ai+3ajX*+5a5i^ + ... = l + (x-*—aiX—0ja-*—a5X®— ...)*, 


whence we have 

Oi = 1— 2a„ 30, =- — 2o,+af, Soj =-= — 205+20,0. 

70, = -207+20,05+0*, Ooj -= -2fl,+ 20, 07 + 20305, 
Solving, we obtain the expansion 

, .r a^ 2x5 X* 2x» 


cotx 


'3 3*. 5 3.5. 7. 9 3. 5*. 7. 9 3.5.7.9*.n 


(39) 


From these partial expansions of tanx, cotx wc can similarlj' obtain 
the partial expansions of secx, cosec x. For assume 

secx = l+02X*+a4X*+fl5x"+... . 

Then, by differentiation, 

seextanx = 2o3X+4o4X*+6a,x*+... 
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and, so from (38), 


2aj, a: -f 4<i4 a;® + 6ag + . . . 

= {l+«2*Ha*a:®-faga:«+...)(a;+’a;®+j|a:®+5y5a;’+..,). 


Thus 

which give 


sec a; 


1, 3+®2) 6®g — 

^3 — + + + •••, 

,1 1 2 , •"» 4 Cl fi , 1385 , , 


(40) 


This method is no neater than that of di\ iding unity by the cosine 
series, but serves as a useful theek on the result so obtained. 

The corresponding senes for eosecr is 


coscc X 



7a:® 3 lx® 


(41) 


which we may obtain cither b\ differentiation, by division of the sine 
series into unity, or from either of tlie identities 

coseex = tan l.r-; cotx -- cot |x— cotx. 


8- Hypergeometric functions 

We consider now the general application of this method in which the 
differential equations emiiloyed arc no longer necessarily of the first 
order. Evidently, the class of functions to which the method applies 
are those that ajipear as solutions of the class of differential equations 
that arc readily solved in power-series. AVc can give the most systematic 
account of the theory, if we approach it from the point of view of the 
differential equations themselves and the determination of their solu- 
tions in power -series. The reason is that only in certain cases and, as 
it were, accidentally, is the solution of a differential equation of this 
class an elementary function. For the most part these differential equa- 
tions define new transcendental functions by thek solution: in fact, 
many of the important functions of analysis first appear as solutions 
of such equations. In starting, then, from the differential equations 
we take the more comprehensive, and therefore the more systematic, 
view. 

Now the class of differential equations to which we have been refer- 
ring can be wTitten, in the notation of the preceding chapter, in the form 

/(8)y = x-”g{h)y, (42) 

where /, g denote polynomial functions of their arguments and m is any 
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number. If we take ar™ as a new independent variable, the differential 
equation reduces to the simpler form 


/(S)y = x g{h)y, (43) 

in which form we now consider it. 

The differential equation (43) is usually known as a generalized hyper- 
geometric differential equation, the corresponding equation of the second 
order being the h 3 rpergeometric equation in the strict sense. If, how- 
ever, we are not always punctilious in inserting ‘generalized', little harm 
is done and the title gains in brevity. 

Now define the terminated power -series 


iS,.(a) - 3^ 




7(a+l) +/(n+T)/(a + i 


f;(«)j7(rt+])...9(n-f«-])^„^„ 

/(«-r l)/(«-f -)■••/{« +n) 

Then, in virtue of the fundamental pro{)ertyt of the ojMTntor S, we have 

/(S) S„ (a) = /(a)x’’-l-g(a)j^ > > -j- ^ ^ H- . . . + 

J(«-r 1) 

,Sr(a)g(a-i- l)...g(a 4-n-l) „ 


-S„(flf) = <^(a)a-«-i+ 


g(a ) <;(a -f 1 ) ^, , 2 !/(« + 1 ) [/(« -e 2) 

/(a-fl) ' /(a-hl)/(a-{-2) 


Thus 


/("4-J). -/(a-rn) 


{/(S)-xg(S)}Sja) -^/(a)x"- 


g(a)g(fi i-l) +71 ) 
/(a -I 1 ).../((/+?() 


(45) 


the intervening terms cancelling obliquely. 

More generally, if S(a) denote the corres[)()nding infinite .s(‘ries 


S(a) s: x“-(- 


!7(«) 


r" ' * -f- 


y(«)!/(«4 1) 


/(« + l) /(« + !)/(« 4 2) 

supposed convergent, then we have similarly 

l/(8)-:cr/(8)}.S(a) =/(a)r«. 


.r" ' ^ f . . . to ac , 


(40) 

(47) 


the differentiations being permissible within the interval of convergence. 
In pMlicular, if /(o) — 0, then 

{/(8)-a;!7(8)}-S’(fl.) = 0, 


t Chapter XIU (30). 
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that is to say, 

(48) If a is a root of the equation f(a) = 0, then 


S{a) 


+ to 00 , 

/(<* + !) /(®+l)/(tt+2) 


supposed conrergent, is a solution of the hypergeometric equation 


f{h)y -= xg{^y. 

The equation f(<i) -- 0 is known as the indicial equation, since it 
determines the index of the leading term of *S'(rt). Each root, then, of 
the indicial equation detcrTnines a c orres{)ondmg formal solution 8(a) 
and we have, in general, a nuinlx>r of .solutions equal to the degree of 
the indicial equation. 

These series >S'(u) are aeries cxprt's-.ed iri aseending powers of x. But 
we can determine similar solutions in descending powers of x. For, 
writing (43) in tlie form 

y(h)y = x-^f{8)y, (49) 


and defining the terminated series 


T„{b) 


X T 


m y, 1, , 

'i-D '^g(f>—l)g(b--2) 




g{f> 


)#-2) 

f(h)J(h - 1 )...f{b-n+ 1_)_^.„ - 50 , 

g(b-l)g(b--2)...g{b-n) 


at\cl the coiTespoudiug intiiiite series 

rUA to 00 , (51) 

;/(t-l) ' g(b-i)g{b-2) 

we obtain, in analogy with (4,">). (47), 

and {g(2) -x-^f(d))T(b) - ! 7 (f>),i'*. (53) 

Thus again, y ^ T{b) is a solution of (49), if b satisfies the algebraic 
eiiuation ^ 0, (54) 


which we therefore take as the indicial equation of the descending series 
7'{b). Here, too, we obtain formal solutions of the differential equation 
equal in number to the degree of the indicial equation (54). 


9. Convergence of the series 

We have now to see how^ far the formal solutions S(a), T(b) provide 
actual solutions of the differential equations, and, in particular, how far 
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the complete solution of the differential equation can be expressed in 
terms of them. These formal solutions may fail in any of three ways: 

(a) a factor /(a+r) or g{b—8) in the denominator of S(a) or T{b) may 
be zero, and the series therefore be meaningless from that term onwards; 

(;8) for certain values or for a certain range of values of x, the series 
may not converge; 

(y) either indicial equation may have repeated roots, in which case 
the corresponding series S(a) or T(b) will not be all distinct. 

We discuss these possibilities in the order (j8), (y), (a). 

Now, if My denote the Nth term in the series S{a), we have 

:^v+i ^ g( a+N-l )^ 

Mat 


Let the leading terms of the pol 3 -nomials /(S), g(S) be respectively 

/(S) = g(8) == + . 


Then 


Mv 41 ^ gN"4-j9w(a— + 


( 0 (wi > n), 

\qxlp\ (m =: n), 

00 (m < n). 


(55) 


Hencef the series S{a) converges 

(i) for every (finite) r, if w > n; 

(ii) in the openj interval jx] < \p/q\, ii m = n\ 

(iii) at X = 0 alone, if m < w. 

Thus in (iii) the formal solution 6'(a) is valueless except po.s8ibly as an 
asymptotic expansion. 

By interchange of / and g, and, at the same time, of x and we 
find aimilarlj’ that the series T{b) converges 

(i) for everj' x (except x = 0), if m < n\ 

(ii) in the re^on |xl > \plq\, if wi = n; 

(iii) at ‘x = co’ alone, if ni > n. 


Again we must exclude (iii) except perhaps for asymptotic purposes. 


t By the fundamental ‘ratio teat’ proaumably devised by Gauss (or the hyper- 
geometric series itself; cl. Bromwich, Infinite Seriat (1926), 30-41 (§ 12.2). 

} Actually, if m = n, the series lias the intervsJ of convergence {—piq, pjq). We 
discuss later whether it will be open or closed: at present wo exclude the end-points 
from the discussion. 
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Since m, n are the respective degrees of the indicial equations 
/(o) = 0, g{b) — 0, we liave now proved, subject to the overriding con- 
ditions (a), (y) above, that 

(i) if m > w, we have m solutions S(a), convergent for every (finite) *; 

(ii) if wi < m, we have n solutions T{b), convergent for ev iiy x 
(except X = 0); 

(iii) if ?n = «, we have tn solutions S{a) which converge inside the 

open interval and m solutions T{b) which converge outside 

the 8)iine interval closed, so that there is convergence of one or other 
type of series at all points except possibly the two points x — ±plq. 

Now the order of the differential equation (43) is the order of f(B) 
or <7(8), whichever is the gieater, i.e. is the greater of m,n (or either 
of them, if they are equal). Moreover, by theorem (20) of chapter V, 
the complete solution of a linear differential equation of order n is 
a linear function of any n jiarticular solutions that are themselves 
linearly distinct. Thus, we shall have determined the complete solution 
of the differential equation (43), when we have obtained m or n distinct 
solutions, whichever is the greater numlier. 

It follows, then, that, still subject to the overriding conditions (a), (y), 
WT have obtained the complete solution of the differential equation 
in ascending series iS'(a), if m > n; and in descending series T(b), if 
m < n. In the latter case we have no information at the special point 
a; = 0. If m — n, we have the complete solution of the equation except 
at the two points z -- ~Piq- between these points in ascending series 
iS’(a); outside these points in descending series T(b}. 

In the case = n the leading term in the differential equation is 

(p~qx)h”'y, 

and the excluded point x — p q is accordingly a zero of the coefficient 
of this term. By the general theory of linear differential equations such 
a point is ordinarily a singularity of the solution of the differential 
equation:! the excluded points x = x, a; = 0 in the cases m^n fall 
into the same category. The other excluded pomt x = —pjq occurs as 
the image in the origin of the singular point x = pjq. 

Since here we are going to use these methods only for the expansion 
of known functions, we need not further discuss the theory of these 
singularities, which can be recognized from the known behaviour of the 
functions themselves. 

t In thoorom (20) of chapter V, alreaiiy quoted, zeros of the leading coefficient of the 
differential equation are expressly excluded from the region in which the general solution 
is valid. 
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10. Ckinvergence at the end-points 

In the case m = n the points x = ip/? have so far only been excluded 
from our discussion; we have not actually proved non-convei^ence 
there. Let us now discuss the convergence of the ascending series S(a} 
at these points, which are the end-points of its interval of convergence. 
At a; = pjq we have from (65) 

_ iV’'‘+{w(a— l)+qilg}N^-^+0(N”-*) 

•Uf; N”+{na+pJp}N’‘-^-}-0(N’‘~^) 

= i — {Pilp+‘n—qJq)N-'^+()(N-^). 

Now the ‘critical’ ratio is 

= 1— N-> — (Nlog.V)-* — ... . 

Thus S{a) converges or diverges at a: — ]>lq, according as 

'>^-rPilp—qiiq 1 or <1. (66) 

At a; = — pjq we have .similarly 

-«\+i/«N “ * -{pilp + n-qi>q)N -^+0{y-^). (57) 

Thus lini(Mj^,i/M^^) -= — 1. 

and therefore, ultimately, the terms alternate in sign. Again from (57) 
logl«\+ll-log!M,^j =- -{pjp-j n-q^|q)N-^-\-0{S-^) 

Hence, on summation, 

“ -{pilP+'n-qilq)logN-rO(l). 
and so iw.^ , j, ~ 

Accordingly the condition 

l>vP+n~qi q>0 (5«) 

is neceasary to secure Wy >■ 0. and therefore to secure conv^ergence of 
the series. Moreover, if (58) is satisfied, then, by (57), we have ulti- 
mately tM.v+i/«,\ i < I- Hence, if (58) is satisfied, the series is ultimaWy 
an alternating series of terms that converge monotonically to zero, and 
is therefore a convergent series. In other words, (68) is both necessary 
and sufficient for convergence. 

We obtain corresponding conditions for the convergence of the de- 
scending series T{b) at the same end-points x --- ±,p'q. 

The facts which we have thus far obtained about the solution of the 
differential equation may be summed up in the following enunciation: 
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(69) Tht complete solution of the differential equation 

f(h)y = x(j{h)y 

can, in general, he ejrhibited in terms of Uie senes 
S{a) 

/(" 

m 


427 


1) ^f{a-i-l)f{a + 2) 


T(6) - a^-2-f 

' ' ' 1 \ ..it. I •• 


to 00 , 


to 00 . 


1) g{h—l)g{h—2)' 

If the order of /(S) exceeds that of g(&), then the complete solution is, in 
general, given by the ascending scries H{a), trhere a runs through the zeros 
of f(a) \ arid these series converge for every {fmite) x. 

U *•* of higher ordei than J(S). then the complete solution is, in 
general, given by the dc^couling series Tib), tchere b runs through the zeros 
of g(b)\ and these series converge everywhere (except at x ^ 0). 

U fi^)- .9(S) are of equal order, then the complete solution is, in general, 
given inside the interval ( — p g-p g) by the ascending (convergent) series 
S(a), where a runs through tin zeros of f(a).and outside this interval by the 
descending (convergent) series T(b), where h runs through the zeros of g(b). 

U - p^"-)>iO" , g(b) - 

then the necessary and sufficient conditions that 

S(a). T(b) ronrerge at p q, — iV?. 

are that 


gig-j>i " > o. 

The exceptional cu.-h's in the above tlieort'm covered by the qualifying 
‘in general' are tlie following' 

(i) if the indicial eiiuatinn / - 0 has negative roots, there will be 
terms of negati’s'e index in the eorresiwnding ascending series, and some 
obvious modification will have to l>e made to retain convergence at 

X - 0 ; 

(li) if th(‘ roots of an indicial equation are not all real, the corre- 
sponding series will contain conqilex indices and coefficients', although 
those series, taken in conjugate pairs, can still be expressed in a real 
form, we shall exclude such cases as lieyond our present scope; 

(iii) there still remain the overriding conditions (a), (y) above to 
whicli wo now' turn our attention. 


1 1 . Repeated roots of the indicial equation 

Of the possibilities (a), (y) now to be discussed we take first (y), namely 
the possibility that the indicial equation /(a) = 0 have rejieated roots. 



428 THE DIFFERENTIAL CALCULUS [XIV 1 11 

Returning to the equation (47), on which the whole of the foregoing 
discussion has been based, we regard a still as an arbitrary parameter 
and differentiate partially in a. This gives 

{/(8)-xg{S)}5;'(a) =/(o)x“logx+/'(a)x«. (60) 

On the left we have differentiated in a across the differentiations S, 
that is to say, we have supposed the operations djdx, Bjda to be com- 
mutative. This we knowf to be the case, if the resulting expression is 
continuous. On the left again we shall mean by S'{a) the term-by-term 
derivative of S(a) \rith respect to a. This term-by-term differentiability 
of S(a) and its continuity in a are both guaranteed, if the aeries S{a) 
converges uniformly in a, x jointly. It is better, however, to post- 
pone the question of the validity of (60) and consider, for the present, 
only its formal aspect. 

If o is now a repeated root of /(«) =- 0, then f{a) = 0 = /'(a), and so, 
by (60), S'{a) is a solution of 

{f(S)-xg(h)}y =. 0. 

Thus S'{a) replaces the solution which has lH>en lost by the coalescence 
of two roots of the indicial equation, and the two solutions, correspond- 
ing to the double root a of the indicial equation, arc S{a), S’(a). So 
generally, if the indicial equation has n repeated roots a, the corre- 
sponding n solutions of the differential equation are 
S{a), S'(a) -Vila). 

as we see by further partial differentiation of (60). 

We may notice incidentally that, if a is a simple root of the indicial 
equation, then S'{a) is a solution of the exUmded equation 
{/(3)-xgr(5)}.v =^/'(n)x“, 

and so on. 

To obtain an explicit expression for iS'{a) write now 
*S’(o) s: tox, 

where o is once more to be regarded as an arbitrary jmrameter. Then, 
so long as we may differentiate terra by terra, we have 

S'(a) = + 


Now 


and so 


^ /(a+l)/(«+2) .../(a-f N) ’ 

£4^ = ^ V /?'(«+»:- i) _/'(«+>•)) 

^ W(a+r— 1) f(a+r)j' 

t Chapter VI (27). 
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Again, suppose that 

»n n 

/(S) - P n g(8) 3 q XT (8-8,). 
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Then 


ba 


"N , m 




( 61 ) 


But /, by hj^pothesis. lias the double zero a,' we may therefore take 
a-^ ■= a — a^, and so at length obtain 

'' m - n _ . 

S'{a) = logx S{a]- Y V (-+ V - V — 

\r a,-i-r .<^a— o-+r— 1/ 

A “I r_l j-j * ' (-1 * ' ' 

( 62 ) 

The extra solution corresponding to the additional root a of the indicial 
equation accordingly consist', of two jiarts: the original solution S(a) 
multiplied by log r, and a new scries in which the coeflScients of the 
original st'rics are multiplied by sums of ‘harmonic’ series 

2 

r — 1 

W’e should obtain in similar fashion 

S"(a) -- (lug.i)=.9(Q)d-2iogx 2 

\ -I .v=i 

and so on for further partial differentiations in a. To complete the 
explicit expression of we need a convenient expression for 

c^A^/ra^. Let us write, for any positive integer fr, 

A / m w \ 

""2 2 («-«,+'■)“*— 2 (a-8,+r-l)-*‘ 

r-rs I t = l ' 


( 63 ) 


Then 


ca 




Now we have just proved that 

a I 

=. -CviA,, 

cr 

and accordingly 


?L4v ^ 
Sa* 

We similarly obtain 


Pa 

cA\ 


— = (C^Y1+("A2)^N. 

Pa 


— ((^'l+3Cvi Cv2 + 2^-V3)'^A’> 


da* 


P' = (C^.i-j-6C’^.iCA-j+8C';vi("A's+3^2+®^A'i)-^jv 
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and 80 forth. We can use these results to give the following compact 
expressions for S' (a), S''(a), etc.; 

S'(a) = y (log 
a“o 

'S'» = I {(lOgX—Cyil^+CyijA^yX^-^^^ 

A -0 

<?>)= i{(logr-<7.,i)'’+3(logx-C’.vi)Cv»-2(7.v3H.v^+'V 
= IJOOgX-Cyi)^ + (iCy^.(10gX-C,^^)^ — 

— SCY3(logX — C',V i) + 3(CX'2+2C\4)}j4^^ x“ + -\ J 

with the conventions A„ 1, C„j -- 0. 

We can deal in similar fa.shion with repeated roots of the indicia! 
equation p(6) = 0. 

12. Roots of the indicial equation differing by an integer 

We come at last to the possibility (^), namely that the scries S(a} fail 
because of a zero factor /(rt + w) in its <lenoininator. In such a cas<', 
then, the indicial equation / ' 0 has roots o, o-|-« differing by an 
integer n. This, in a scn.se, may be regarded as a generalization (jf the 
case discussed in tlic preceding .section in which two r(K)t.s of the 
indicial equation differed by zero: more ])ertinently ue procml to show 
how its discussion can be based on the re.sults obtained for this case 
of equal roots. 

We may observe at the start that thew' two roofs a, a -t-a of tlic 
indicial equation give rise to two formal solution.s S(fi). S(a-i n). and 
that of these two solutions it is only S{a) that is open to objection on 
the score of vanishing factors in the denominators of the cwfticients: 
the solution S{a4-m) is, in general, unexceptionable and .so stand.s. 

Let us pick out the two relevant factors of / and writ<' 

/(S) (5— a){8— ff — n) f'"(8). 

In the differential equation 

(S—a)(S-a-n)F{h)y- xg(S)y ((iry) 

set y (S— n)(5— a— 1)...(S— « — red-l) 2 , (66) 

getting, after rearrangement of S-factors, 

(S— a— I)...(S— a— w)(8— a)* F(8)z 

= a:(S— a)(S— a — 1)...(S— u— n 4 -l)^(S )2 
— (8— a— l),..(S— a— n)ar{;(S)2. 
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This equation is certainly satisfied, if it is satisfied after removal of 
the operator (8— a— a— «), i.e. if z satisfies the equation 

(h—aYF(h)z = xg{h)z. (67) 

This is a differential equation whose indicial equation has equal roots, 
and the theory of the preceding section applies. Write <S’(a), jS' (a) for 
the pair of solutions of (67) associated with the repeated root a of the 
indicial equation. We then have, for (6.5), the corresponding solutions 
(S-fl)(8-a— 1)...(S— a-M+1) N(a), (68) 

(8 - ff)(S-«-l),..(8-rt-w.i ]) ,S'(a). (69) 

Now S(n) begins with the term y. Uut tlie operator 
(S - '()...(5— « — 71+ 1) 

removes every term la-fore ar"'". Thus the series (68) begins with 
and is evidently a eon.stant multiple of the serie.s (^(a+Ti). We need, 
then, pre.serve only (6'q to take the place of the mi.ssing 5(a). It is best 
preserved in it.s symbolic form, being worked out explicitly for each 
particular case. 

Similarly, if the indicial equation / - 0 has three roots a, a+m, a+n, 
whore rn. n are positive integers, we make the substitution 

Vi • 1 T1 1 

V — J7 (8-a— r)]^ (8— a — s); i-, Ar. say. 

r-0 

and obtain three solutions in the form 

A 5(«). A S'{a), A ^"(a). 

It should be remarked that in this ease m. n need not be unequal. 

We can proceed .-similarly when more than three roots of / = 0 differ 
by integers, and so too when roots of <j = 0 differ by integers. 

We may approjiriatcly consider here the possibility that a root of 
£/ — 0 exceed by a positive integer or zero a root of / = 0, i.e. that 
simultancou.sly 

/(a) = 0, g(a-t-fi) = 0 (ft > 0). 

In this case the coefficients of S{a) vanish after the term in a^+” and 
the series in this case terminaies. The same terminated seriesf S{a) 
appears, of courst>, as a te-rminated descending .series T(a-\-n), being 
now terminated by the zero factor /(«) in the numerator. 

It may even haiipen that a root of jr = 0 is inter|K)8ed between two 
consecutive roots of / — 0, all the differences being integers, i.e. that 
simultaneously 

/(o) = 0, g{a-\-m) = 0, /(a4-7n+7i) = 0 (m > 0; n > 0). 

I Or, moro precisely, some constant multiple ol it. 
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In such a case the seriee S(a) terminates at before the zero factor 
/(a+m+n) appears in the denominators of the coefficients. In other 
words, S(a) is now unexceptionable as a solution, and the two solutions 
associated with the roots a, o+m-f-n of / = 0 are once again simply 

iS'(a), (S(a4-Tn+n). 


13. Justification of the formal operations 

The analysis of the two preceding sections has, so far, merely a formal 
significance; for it is based on equation (00) 

{/(S)-a:j?(S)};S:'(a) = f(a)x‘‘ log 

in which we have differentiated in a across the operator f(S)—xff(S), 
and we have, moreover, taken S'(a) as meaning the scries arising from 
term-by-term differentiation of S(a). As wc have said, these formal 
operations and the further formal operations involving S"(a), S"(a),... 
can be justified by establishing over some suitable region of a, x the 

uniform convergence of S'(a}, <S'(a), S'”(a) 

The actual discussion of the uniform convergence I find tiresome, and 
I prefer to give an alternative method of arriving at (60), in which only 
the ordinary convergence of the series need be considered. 


00 _ . 

Now 'S'fo) = logx /S(o) ^ ^ 

^ So 

•V-l 

and, by chapter XIII (37), 

{f(S)-xff(S)}logz S(a) 

= loga^{/(8)-a:?(8)}‘S(a)-f{/'(S)-a:gf'(8)}S(a) 

= /(o)x“logx-f{/'(5)-a:gr'(8)}5(a), by (47). 

Thus 


{/(S)-xg(S)} S'(a) 

= f(a)z^logx+(/'(S)-zff'(S)}^AyX<‘->^^+{/(8)-xff(S)} V 
= /(a)z^logx+f(a)x^+ 


A'-l 


ff'(a+N- 1) - l)j , 
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with the convention Af,~ 1. But the coefficients A;^ satisfy the 
recurrence-formula 

— 1], 

and therefore, on differentiation, 

A^na+N)+^-^f{aAN) = A^^_^g'(a+N-l)+^^^^9{a+^ -•<). 

Our preceding result therefore reduces simply to 

{f{8)—xg{B)} S'(a) f(a)r°logx+f'{a)x'^, 
whieli is exactly (hO). We can evidently deal in the same way with the 
results of oj)eratirig with /i ’) xgl?)) on S“(a), . 

We have now only to consider the ordinary convergence of the series 
iS"(a), S"{a). By ((10 

; , J / S j m w 1 

"Ma --- - I I S 

C(l ( r- I a- I /-*1 

171 t 1 

^ _ V I Y 

r 1 'f-, + 

Thus, if w = Ti, 

' is comi)arable witli 

ca / ■ 

i.e. is hounded as ^ cc. and the series 2 (tA^,,li'a)x'^^^ converges with 
the series 2 converges with S(a), except for possible 

dilliculties at x - 0 clue to the factor log a:. 

‘if ^ 

If m - ■ V, A ^ is comi)arab]e with 2 

<a f 

i.e. with logW. Thus 2b--l,\C«W' converges moie rapidly than 
2.4^.r"■■', if :-rr < i-'’ • converges in any 

finite interval, and therefore converges in any finite 

interval. Thus, if in : ■ n. A"(n) converges in any finite interval, possible 
difficulties at x = 0 excepted. 

Thus, generally, S'{a} has the same interval of convergence as S(a). 
If this interval is finite and S(a) convergc.s conditionally but not abso- 
lutely at an end-point, the foregoing analysis is insufficient to decide 
the convergence of S'{a) at this point, but this more delicate matter is 
best left for special discussion when it ari.ses. Bjf similar arguments we 
show that cS’"(o), have the same intervals of convergence as 

S(a). This completes the justification of the formal arguments of 
»«w v f 
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§§ 11, 12 and at the same time completes the theory of the solution in 
power-series of the hypergeometrio differential equation 

/(S)y = xg(h)y. 

By changing the dependent variable from x to of, where c is any con- 
stant, the theory can be applied with obvious modifications to the more 
general differential equation 

/(% = ^9[^)y- 


14. A set of trigonometrical expansions 

We illustrate the foregoing theory by applying it to obtain the expan- 
sions of einwtfl and coamff, where m is any constant, in powers of sin 6 
and of cos 6. Consider the function 

y = sin(»n8in~*a:-^-a), 
where a is a constant. Then 


r, m co8(m sin ■’a:-]- a) 

i.e. (l—x^){Dyy = jn*(l— y*). 

A second differentiation gives 

(1— a:*) £>2y —x Dy +m^y = 0, 

i.e. 8(8— l)y = a:*(5*— m*)y. (70) 


This differential equation has the two solutions in ascending powers of x 


S^(x) s 1- 


2 ! 


4!' “ " 6! ■ * ■■■’ 


8i{x) = mx— 


1*) . 7»(w*— l®)(7n*— 3*) c 

o"f ' frl 


By chapter V (20) the general solution of the differential equation (70) is 

y = A Si(x) + B Si(x), 

where A, B are arbitrary constants. When x = 0 we have 
y = sin a, iSj = 1, Sj *= 0, 

Dy — mcosa, DS^ == 0, DS^ s= m. 

This gives A = sin a, B = cosa and so 

8in(m6in-ix-{-a) = sina Si(x)-fco8a St(x). 


( 71 ) 
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Put X ~ sin 0, a = 0, Iw, and we get respectively 

sinm^ = (^^(sinfl) = wsinfl— ^ sin®0+... 

cosmd — jS\(sin 6 ) — 1 — ^ sin^ff-f — sin*^— . . . 

Put X — cosd, ac = —ImtT, ^( 1 — OT) 7 r, and we get respectively 
fiinmS = siniwTT iSv|^(co8fl)— coslnwr (S^fcosA) i 
cos m6 ~ cos S^lcos A) -f-sin Imv S«ico8 6) ) 


(72) 


(73) 


We can, of course, simplify ,73), when to is an integer, if we distinguish 
the cases of m odd and to e\en. 

We remark that tl\e seiies )S\ terminates, if and only if to is an even 
integer; the series S 2 terminates, if and only if to is an odd integer. 
These arc merely tlie known facta that cos 2 toA, sin(2TO-|-l)0 are expres- 
sible as polynomials in sin A, and co8 2toA, eo8(2w-l-l)A as poljmomials 
in co.sA. 

If the series ^S’/.r), S.,{x) do not terminate, we find from (59) that they 
converge in the closed interval |r| ^ 1 . For, if in (70) we put x' = 

8 ''* S'{S'-i)y = x'(S'"-iTO^)y, (74) 


in w'hicli p — \ ~ < 1 , -'hp'/P — ?/? = I > I» that there is conver- 
gence at the end-point x' — 1 , i.e. at x = ± 1 - 

Thus the series (72), (73) converge for all real values of 6: in parti- 
cular, if in (72) we put 0 — J~, W'e get the series 


sin IwTT =•- m~ 
cosltnrr = 1 


1 ^)( to^— 3^) 
3! ^ 

TO^^wi^fm^— 2 *) 

7>y ' 4! ” 


(75) 


In comparison with these it is interesting to note that the expressions 
for sin and cos Iwv as infinite products can also be wTitten in the 
form of infinite series,! namely 


TO= , m»(m=-l*) »r(m2-12)(w2-3S) 


+ ■■■ 


cos Jwiv ^ 1 --J^-| - 12.38 52 

,«= TO>‘{m*-2 ») to2(to*-2*)(to*-4^) 


sin iniTT — htiTT 




2 * 4® 


2“.4*.6* 


+ - 


■] 


- (75') 


+ These series (75') are obtained from the series (72) above by integrating in B from 0 
to irr. This gives a simple method of establishing these infinite produota. 
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15. The associated descending series 

For the solution of (70) in descending powers we obtain, after reduction, 
the two series 

T^{x) 

4 4.8 4.8.12 ■ 

4 ^ 4.8 ‘ 4.8.12 

which differ only in the sign of m. Since rn enters the differential equa- 
tion (70) only through its square, we can sufficiently take m to be 
positive. 

In particular, if »j is a positive integer, then, in (74), the two roots 
■±_\m of the ‘descending’ indicial equation differ by an integer and we 
should exjiect logarithmic terms. Happily, the.si' two rwits ±hH are 
separated (according as r/t is even or odd) by one or other of the roots 
0, 1 of the ‘ascending’ indicial equation, and. in conseipience, the w'ries 
corresponding to bn terminates. Now, if, in T,(.r), we make m a jKisitivc 
integer, we find that the series does not terminate, but only that certain 
terms vanish in the middle. There remains a finite scrie.« followed by 
an infinite series. The infinits* stories is. naturally, some constant 
multiple of T^ix). which remains a solution whether in Ix’ an integer 
or not; and the finite series is, of course, the finite serii's we have just 
considered. If we write l\{x) for this finib- series, we obtain, in actual 
fact, the identitj’ 

Tji(r) =. Tj(jr)-f-4-”'7’2(r) (w a jxjsitive integi'r). (77) 

Reference to the differential equation in the form (74) shows that the 
descending series converge only for |r| > 1. I’hey do not therefore lead 
to expansions in sin^ or co»6, unless they terminate. This hujijiens, 
only if m is an integer, and then only for the one series l\{x). (dearly 
Tq(x) represents the tenninated scries A’j(x) or <S\(r), ivccording as m is 
even or odd, written in the reverse order. The (w-f l)th tc'rni in Tj(x) is 

m (m -n - 1 )(»n -m— 2). . .{w ~ 2»-i- 1 ) . 2 ^ 

' ’ 4.8.12...4n 

Thus, according as m = 2n or 2n-i-l, the last term in T„{x) is 

or (— )»<'"-i>'ma:/2*-'. 
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Hence, by comparison of lowest terms, we have 

= (— )lm i8j(a:) {m even) I 
— s^(x) {rn odd) 1 

If we put in succession x sin 5, x = cosO and refer to (72) an'’ (73), 
we find that (78) reduces to the well-known trigonometrical formulae 

(2 sin 0)"'— »j(2 sin S)"'-*-- 


and 

(2 cos 6)" 


2 sin 0) — ( — )i’"2cobw?0 (m even) ) 

— (—)*'’" ”'‘sm?/!0 (wi odd) r 


(79) 


-m(2ro.''0)" 


m(m — 3) 


(2 cos 0 )”‘- 


— :i"‘T„(co<iff) ~ 2cot,m0 (m an integer). (80) 
To obtain an intcrjnetation for the infinite scries 7\(r), T^ix) when 
!r| :• 1. con.sidor the function 

2-- fx+Vlx^-l)}-, (81) 

which is real when x y \, or, if m is an integer, when (xj > I- 
Differentiation of log 2 gives 

^’(x*— 1) Dz = mz. 

A second differentiation gives 

V(x2-l)I)=2-b .f -Dz==mDz, 

VI-*'' ‘) 

and so (x'* — 1 ) lyh^ -j- x Dz = m^c, 

wliich ih ecpiation (70). 

Since m enters tlie differential equation only through its square, this 
gives the two solutions 

{.r+^!(x^-l)}±y 

which are therefore linear functions of the two other solutions Ti(x), 
T„{.r]. When x x, we have, to a first approximation, 

T^{x) ~ x"‘, 7;(x) ~ X-’", {x-f lV(x“-l)|}±’" ~(2x)±'». 

Thus we can evidently make the identifications 

|x-MvV-l)i}-"‘-{^-iV(-T^-l)l}’" =2-"'Tj(x), (82) 

{x+ k'(x2- 1)!}"* = {^- = 2''Ti(x)+.42!,(x), (83) 

where A is some constant. 

If m is a po.sitivc integer, 

{x- l)}’»+(x+V(x*- 1)}"* 
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is clearly expansible as a polynomial in x, and is thus some constant 
multiple of To{x). Using (77) we make the identification 

== 2^T^{x) + 2-”'T^{x) = 2”'Ta{x), (84) 

and A is zero. 

If m is not an integer, we can still see that A must be zero, for 

and so, by an appeal to Taylor’s tbeorem, is expansible in a scries of 
powers where n is a positive integer. But, on the right of (83), 

T 2 {x) will contribute powers and these arc not of the form a;’"-** 

unless m is an integer. We must therefore also have j 4 = 0 when m is 
not an integer, and we can accordingly supersede (82), (83) by the 
single equation 

(2x)”-tn(2*)"-H”*^'2r °° 

= {a:+IV(a-*-l)i}m = {a;-l^'(a-*~l)l}-’" - (85) 

which is true for all values of m. 

It should be remarked that (85) can also l>e obtained as a Lagrange’s 
expansion of (xy)”' in ascending powers of (4.r*)-L where y is defined 
implicitly by the (quadratic) equation 

y = 1 — ('L"*)"*?/-' 

and is the root that converges to 1 as (4x*)'* converges to 0. 

To obtain from (85) some sort of analogy with the trigonometrical 
series (72), (73), write x = cosh^ in (85) and we have 

e"^ = (2co8h 0)'"— m(2co8h ^^(2coBh fi)”'-* — 

_m(m-4)(,a-5)^,co8h^)-«+... to oo (d > 0). (86) 

^ I 

Finally, since T^{x) conveigea up to |a:] = 1, we maj’^ put x — 1 
in (85) and obtain the arithmetical identity 

l = to oo. (87) 

We can deduce new expansions from the foregoing by differentiation. 
Thus differentiation with respect to x gives in (71) and (86) the expan- 
sions of sin(m8in-*a:-fa) , {a;-f.^/(z*— !)}"• 

~7(i-i*)'"' “7(a:*-l) 
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These two functions are both solutions of the differential equation 
8(S— 1)3/ = a5®{(8+l)*— 

and their expansions could, of course, be deduced directly from this fact. 

The substitutions a: = sin 0 and x — cos 6 then give the expansions of 

sinwifl coBtnO . ^ ■ n 

- „ , .* in powers of sm a, 

cos 6 COB0 

smmd coBmd 

sin0 ’ sin0 

These are, of course, the expansions obtained by differentiating (72) 
and (73) with respect to 0 Similarl-. , differentiation of (86) gives the 
expansion of e^^'sinh 6 in powers of cosh 9. It will be found that thrae 
differentiated series do not converge at the end-points of the interval 
of convergence, and we do not therefore obtain arithmetical series 
analogous to (75) and (87). 


and of 


in powers of cos0. 


16. Postscriptum. 

We can deduce from equation (20) of § 4 above a number of interesting 
trigonometrical expan-sions. In that equation wTite a = n = 0, 

and wo have 


y (:x|<4 (88) 

x-i n 

Tl-“1 

The coeffici('nts in the original series (20) converge monotonically to 
zero, and therefore, as })ointed out in chapter 1 § 13, that series con- 
verges uniformly over any closed interval that contains none of the 
points 0, ;t27r, +4^,... . The series (88) thus converges uniformly over 
the closed interval < tt— t, for any small positive e. 


Write 


sin na: 


C,{x) r. 2 (-)"■■’ = 2 

n-=l "“1 

Then term-by-term differentiation gives 

d.t ^ n 

n=-l 

This differentiation is permissible in the interval [xj < ir—t, since the 
differcntiatc'd series converges uniformlj' over that interval. Therefore, 
by (88), in the interval (xj < w, 

= -lx, 

Ci[x) = c— 


and so, in that interval, 


(89) 
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where c is some constant. Now the series Cjia:) is comparable with the 
convergent series of positive constants 2 so converges uniformly 

over any finite interval. It is therefore continuous, in particular at 
X = iw, and, by taking the limits x -> it—, we can extend (89) to 

the complete interval |a;| < it. ' 


Again, ^ 

the term-by-term differentiation being everywhere valid, since the 
differentiated series as we have said, converges uniformly over 
any finite interval. Thus 


-Salr) = rr— (l-ri < w), (90) 

the additive constant Iwing zero, since N 3 ( 0 ) 0. Since also — 0, 

we get c = ^jTT^’, and so from (89), (90) 

12 


jijsinzix r(77-— .r*) 




(ir! c. tt). 


(91) 


12 


In the first of these equation.s put succ(*ssivcly x n. 0, and we get 
1 TT^ ^(-l)''-> ,t2 


Z — = — V'~^' = - 

n- f)’ Z, n- 12' 


(92) 


n 1 


From (91) we obtain by a similar sc-rie.s of stci).s 


2 '-' 


^ jCOsnj: I5x*- 30r“-j7^ -I Iv* 


720 


. sin nx x(x- —rr 


^ a’ 


-)(3x‘-: -777^) I 
720 j 




whence 


2 «•> 90’ 2 


(-1)"- 


iTT* 

720’ 


and so on. 

Again, if p is not an integer, WTite 


fix) - 2 


sin vx 


(93) 


(91) 


(96) 


Then /'(:r)= y (~)«-‘‘’f”-*^,„ (96) 

•w — p" 

the term-by-term differentiation being everywhere valid, since (96) is 
comparable with the convergent series of positive constants ^ n“® and 
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therefore converges uniformly over any finite interval. A second dif- 
ferentiation gives 

(^-+P‘‘“)/(x) = - I (97) 

W,«al ll 

Such a differentiation, as we have seen above, is valid in the of>en 
interval and so, in that interval, 

{D^+p^)f(x) -= —^x. 

j-e. {D-+p^yj(x)-rl2p^} = 0. (98) 

Now y - sin p.r, y — cos px are two lini arly independent solutions 
of the differential equation 

J)- \-p-)y - 0. 

and so, by chajiter V (20) the general solution is 
y - A sin px 4- B cos px, 

where ^1, B are indepLiident of x. Thus, from (98). 

f{x) -- As[n2/x+ Bcospx -Xi2p‘‘^. (99) 

Thi.s lioldh throughout the open interval ) — n,ir(, but by an argument 
used above we can extend its validity to tin- end-points i;TT, since both 
sides of the e<|uation are continuous at the.se points. Since f{x) vanishes 
at - 0. ±TT, we have, from (99), 

TT 

-1 -- — cosec pn, B — 9, 

-P- 

and accordingly from (9(i), (95) 




, cos 7TP COHOC p7T COS px -- 1 


n-—p'‘ 
sin nx 


2p- 


\' ( wi-i 77COscc7?7rsiny>^— 

n(n~—p-) Ip- 


(la-1^,7). (100) 


If in the first of these eipiations wo put successively x = tt 0, we have 
after slight rearrangement 


r cot 7177 -= --f- y 77 cosec 7177 = -+ y ( — )" T" a - 

^ 71 /1-— 71- p XL, p^—n^ 


P 

The first of these equations (101) may be written 

d_ 

dp 


( 101 ) 


yiog®i"^^= y^iogfi-??;) 

ip ^ p A^dp v}} 
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since term-by-term differentiation is permissible, the differentiated 
series being comparable, for convergence, with the convergent series 
y W-*. Thus ^ 


P 


l-(-S)- 


where A is independent of p. The series on the right is again com- 
parable with 2 n.-® and is therefore continuous in p (integer values of 
p alone excepted). In particular, wo may take the limit p -> 0 on both 
aides of the equation, which gives A = log tr, and so 


sinp.=p.jQ(l-g). 

n, of coui'se, a 

n^l ' 


We write this in more usual form, of coui-se, as 
Bind ~ 6 


The corresponding infinite product for cos 0 

may be deduced from that for sind by writing ir-i-S for 9 therein or 
obtained, as above, from equatioas (101) by noting that 


2 

. ‘ 


n*! 


p-— (2«-i-l)- 


We may differentiate equations (100) and (101) with resjx'ct to p, for 
the resulting series are comparable, for convergence, with the wries 
2 n~*. It is convenient to write the equation.s in the modified form 


"^ 4 - Vf-)" = 

p ' n{p+n) 


TT eosec ptT Ki n px 
P 


CO 

Z<-)" 


co8?u: 


to 

= irCOtpjT, 


= IT cosec pTT COS px, 


(- 1 )" 

' = TT cosec prr. 

p-f 71 


2 T+n 

—CO — — 

Then differentiation in p gives 


2 


cosTU; 


(p-f 71)5 


= TT cosec p7r(xsinpx-f7r cot pTTCOspx), 
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CO 1 

2 


■cosec^pTT, 


/ i\n 

\ j L_ = 7r^co8ec®7rCoti)7r, 


and we ran proceed in this way by further differentiations to results of 
increasing complexity. 

In the above summations 2' omits the term n = 0, and, in the first set, 

oo N 

2 means lim 2 > 

71.= —CO A’— ►CO n=^ —N 

w hile . in the second set, i cc can be independent, since the various series 
are convergent. 

It should be remarked, in eonclusion, that the sum-functions of the 
trigonometric series consider* d above are analytic only in restricted 
intervals. They are differentiable, with derivatives everywhere con- 
tinuous, u]i to, but only up to, a certain order of differentiation. In 
each of the intervaLs in que.stion, the sum-function fo identical with 
a certain polvmoraial, but this polynomial is different in successive 
intervals, I'hus the sum-function and the polynomial are distinct func- 
tion.s that have the .same analjdical expression in a certain interval, 
a fact which emphasize^ very sharply the difference between a ‘function 
and its ‘analytical expression', already noted at the beginning of this 
book. 

WORKED EXAMPLE 

Jf m US an intcycT greater than 2, solve the algebraic trinomial equation 

Ji/™— y-t-1 = 0 

bi/ tmans oj hi/pergeonirii ic series y ~ y(x). 

Writing tli(' gO'fn equation a.'S an equation unpbcit in y 

y = l-f-arj/"* (1) 

and appl\ mg the tlioor>' of Lagrange’s series (§ 2 above), we get at once the 
expan.Mon ^ 

1,-1 


CC 

2nt 


(?nn)!a"'' 

!{(m— OndHi}! 


- say, 

n«0 


Wlioiv 

A,., 


(t)in-J-I)(mn-b2)^.(^ d m) 

a; " (,i M)Hm-l)n-i-2){(m-I)»+3}...{(m-l)a-f-OT} 

»i(fnn-t- 1 )(ma -p2)...(ma-)-t»— 1)._ ^ 

“ l)(n-t- 1) -1-4 — m}.. .{(«—!)(« 
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Thus ® hypergeometric series and a solution of the hyiJergeometrie 

difforeaitial equation 

{(m — 1 )S+ 3 — 1)8 4-4— — l)S{(m — J)S+ l}y 

»u:(»aS-f l)(OTS4-2)...(”>84->n— l)j/, (2) 

which we may write compactly as 

We may, of course, obtain this differential equation direct from the algebraic 
equation. For operation with the opt>rator //'“'"S on (1) gives 

yi-m^y ^ r(mS^l)!/. (4) 

But, again from (1), y*~”* — ry/(y-- 1), 

which gives in (4) y By - (;/— 1 )(»<S \ ] );/, 

i.o. 2/{(wi - 1 )S 1 1 fy ^ I )y . 

If wo operate on this with the operator 

y— {(a-l)(Sy)i-ySl 

and reduce, we get 

{(ni — 1 )8 -t a f- i;y 8i/ - (mS j »)y"' Sy. (.')) 

which we use as a recurTence-formuIn, s la'inR a pnrnirieter at our (iisjiosal. 'flien 

m- I w - I 

truv (mS -‘-5)// — w J7 ‘ , ] )fj 

#’<-1 t 

m— 1 

~ m n (niS — wM «).{w.5- w -• by (4), 

8 3 
»n~l 

— m 17 (rfiS — rn fs).{(m-l)8 * 3 — wly’ ’"By, by (.^) with* 2 - ni, 

=- »a{(ni — 1 )5 4 - 3 - w) 17 ('"S -w4*).(n(8 -tn • 3)y'^~"‘ By 

t t 

- m[(nt — 1)8 ! 3 — nif J7 (tnB -rn •*).((>«- - 1 )S f 4 By. 

I 4 

by (5) with « -=• 3 — rn, and so on. 

Thus, at length, by taking further « - 4 -m, o -m, .., - 1 in (fi), we obtain 
m- 1 m 3 

O (”•8“' ''hV ” n {('" - 1)8 — ni - « t 2). 1) By~' By. 

• =1 ««■! 

But jn(m — l) 8 y”‘ 8 , 1 / - (m— 1 ){(»/»— 1)8 - I}8i/. by (,5) with * (i, 

and so finally we have the reijuinsl fomiula 


mx J7 + *).y n Km— 1 )8- m • *-f 2]y. 

*•1 F— 1 

Examination of the indicial is^uations of this difrereiitinl equation shows tliat 
there are ascending series with leading exponents 

I 0 — * 

m — l’ ’ m— 1’ m-1 

and descending aeries with leading exponents 

_ 1 2 m — 1 

m’ tn m 





XIV Exa.] EXPANSION IN POWER-SERIES 44,« 

We may write the ascending senes S^x) m the form 


Z, ((m-J)-®-!/ Ill lr-hif(«-t-l)/(w-l) 

n »0 *«1 t = 0 

(p - 1, - 1; r f ; p = {m—l)r+2] 

‘ m— } m—1 ! 

and the descending hcries m the form 


aj 


(w— 


irv'^x 


m 1 * — 1 

nn 


(, 


1 0 

1 2 

m* ‘iti* 


r-t-l-, (a+l)/(w-J) 
r—t - 1 -fs/ra 


1,2... ,m- 1; r 


«»— 1 


: P 


— mi^. 


being careful in enf b ease to letain 
For brevity wi ite M 


unity as the leading coefficient. 
()« ])”*-’ 

»n"* * 


(6) 


(7) 


Then the nsi ending sene- ,V^ eonvirge in the interval \j.\ < M; the descending 
senes T, conveige outside tins inteival. If »» - 2, the tests of (59) above show 

that the iiseinidiiig serii's and the descending senes Iwth converge at the end- 
points of this inten al. 

To detennim the' numbers of real and of imaginary' roots of the equation write 

f(y) !f‘ - ‘■“V" •t“^- 

/'(,/) -- my’-i-a-*, 

J’iy) »i(»i- 


)t III Is (\en, till re is a single stationary value given by /'(go) = C*- and/"(y) 
Is invaiiablv positive The stationary value is therefori a minimum and the 
eqiuiiioii has two retd roots or no rial nmts according as f{y^) < 0 or ^ 0, But 

/(.Vo) x-i; I -(.t/x)» 


Thus the equHlion has two real roots or no real root according a-s Af > a: or < x. 
Ill tin hunting (Use M x the two n-a! roots become coincident. 

If m Is odd and x 0, then f'(y) is invariably positiv e,l(i/) is monotonic, and 
the ei|uiitioii has a single real root If m is odd ami x > 0, then there are two 
stationary values - y^, say Siiiee /"(v) lias now the sign of y, the upper sign 
gives a iniiuimim. the lowei sign a maximtun. .Igain 
/(/.Vo) .r->(l d (A/ .1)1 (>»-')}. 


Thus / Is always positive at the maxiiniiin, al the minimum it is positive or 
negative according as a M or Al. 
yVe may sum up our results as follow.s: 


m ev 1 11 , 


tn odd, 


r , 

X : 
X 

<.X ' 


. 1 / 

Ai 

Af 

M 


no real root, 
two real roots; 
one real root, 
three real roots, 
one real rnot,_ 


( 8 ) 


Since the differential equation has been deduced direct from the algebltdo 
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equation, it is clear that every root of the algebraic equation (regarded as a func- 
tion of x) is also a solution of the differential equation. Now the algebraic equation 
has m distinct roots (if x 7^ M): the differential equation has only m—l linearly 
independent solutions. This apparent discrepancy is reconciled when we observe 
that, if m > 2, the sum of the roots of the algebraic equation is zero, i.o. these 
m roots are linearly connected and therefore count as only m— 1 linearly indepen- 
dent solutions of the differential equation. 

We have proved, then, that the roots of the algebraic equation are expressible 
in the formt 

y = a,Si4-a,S, + ...+<V-iS„,_j (|xi < Af> 
or else y = 6i 6„_, (|t| > M), 

where a,, 6, are constants. To determine thest) con-stonts we could substitute 
into the algebraic equation and consider <lominnnt terms as a: -> 0 and x -* ca 
respectively. But it is simpler to expand the several roots direct in Lagrange’s 
series.^ 

We began our discussion with the Lagrange’s expansion of that root of tlie 
algebraic equation that converges to 1 as x coiu’erges (o 0. This tiunixl out to 
bo exactly the hypergeometric series that we have called N,. To obtain the 
Lagrange’s expansions of the other tn—l roots in the region {.rj < M (which 
contains the point x = 0) write 

r 

so that y = '"“'’y''"*”*', when' ■ 1, 

and the algebraic equation becomes 
1 ' = 


The corresponding Lagrange’s series for Y gives for y the expansion 


' = cu~^x-‘ 




1 


rfn-l 

n! ■ wy*-* 


y’-lm . itw-l) 



-2 


(m-fn— 2)(2m-(-« — 3)...{(n — 2)tn-i- l)(n— 1 )m 

. .. 




By identifying the first m—l terms of this expansion with leading coefficients 
in the Sf we have the result 

Vl-i 


y — cj *iS 


. / . {m+n- 


-2)(2m-t-n — 3)...{(n — 2)m -f IMn- 
“ (m-l)»n! " 


l)m 


(o"-*A’„i(a), (9) 


«« 1 

valid when |ij < JVf, where ni®’"* = 1. This, together with y -= S,, gives the m 
roots in the region \x\ r; M. Of those S, is always real, while (9) givt's one real 
root, if m is even; two real roots, if tn is odd and x positive: and no real root, if 
m is odd and x negative, for then Sf, for instance, has the imaginor}' factor 
This agrees with (8) above. 


t We must not, of course, fall into the error of supposing that the S, or the T, that 
we have tAken as the fundamental solutions of the differential equation are uecoesarily 
idso the actual roots of the algebraic equation. 

I This will not be strictly legitimate, since it presumes the validity of Lagrange's 
expansion for a complex argument. 
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In tho region |x| > Jlf write 

Y ss —xf', 

80 that y = -where oij* = — 1, 

end the algebraic equation becomes 


Y ^ l-toix-vmyi/”*. 

Tho corresponding Lagrange’s senes for Y gives for y the expansion 

, . ij ] j 

' n-i 




mAn ' ^ ^ 


from which wc derice the result 




cahd when |r| ilf, whcie ui™ =- — 1. This gives the m roots in the region 
|x| M. None or one of them will be real according as m la even or odd, which 
13 in accordance with (H) above 

This completes the theory of the solution of the trinomial equation m terms 
of hyperguometrio senes 


EXAMPLES XrV 

1 Expand in ascending powers of x the functions 

, , , l+xV2 pa’ , . , xV2 

(i log , — +2tan-' , 

1— xV2-i-x' 1— x’ 

, , , 1+x4-2-« I o It _i2x+l 

+ V3-’ 

( 111 ) log - J. . 

2 Obtain in ascending powers of x the approximate expansions of 

tan’i" (to x"*), cot’x (to x*), 

tanxseci (tux’), coticosecx (to i’), 

sec’x (to X*), cosec’x (to x*). 

3. If r be a positive integer and 

(1 rir)'’log{l+x) I 3 1 t 

= o„-‘-a,x+a,x’-f ... to 00 , 

X 

show that > 0 (n < r). 

(n— r)!r! 


(li) a, = (— )" 
4 . If m > 0, 1 > X > 0, and 

11 1! X 


(n+l)I 


(n > r). 


i + : 


2» 


X* 


show that 


m{m+\) (l+J:)* l)(w+2) (l+ic)» 

i/'(x)+m/(x) = Y~. 


+ ... to 00 , 



[XIV Bm. 


US THE DIFPEREHTIAL CAtCtTLUS 

and obtain the expansion 

* TO TO+I »n+2 


6. (i) If 


(1—0, e+Oji*— « 1 +6,i+ ** 2 ^+ -|r + 


show that 


31 


j2o. 

(p+iK 

2 

0 

l3o. 

(2p+])a, 

(P+2)o, 

3 

! 

{(»-l)P+IK-t 

U>i-2)p-f 2)a,., 

{(n— 3)p+ 3)a^, . 


(ii) If log(l— a,j: + a,x* — ajar’-f-...) — 6, x— J6 ,t* - — ..., show that 


i“‘ 

1 

0 

0 . 

12a, 


1 

0 . 

ISo, 



] 

1 



o*-* • 


(in) If loglog( 1 4-J-) - iopa-— 6, 

x — b,x*~b^x^- 

- .... siiow that 


1 0 

0 

, 

! 2 

i 1 

0 

( 

I' ■ 

n-l 

1 1 

1 


1 

n 

n-1 «~2 

n 3 ■ 


' n 

i 1 

1 

. 

n-r 1 

n ft - 1 

«-2 ' 


6. (i) If exp(a,x — a,x’-ra,x^- 

- I ^6jj: ; 

b 

2! 

3' 

bn - a. 1 

« 

0 


2a, 

2 

0 


j 3a, 2a, 


3 


'»MJ, (ri-l)u 

1n-2)a^, In- 3)a^_^ 

(ii) If e'*(i+T)‘'* -- l-6,j-+- 

,ar« 6,x» 

'21 51 

show timt 

J 

1 0 

0 


1 i 

i 2 

0 


1 ‘ 

i i 

3 



n — 1 n— 2 

n-3 


in+1 

n n— 1 

n-2 ■ 



show tliat 



XIV Esa.] EXPANSION IX POWER-SERIES 

and obtain the espansion of ^ j _j.yiix 

in similar form. ■ 

7. If ^ denotes a polynomial function of its argument and H the operator 


449 


ad a 

*t)o„ riOi C^Os-l 

obtain the expansion 

^(a„+a,a;+“‘f +.- + “;f) - ^(a,) + xn^(a,)+f,0^^a,) + ... . 

8 . If 

{1— e®)“"= —Bi3r^+BiX-^+...(--y^li„x-”-i-A„-t-AiX + AiX*+... to co, 

show that BrJ(r~l)] is equpi to the sum of the products r— 1 together of the 
n— 1 reciprocals of integers 

l.i. i,..., (n-l)->. 

9. Show that 1) is an even function of x. 


If 


X \ B,x‘ B.x* B,x^ 

.= 1 h- ^ -i ...toco, 

c'-l 2^ 2! 4! ^ 6! 


obtain the expansions 


^ (2»-l)B,a:» (2*-l)B,r« ( 2 »-l)B 3 a.-« 

c^-t-l" 2 2! ■*' 4! B! 

^ 2H2‘-l)BiX 2*(2*-l)Btx> , 2\2>-l)B,x‘ , 

tana; = - + -f ^ -f..., 

~ a- 2! 4! 6! 

1 , 2(2-l)B,a: , 2(2>-l)B.x» , 2(2^-l)B,x* , 

cosccir = - + -f jp-- - -h - -i-.... 

. /tani\ 2»(2-l)B,x* , 2‘(2’-I)B,ad , 2’(2‘- l)B,a;* 
M-iri = “^721 + 474! + 6761 + •••’ 


= 


2*B,ia , 2*B,i* 2‘J?sr‘ 


2 . 2 ! 


4.4! 6.6! 


Write down the expansions for the corresponding hyperbolic functions. 

10. (i) With the notation of the previous example prove that, if r and n are 
positive integers, 

(n+ir* ,, , , rB.(n-l-Xr-> r{r- I)(r-2)B,(n-H)'-» ^ 

r-fl ^ 2! 4! 

With what term does the series end T 


(ii) Assuming that — — - = 1 — \ — 

er — 1 ^ 


23A 


-|-4n>jr«’ 


obtain the formula 


B, = (2r)!2»-»w-'' 2 
Og 


3S<1 
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(iii) Show that the coefficients of (n > 1) in the expansions of 
a;cotx, atcosoca:, a;tani:, sec a: 

are the respective infinite series 

1 ^ ^ 

2«”+« f 1 I_ _1 I 

38n+l '' 5»iifl ~—j- 

Show that these expansions are pennissible, if |a:l < in. 

11. With the notation of example 8 obtain, by division of series or othcrwi.se 
the formulae 


» gan 


_Af_L+J_ 

'±+±+±+ ) 

j^«n ~ 3*n ' 52n ‘ j » 


-I 

I’ 7T*”ll> 


2 < 1 _i_ + ±_ ) 

2a» ' 3an 


28n4ii 1 
7T«» I' 


(2r)! ' 


(2"-2)B, 

(2r)! 


(2r)l 


2 

— 

1 

0 

3! 


4 

1 

1 

5! 

3! 

ir 

1 

1 

(2r+l)! 

(2r-l)! 

("273377 ■ 

1 

1 

0 

3! 


1 

1 

1 

5! 

3! 

■ ■ 

1 

1 

1 

(2r-rl)! 

(2r-l)! 

(2r-3)! ■ 

1 

1 

0 

1 

1 

1 

3! 

2! 

1 

1 

1 

(2r-l)! 

(2r-2)! 

(2r-4}I ■ 


12. Expand in ascending powers of x 

(i) 8in(msinh“‘x+a), (ii) Binli{msin~'x4-a), 
(iii) sinh(mainli~'x -tea), 

and discuss the convergence of the expansions. 

Obtain the infinite series 

smhimiT = mH 37“+^^ 5!^ +-> 


1, 1 1 1 I w»{m*+2*) 

cosh imn ~ ^ ^ "t" 


sinhjmir = irrvn\\ + ^ + 
coahinvir 


4! 

» m»(m*+2') 


2*. 4* 


+ 




m’ m‘(7n’+l’) ♦»’(»»’+ l*)(m*+ 3*) 

^ ~r yr * 1*73* ^ ia Qa ^ i“. 


1».3‘.5» 



4S1 


XrVExs.] EXPANSION IN POWER-SERIES 

If A = log(72+ 1 ), obtain the infinite series 

sm mX = m- ' g, + — ! ^ , 

, , to’ to*(to’ + 2’) 

oostoA = 1- — -f . , 

. to(to’— 1’) to(to® — — 3“) 

BinhmA = w-1 r- -i -f .. , 

3! 5! 

. > 1 , to’(to’— 2’) 

coahmA = 1-f — -i — +.... 


4! 


13. Expand exp(TOsin~’x), expim sinli“’3;) 

in ascending powers of x, and deduce the corresponding expansions of 
(sin~*.c)", (sinli-’a:)", 

where n is a positive integer 


14. Expand {i; f |y/(x’-]-a)jJ’" in descending powers of r, and show tliaf, if 
e > log(V2+l), 


^ ( 2 sinh 6 )”* — m( 2 sinli 5 )'"~’-(-”-” 2 , ^\ 2 sinli 6 )' 

m— 4 _j 

to X. 

Obtain the expansions 



a™ — (x f x”')" — m(x • x“')’"'’-f ^\x-|-x~*)™“’-| ... 

to X 

(x > 1), 

— (x— x^'j^-f to{x— x“‘)'"~’-(-”*^^j ^\x — . 

to X 

(x> v2-fl). 


1 5. Expand in a.sccnduig powers of x 

siiih{TOsin“*x 1 a) sin(TOSinh“’x f x) smh(msmli"’x -a) 

V(i-x’) * 

(sin~’a)“ (sm})“’x)” 

V(i -•'*-) ' % ’ 

where n is a positive uiteger 

16. If [oil '' J-, prove that 


(i) sina ( Jsin’a r isin’a “ . to oo 

1 tan’a , 1.3 tan’x 

tana— „ f- — — ... to oo. 

Z O Z -i O 


O') -“2 -1(1 ‘-J) ^ g -••• toco 

_ tan’a 2 tan’a 2 4 tau*T: 
~ 2 “3 4 o' 

and, if 1^1 < log( V2-| 1), prove that 

(ill) sinh^— Jsinh’^-f Jsinh’^— ... to oo 


to 00 ; 


,0,1 tanh*;3 1.3 tanh‘^ 
tanh^x. ^ toco. 




to 00 


tanh’jS 2 t«iili*/3 ,2.4 tanh*/S 
2 “^3 “ 4 ' '*'375 6 


to CO. 
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17. Show that in the dosed interval (— tt.it) 

2 V f f* + 

' 'n» “ (2r)! ' (2r-2)!2! 


[XIV Ex*. 




and in the dosed interval (0, 27r) 


2!(2r~2)T 


h(-)' 


(2r)!’ 


eo.swa- _ (2w)”'B, (2jr)*'“*iJr-i 


S eo.swa" (: 
“n*’- "" ■ 

n*”l 


^ ^ "(2r)! ' (2r-2)!2! “*■ 


4-. .f — 1'-‘ l-f — !'■ —( — )’■ , 

^ ' 2!(2r— 2)! ' ' l-Ir—iW ' ' (2rH’ 


{2r-l)! 


(2d!’ 


where B,, B,,... are Bernoulli’s numbers as defined in example 9. 

18. If r is a positive integer and 

_ X* r* 

/(r..r) = ,2^^])(2r f2)(2r + 3)(2r ) 

show that, if 0 '' x < 2?:, 


^ IT 1 

2/(r,r»x) = ;^.- 

n-l 


irx 2’ 


and, if 0 < |,t| < tt, 2 ( — ’‘-d — 

n *■1 ^ 

19. Show that in the dosed inter\’al (— tt.tt) 


nr 

sinnr ffOOsechpTrsInlipx 




2p* 


and that 


Deduce that 


CO 

Z ^cosnx ^ 1 —pTrcosechp-TTCOMli pj- 

n-l 

X CO 

1 A 2u 1 A 2i) 

COthjJTT ~ --f- > a TTCOSOCh;)?! - -f > ( - )" ** 

p zLip^-^n^ p Zw p^in^ 

n«l T»-l 

it 


n» 1 


20. Show that 


11 Stt® 

1 30 + 54 ••■*^*” 1636 ’ 


1 


1,1 «'(soc Jp??-— 1) 

lJX« zp) ~ 3(3*-pd + “■■■ °° ip^' ■' ’ 


1 L_ + 


l(l*+p*) 3(3»+-p*) 6(5 *+p») 


A to 00 -.= ■^(l-soclii?«r) 


4p* 



EXPANSION IN POWER-SERIES 


XIV Exs.] 

21. Show that in the closed interval {— tt.tt) 
( — )”“’n sm na: 


is: 


2 {(«— g*}{(n-)-jo)*-(-s») 


iT(Bin7J7r cosh grr cos gjxfainhga: - cos^Tisinh gir sm px cosh ga; J 
4jpg(8ui“gw + sinh^gir ) 


( — )"“' + g*)’ — n*( p* — g’)}sin nx 


^ nl(n-p)M g’]{(«+P)* + 9*} 


n = 1 


and that 


^ 77'(sinp7rcosh^7r 

Iff sin 2pff 

P 

sin’pff-fsinh-gff 

jP + q* 

Iff ainh 2gff 

9 

sin'‘pff l-sinh*gff 

P-- g* 

ff hin pff ( Osh gff 

V 

sin’pff f-sinldgff 

pi j 5* 

ff cos jnr sinh gw 

9 

sin*pff-< smh*gff 

jp-q- 


2(sin*p7r + sinh^gar ) 

_ p---g^-rv 

^ Z^{{n-p)' + q^]{[n + 
n^l 

00 

2{(«- 




+p)'+?‘}’ 


P*-rg* 

pl'+g'^lKn+p)*-! g’}’ 






(- )"(p=J g'-ii“) 


n^l 


(- )’‘(p*+g“-‘-n®)_ 
-p)*+g')l(«+p)*+g*}' 


Deduce that 


n 1 

tun-^' .Vtan- , 
vtanhijTT' q — p 


J />9 _ 

- J** -*- 5 * 


22 Show that 


- W— c 


2 rOfr*"asi 
« 

n-l 

nr 

('os’'a ( OS 11 X , 

Z 7i 


(0 a tt); 


(0 a < tt). 


n-l 

Sum the iiifinite senes 

JsinaH J sin 2a + i sin 3a J- 

00 

■s^ (sin(p+ l)al" cos(na+/3) 


z,\ sin pa 


Bm2« -f JsinSa -f- Jsinla -f ..., 

00 

2 1 cob( p + 1 )al " eoa(na + jS) 

\ cospa i n ’ 


stating any necessary limitations on a. 
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23. If m is an integer greater than 2 and p is any real number, show that the 
pth powers of the roots of the algebraic equation 

y+1 = 0 


satisfy the hypergeometric differential equation 

•-0 

and express each of these pth powers in hypergeometric scries, distinguisliing 
the oases .(m- !)*»-» 


24. If m, n are integers such that 


> 2, TO > n > 0, 

and p is any real number, show that the pth powers of the roots of the algebraic 
equation a-y“-y*+l = 0 


satisfy the hypergeometric differential equation of order to 

*-o «-l 6 0 

and express each of these ;9th powers in h^'porgeornctnc senes, ditotinpniishing the 

„.,n*(TO- «)”»-" 

* ^ — = - • 

to "* 


25. If TO, n are integers such that 

TO > 2, m > n > 0, 

show that the logarithms of the roots of the algebraic equation 

— 2 /"+ 1=0 

satisfy the h jqicrgeometi ic equation of order to t 1 


S>n(S-s) f| ^8-n + ^Jlogy 

and express each of these logaritlims in hypergeometric scries, distinguisliing the 

,^n"(m— 71)”*-" 
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Bounds of a tontmuous function IT, B of 
a derived function b8 
Branches ami B points 53, 307 
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1 34, C of x** 31, C throughout a closed 

region 64, unifomi C. 56 
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necessarily differentiable 69, a C F 
nowhere differentiable 94 
continuous variaiton 4 
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quence defined by recurrence formula 
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C 13 
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polar C 332, 348 , rectilinear C 330, 335 
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smx 435, 437 
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421, in mfmite partial fractions 441 
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420, m infimte partial fractions 441 
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example 
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difinihon, domain of 6 
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for nth D 101, higher partial D 147, 
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Determinant, differentiation of 74; see 
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d'^flcxdy = d*f,?yox I4h 
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79; D, of detonninants 74 : D. of hyper* 
bolic functions 78; D. of in vcrac functions 
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D. of limit-functions 90; D. of log.-!; 77; 
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92; D. of products 73; D. of sum-func- 
tions 90; partial D. 139 
Discontinuity of derived function 86; 

D. of function defined by docunalR 42 
example; types of D. 40 

Discriminant 303, 305 
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249; D. from a quadric a mmiinmn 248 
domain oj a vanable 5; d. of ihfinHion 6 
Dual transformation (ilamilton’s T. ) 352 

Eliminant, conditions for existence of 312 
Elimination between equations 311; K. 
between functions 316: K. of n-\^r vari- 
ables between n equations 315; K. of 
n±_r variables between v functions 319 
equation: reality of roots of an algebraic 

E. 280, 320 example; .see also ‘Dif- 
ferential equation’ 

Equivalence of c^flcxcy^ v^f^Cydx 148 
Euler’s theorem on Jiomogonoous func- 
tions 157 

€*, continuity of 30; differentiation of 77; 
expanded in pow^ers of cosh x 
438; e*“®(14*a^d--- -|“ar”/74!) expanded m 
powers of x 417 
Exact derivatives 397 


I Expansion by integration of known series 
I 409; E. of cos 435; E, of cos m$ in 
powers of cos sin d 435, 437 ; E. of 
cos d as an infinite product 435 footnote, 
442; approximate E. of cosec x 421; E. 
of cosech-^x 412; E. of cosec pir 441; 
approximate E. of oot x 420; E. of cotpir 
441; E. of fi”*® in powers of cosh 6 438; 
E. of X 4 417; E. of 

log(l-l x) 410; K. of {log(] +x)}^ 414; 

E. of li>g(l-l-x)]og{l- x) — log(l— x®) 

416: E. of Iog(l -f x*)tan"*x 416; E. of 
log{l -t vd— x=)| and log{V(l-fx)i 
.i xd — x)] 412; appmximato E. of sec x 
421; E. of snclr^x 412; E. of sin 
435; K. of sin(»i “) 434; E. of 

sm 7r}$ ill powers of cos d, sin B 436, 437 ; 
E. of .mn 0 as an inlinite product 435 
footnote, 442; E. of sin~^x 411; E. of 
(sin^^x)” 417; of (KiJi“*x)"/\d'~ 2 :*) 
417 ; npproxiinalo E. of tan .t 420; E. of 
tan“*x 410; E. of (tftn~'^x)^ 416; E. of 
{t±: V(.r*” ^ )}^ 438; son also ‘Series’ 

Formula(e) for ;'f}i di’irivntivrs 101, 155; 
Leibniz’s V. 101; fractional K. of the 
mean 84; F.M. in n variables 1.50; linear 

E. M. 85; E.M. of nth order 110; F. of 
the total (liffenmtial J45; Taylor's F. 
110; T.F. in n variables 1.52 

Fraction, soo ‘Continued fraction’ 
Fractional foniiula of the mean 84; 
I'.V'.M. in n variables 153: F.F.M. of nth 
order 110 

Function(8): contiundy (»f alg(>braic I^. 
.30; difTt*iv*ritiatiori r>f A.K. 75; analytic 

F. , 800 ‘Analyhe fiuad ions'; F. con- 
tinuous throughoul an inlerv’al 64; K. 
dcfiiie<l by decimals 42 example; derived 
F., see ‘Dt'rived function’, ‘Derivative’; 
F. ddhsixmliublo tliroughout an interval 
80; <*xpJicit F. 10; homogeneous F. 157; 
liypergoometrie F. 421; implicit F., soo 
‘Implicit functions’; inverse F., see ‘In- 
verse functions’; isobaric F. 159; mono- 
lonio F. 82; F. of differences 160; F. of 
many variables, continuity of 61, con- 
vergence of 58; real F., aggregate of 20 
exainplo 

Functional definition 7; F. d(>pondenco 0; 

F. relation expressed by Jacobian 31 7 
f{x)!g{x) as a continued fraction 110 

I General solution of linear differential 
equation: ordinary 107, partial 318 
Generalization of formula of the mean 
110, 150; G, of Schwarz’s theorem 164 
example; G. of Taylor’s formula 162 
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Generalized hyporgeomotric differential 
equation 422; G. incremoutal ratio 124 
Greatest integer m x 9; G, valij<'«, w>o 
^Bounding valuer’, ‘Maxima and znmii/ui’ 

halJ'Closed, TialJ-open interval 5 
Hamilton's dual transformation 352 
Hessian 353; bordered H. 35t>; varuflhing 
of the H. 354, see also ‘Semi-deiinito 
case* 

Homogeneous functions 157 
Hyperbolic functions, continuity of 33, 
difierontiation of 78 

Hypergeometric {bfTcTontial equation 
421 ; H. functions 421 

Implicit function(>») 10, 294, analytic pro- 
longation of IF. 303, conditions for I 
existence of I.K 200; tondition* for dif- 
ferentiability of l.F. 298; conditions 
that l.F. be analytic 300, cxjmnfiion of 
I.F., BOO ‘Lagrange’s ficnes’; systems of 
l.F. 307 

Inadequacy of notaliou for jiartial deri- 
vatives U13 

Incremental ratio 70, 1 K fi/r nth dm* 
vattvo 324, I K f<*r partial dornativca 
148; I.K. for 8e(ond dm\ati\e 121 
Independence of hitiqU mercrnentH 146 
Indeterminate fomw 171; the l.F. 0,0, 
172; t ho I F. r , j_ 177; other l.F. 181 
Indicia! (Mrjiiation dofmod 423. rejieatiHi 
roots of I E. 427, rxiots of I I' differing 
by an integer 430 
injenor bound 40 

Infinite products for sin r, < os j* 43«> fool - 
uoU*, 442, I. series, sco ‘K\pan.sioas’, 
‘Senes' 

Infinities of denvoil function 88 
Infinity, order of 183, scales of I 184; 
simple 1. 40 

itijiextonal stationnnj potnl 242 
Integer, greatest 9 

Interchange of dopen<lont nnd mdep<*n- 
donfc vonablo 1 (50 

Interval, typos of 5, function differenti- 
able throughout an I. 80; generalized 1. 
5; I. of uniform convergence closed 36 
Invariably non-negatn^e quadratic 246; 

1. positive quadratic 242 
Invariance of Laplace's equation 350 
Inverse circular functions, <’ontimnty of 
32, differentiation of 80, 1, functions II; 
differentiation of l.F. 73, niany-valuetl 
l.F. 63; l.F. of contuiuous functions 52; 
I. h>’porbohc fimctions, contmuity of 34, 
differentiation of 78 
Isobaric functions 159 


Jacobian(8) 307 ot seq., 330 et seq.; J. 

' comlition for functionalrelation 31 7,341 ; 

' properties of J. 339; set of J. 313 et soq. 

I Jacobi *s identity 334 

Lagrange*8 senes 188, 408 

Laplace *8 equation, invananco of 350; 

transformation of L.’s operator 346 
Leibnizes formula 101, 116; L.F. general-^ 
iz<»d 386 

L'Hospital’s rule 172, 175 
bnixt, repeated 60; double 1. 60 
Limit, Tailor’s 112; see also ‘Indoter- 
mmate forms’, ‘L’HoRpital’a rule’ 

Limit -function, continuity of 34; dif- 
ferentiation of L.F. 90 
Linear dcpondorice 105; L. formula of the 
moan 85, 111, 151; L differential equa- 
tion. genital solution of 107, 318 
Logarithmic scale of infinity 184 
logz-, continuity of 31, differentiation of 
7H, expansion of log(l + x) 410, of 
[Iog(l -x)}''4l4,of log(l+a;)log(l— x) - 
“log(i“X^) 416. of log(i-t-ar*)tan~'^x 
41G, of log[I J %{l-x=)) 412, of 

l<.g{V(l-|-x)l\(l-r)} 412 
lower bound 46 

Maclaurin’s senes, swi ‘Taylor's series’ 
Many-valued functions 53. 305 
Maxima and Minima 49, 80, 231; MM. 
o<‘cur alternately 50, M.M. of a function 
of one vanaVde 232; the seim-dofinito 
case in M M. 260, sec also ‘Minimum’ 
Mean, formula of the S4, 85: F.M. in n 
\uniiblo& 150, 1* M. of nth order 110 
nicasuic of a sirnplt di^ro7itmutty 40 
Minimum considered along a cur\-e 234; 
analytical entona for M. 239; M. dis- 
tance betuocu two quadnes 249; M. 
distance from a quadric 248; M. of 
/(x,,..., 243, ‘247; rostnetod M. 256 

Monotonic functions 50, 82 
monotonous functions 51 

neighhoufhood 5 

Newton’s method of approximation 190 
Non -analytic functions 212, 222 example 
Non-imiform convergence 15, 17 
Notation for derived fimctions 70, 100; 

inadequacy of N. for partial D.F. 163 
nth deri\ative{s) of 103; 

other formulae for nth D. 101; incre- 
mental ratio for nth D. 124; ntli D. of 
a function of a function 116, 119, 155; 
nth D. of a product 102 
Number, aggn^gato of real 20 example 



INDEX 


4J!8 


one-valued Junction 6 
open interval 5 
Operators 374; adjoint 0. 380, 396; com- { 
mutative O. 376, 393; partial differential j 
0.390;Bymbolio 0.388;Taylor’aO. 163; | 
the O. xD = 8 I 

Order of zeros and infinities 183 I 

Order-symbols 185 i 

Orthogonal coordinates 331 ; transforma- 
tion of O C. 335 1 

oaeiUation, point oj finite {infinite) i\ I 

I 

parameter 1 1 ^ 

Parameter, differentiation in an unspei i- 
fied 72. 146 

parametric curves 330 ’ 

Partial derivatives 139, 147, inadequacy 
of notation for P.D. 163; number of P.D. 
of given order 148. general solution of | 
first-order linear P. differential equation 
318; P. differential operators 390 
Pathological phenomena in differentia- 
tion 92, P P in indeterrnmate forma 179 
point oj non-uniform convergence 17; p of 
oscillation 41 ; stationary p. 82 
pole 40 

Polynomials, differentiation of 74, ratio 
of two P. eiqirosaod as a contmued frac- 
tion 110 

Positive -definite, see ‘Invariably posi- 
tive’ 

Power-series, differentiation of 92, con- 
tinuity of sum-function of P S. 30 , pro- 
perties of function represented by P.S. 
202, at the boundary of con\ orgence 204 ; 
umform convergence of P.S. 14 
principal minor 243 
Product, differentiation of 73, 102 
Prolongation of analytic functions 210 

Quadratic, invariably non-negative 246, 
invariably positive Q. 243, sign of re- 
stricted Q. 258 

Quadrlc(s), minimum distance between 
two 249 ; minimum distance from Q. 248 
Quartlc, reality of roots of 280 
Quasi-contlnuity of the derived func tion 
87 

Qulntic equation, reality of roots of 320 
example 

Ratio of two polynomials expressed as a 
continued fraction 110 
Real functions (numbers), aggregate of 20 
example; number of R. roots of a 
quartic 280; number of R. roots of 
a quintic 320 example 


rectilinear coordinates 330 
Recurrence-formula, convergence of 
sequence defined by 192 
Remainder in Taylor’s series 112, 152 
Restricted Hessian, see ‘Bordered Hes- 
sian’; R. minima 266; inversion of the 
.conditions m R M. 262, an exceptional 
case 264; sign of R. quadratic 258 
Rolle’s theorem 82 
Rule of I’Hospital 172 

Scales of infinity 184 
Schwarz’s theorem 126; analogues of 
ST 95 example, 164 example 
Second-order derivatives, troiistorma- 
tion of 342 

aecx expanded approxmiatoly 421 
8ech“'* expanded 412 
Seml-deflnlte case m maxima and mini- 
ma 240, 266. S D C. for implicit func- 
tions 277. S.D.C for many variables 275 
Sequence defined by ruciirrence-fonnula 
192 

sequence of approcuh 26 
Series, Lagrange's 188, 408; Taylor’s S. 
110, 203, 407, trigonometric S 18, 412, 
439 , see also ‘Expansions’ 

Sign of derivative, significanoo of 82 , S of 
quadratic 243, 246; S. of restricted 
quadrotic 258 
simple infinity 40 

sin imn expanded m senes 435, expanded 
as an infmito product 435 footnote, 442; 
sm mx expanded in powers of cos x, 
i smx 435, 437, 8m(ia8m“'i-l-ot) ex- 
panded 434 

8in"*x expanded 411, expanded 

i 417, {9iu~^x)^j iJ{l—x^) expanded 417 
Solution of first-order linear differential 
equation (ordinary) 107, (partial) 318; 
S of hj’pergeomotnc equation 427 ; S. of 
algebraic equation ry™— y-^-l = 0 443 
example 

, Spherical-polar coordinates, transforma- 
tion to 348 

I stationary points 82, » values 231 
Stationary point considered goometri- 
i cally 241; S. values 234 
substantial separation 3 
. Successive approximation 185 
I Sum-function, continuity of 34, dif- 
l ferontiation of S.F. 90, S F. of a power- 
I senes 36, 202 
I superior bound 46 
I surface coordinates 331 
I Symbolic operators 388 
I Systems of imphcit functions 307 



INDEX 


469 


tana; expanded approximately 420 
tan-^a; expanded 410; (tan”^®)* expanded 
416; tan~*x log{l-f expanded 416 
Tauber 36 

Taylor’s formula 111, 162, T.’e limit 112, 
114, 164; T *B operators 163, T.’s senes 
111, 162, 407, see also ‘Analytic func- 
tions’, ‘Powor-sonea’ , T.’s theorem, seo 
‘T.’s formula’, ‘T.‘s hmit* 

Theorem, Euler's (on homogeneous func- 
tions) 167; T of the mean, see ‘Formula 
of the mean’, Rollo’a T 82, Schwarz’s 
T. 126; analogues of S T 95 example, 
164 example 

Total difTorcntial, formula of 146 
Transformation of differential operators 
345; T of a fuhie differential ojierator 
369 example, T. of Laplace’s operator 
346, T of orthogonal coordmatoa 335, 
1’. of aocojid-order derivatives 342, T. of 
total diflercDtials 333, T to spherical 
polar coordinates 348 
Trigonometric senes IH, 412, 439, uni- 
form convergence of cortaui T. sonos 
18 

Turning point considered geometrically 
241 ; T % allies 232, see also ‘Maxima and 
iiunima’ 


Umbral derivatives 1 17 
Unbroken function, the contmuous func- 
tion as an 64 

TJndifferentiable functions 94 
Uniform continuity 66, 61; U. conver- 
gence 13; interval of U.C. is closed 36; 
U C. of certain trigonometric senes 18, 
U C. of power-sones 14; U.C. sufQe^git 
for contmuity 35, vanotios of U.C. 37, 63 
upper bound 46 

Vaiuea * bounding V. ol a contmuous func- 
tion 47, stationary V. 81, 234 
Vanishing of Hessian ^ 354, see also 
‘Semi-definite case’ , V. of bordered 
Heaaiaii 368, V. of Jacobian 317, 341; 
V. of VVronskian 104, 106 
Vanishingly uniform conv orgonce 37 
variahle 3, domain of i\ 5 
vanotion, continuoim 4 

WronskJan(s) 104, 127 example, W. os 
algebraic chininants 108, W of analytic 
functions 219, camshing of a W. 104 

a:*’ contmuity of 30, differentiation of 77, 
expansion of {xj: \ (x* — 1 )}’” 438 

Zeros of anah'tic functions 218; Z of/'(j:) 
separate those otf{x) 83, order of Z. 183 


NOTATION 


Derivatives /"(a)./„(.), 100, f/„(a)] 110. f- , 139; 




H7 


Differential dx 70 

Differential operators D <'x (— ) . ‘1 374, 370; 

xV, S 384 

Generalized Hessian 
Greatest integer in .r J{x) 9 

Intervals (a, 6), )a,b(, )a,b) 5; 0 


Jacoblan-sets 313 

Limits j 2G,/(^-),/(f + )./(f±) 28 

Order- symbols Ox, ej-185 

Wronskians (1,D D’->)l/i(a:)/,(i).../„(z)i 104; (l,f 

104; l)«-i/(a;),(z,ir-‘9(x)| 108 
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